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Ñîäåðæàíèå ïðåäûäóùèõ ëåêöèé

Ôîðìóëà Áàéåñà è �îðìóëà ïîëíîé âåðîÿòíîñòè;

Îïðåäåëåíèå àïðèîðíûõ âåðîÿòíîñòåé è sele
tion bias;

(Ìíîæåñòâåííîå) òåñòèðîâàíèå ãèïîòåç

Ýêñïîíåíöèàëüíîå ñåìåéñòâà. Äîñòàòî÷íûå ñòàòèñòèêè.

Íàèâíûé áàéåñîâñêèé êëàññè�èêàòîð. Ñâÿçü öåëåâîé �óíêöèè è

âåðîÿòíîñòíîé ìîäåëè.

Ëèíåéíàÿ ðåãðåññèÿ: ñâÿçü ÌÍÊ è wML, ðåãóëÿðèçàöèè è wMAP.

Ñâîéñòâî ñîïðÿæåííîñòè àïðèîðíîãî ðàñïðåäåëåíèÿ ïðàâäîïîäîáèþ.

Ïðîãíîç äëÿ îäèíî÷íîé ìîäåëè:

p(ytest|Xtest,Xtrain, ytrain) =

∫

p(ytest|w,Xtest)p(w|Xtrain, ytrain)dw.

Ñâÿçü àïîñòåðèîðíîé âåðîÿòíîñòè ìîäåëè è îáîñíîâàííîñòè

Îáîñíîâàííîñòü: ïîíèìàíèå è ñâÿçü ñî ñòàòèñòè÷åñêîé çíà÷èìîñòüþ.

Ëîãèñòè÷åñêàÿ ðåãðåññèÿ: ïðîáëåìû ML-îöåíêè w è ñâÿçü

àïðèîðíîãî ðàñïðåäåëåíèÿ ñ îòáîðîì ïðèçíàêîâ.

EM-àëãîðèòì. Èñïîëüçîâàíèå EM-àëãîðèòìà äëÿ îòáîðà ïðèçíàêîâ â

áàéåñîâñêîé ëèíåéíîé ðåãðåññèè.

Âàðèàöèîííûé EM-àëãîðèòì. Ñìåñü ìîäåëåé ëîãèñòè÷åñêîé

ðåãðåññèè.
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EM-àëãîðèòì: âîñïîìèíàíèå

Ïóñòü D = (X, y) � íàáëþäàåìûå ïåðåìåííûå, Z � ñêðûòûå ïåðåìåííûå.

p(D, Z|Θ) = p(D|Z, Θ)p(Z|Θ).

Âîïðîñ 1: êàê ðåøèòü çàäà÷ó p(D|Θ) =

∫

p(D, Z|Θ)dZ → max
Θ

?

EM-àëãîðèòì

Ââåäåì F (q, Θ) = −
∫

q(Z) log q(Z)dZ+

∫

q(Z) log p(D, Z|Θ)dZ =

−
∫

q(Z) log q(Z)dZ+

∫

q(Z) log p(Z|D, Θ)dZ+

∫

log p(D|Θ)q(Z)dZ =

log p(D|Θ)−
∫

q(Z) log q(Z)
p(Z|D,Θ)dZ = log p(D|Θ)−DKL(q‖p(Z|D, Θ)).

Èäåÿ 1: p(D|Θ) → max
Θ

çàìåíèì íà F (q, Θ) → max
q,Θ

.

Èäåÿ 2: Ïîøàãîâî îïòèìèçèðóåì ïî Θ è q, òî åñòü

1 E-øàã: qs = F (q, Θs−1) → max
q∈Q

;

2 M-øàã: Θs = F (qs, Θ) → max
Θ

.

Âîïðîñ: Çà÷åì q ∈ Q? Êàê E-øàã áûë âûïîëíåí ïðè ìàêñèìèçàöèè

îáîñíîâàííîñòè äëÿ ìîäåëè ëèíåéíîé ðåãðåññèè?
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Âàðèàöèîííûé EM-àëãîðèòì

F (q, Θ) =

∫

q(Z) log
p(D, Z|Θ)

q(Z)
dZ = log p(D|Θ)−DKL(q‖p(Z|D, Θ)).

E-øàã.

∫

q(Zk) log
q(Zk)

1
C
eEq\k log p(D, Z|Θ)

dZk → min
q(Zk)

.

Ïîëíûé àëãîðèòì

Ïîøàãîâî îïòèìèçèðóåì ïî Θ è q(Zk), k = 1, . . . , K, òî åñòü

1 E-øàã: log q(Zs
k) ∝ Eq\k log p(D, Z|Θs−1);

2 M-øàã: Eqs log p(D, Z|Θ) → max
Θ

.

Âîïðîñ 1: Çà÷åì íóæíà �àêòîðèçàöèÿ? ×åì ïîëó÷åííûå èòåðàòèâíûå

�îðìóëû ëó÷øå �îðìóë ïîëíîãî EM-àëãîðèòìà?

Âîïðîñ 2: Êàê ïîíÿòü, ÷òî â êîíêðåòíîé çàäà÷å �îðìóëû E è M-øàãîâ

âûïèñàíû âåðíî?
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Íàðóøåíèå ñâîéñòâà p(w|xi) = p(w)

Ïðåäïîëàãàåìûé ðåçóëüòàò
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Âîïðîñ: êàê ìîæíî ó÷åñòü óêàçàííóþ íåëèíåéíîñòü â ìîäåëè?
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Ñìåñü ìîäåëåé ëîãèñòè÷åñêîé ðåãðåññèè

Âåðîÿòíîñòíàÿ ìîäåëü ãåíåðàöèè äàííûõ

Âåñà ìîäåëåé â ñìåñè π ïîëó÷åíû èç àïðèîðíîãî ðàñïðåäåëåíèÿ

p(π|µ);
Âåêòîðû ïàðàìåòðîâ ìîäåëåé wk ïîëó÷åíû èç íîðìàëüíîãî

ðàñïðåäåëåíèÿ p(wk|Ak) = N (wk|0, A−1
k ), k = 1, . . . ,K;

Äëÿ êàæäîãî îáúåêòà xi âûáðàíà ìîäåëü fki , êîòîðîé îí

îïèñûâàåòñÿ, ïðè÷åì p(ki = k) = πk;
Äëÿ êàæäîãî îáúåêòà xi êëàññ yi îïðåäåëåí â ñîîòâåòñòâèè ñ

ìîäåëüþ fki : yi ∼ Be
(
σ(w

T

ki
xi)).

Ñîâìåñòíîå ïðàâäîïîäîáèå ìîäåëè

p(y, w1, . . . , wK , π|X, A1, . . . , AK , µ) =

p(π|µ)
K∏

k=1

N (wk|0, A−1
k )

m∏

i=1

(
K∑

l=1

πlσ(yiw
T

l xi)

)

.

Ââåäåì ìàòðèöó ñêðûòûõ ïåðåìåííûõ Z = ‖zik‖, ãäå zik = 1 ⇐⇒ ki = k.
p(y, w1, . . . , wK , π, Z|X, A1, . . . , AK , µ) =

p(π|µ)
K∏

k=1

N (wk|0, A−1
k )

m∏

i=1

K∏

l=1

(

πlσ(yiw
T

l xi)
)zil

.

6 / 19



Ïîëó÷åíèå MAP-îöåíêè

Ïóñòü p(π|µ) = Dir(µ) =
Γ(
∑

k µk)
∏

l Γ(µl)

∏

k

πµk−1
k .

p(y, w1, . . . , wK , π, Z|X, A1, . . . , AK , µ) ∝
K∏

k=1

πµk−1
k

K∏

k=1

√

detAk exp(−1
2w

T

kAkwk)
m∏

i=1

K∏

l=1

(

πlσ(yiw
T

l xi)
)zil

.

(π∗,w∗
1, . . . ,w

∗
K) = arg max

π,w1, ...,wK

p(y,w1, . . . ,wK , π|X,A1, . . . ,AK ,µ).

E-øàã. log q(Z) ∝
m∑

i=1

K∑

l=1

zil(log πl + log σ(yiw
T

l xi)), îòêóäà

γik = p(zik = 1) ∝ πkσ(yiw
T

kxi).

M-øàã. Eq log p(y, w1, . . . , wK , π, Z|X, A1, . . . , AK , µ) → max
π,w1, ...,wK

.

w∗
k = argmax

wk

[

−1
2w

T

kAkwk +
m∑

i=1

γik log σ(yiw
T

kxi)

]

.

π∗ = argmax
π

K∑

k=1

log πk
(

m∑

i=1

γik

︸ ︷︷ ︸

γk

+µk − 1
)
=⇒ πk ∝ max(0, γk + µk − 1).

7 / 19



Ïîëó÷åíèå àïîñòåðèîðíîãî ðàñïðåäåëåíèÿ

Âîïðîñ: êàê ïîëó÷èòü p(w1, . . . , wk, π|X, y, A1, . . . , AK , µ)?

p(y, w1, . . . , wK , π|X, A1, . . . , AK , µ) ∝
K∏

k=1

πµk−1
k

K∏

k=1

√

detAk exp(−1
2w

T

kAkwk)

m∏

i=1

(
K∑

l=1

πlσ(yiw
T

l xi)

)

.

Èäåÿ: íàéäåì q(Z, w1, . . . , wK , π) = q(Z)q(w1, . . . , wK)q(π),
íàèáîëåå áëèçêîå ê p(w1, . . . , wk, π, Z|X, y).

log q(Z) ∝ Eq\Z log p(y, w1, . . . , wK , π, Z|X, A1, . . . , AK , µ) ∝
m∑

i=1

K∑

k=1

zik

(

E log πk + E log σ(yiw
T

kxi)
)

=⇒ p(zik = 1) ∝ exp
(

E log πk + E log σ(yiw
T

kxi)
)

.

log q(π) ∝ Eq\π log p(y, w1, . . . , wK , π, Z|X, A1, . . . , AK , µ) ∝
K∑

k=1

log πk

(

µk − 1 +
m∑

i=1

Ezik

)

=⇒ π ∼ Dir(µ+ γ).
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Ïîëó÷åíèå àïîñòåðèîðíîãî ðàñïðåäåëåíèÿ (ïðîäîëæåíèå)

log q(w1, . . . , wK) ∝ Eq\w log p(y, w1, . . . , wK, π, Z|X, A1, . . . , AK , µ) ∝
K∑

k=1

(

−1
2w

T

kAkwk +

m∑

i=1

Ezik log σ(yiw
T

kxi)

)

=

K∑

k=1

fk(wk).

Âîïðîñ 1: Êàêóþ ñòðóêòóðó èìååò q(w1, . . . , wK) ?
Âîïðîñ 2: Êàêîé âèä èìååò ðàñïðåäåëåíèå q(wk)?

Âàðèàíòû àïïðîêñèìàöèè q(wk):

Àïïðîêñèìàöèÿ Ëàïëàñà: q(wk) ≈ N (w∗
k, Σ

−1
k );

Èùåì q(wk) = N (mk, Σ
−1
k ) òàêîå, ÷òî DKL(q‖Ckfk(wk)) → min

q

×èñëåííî (åñëè ÷èñëî ïðèçíàêîâ n íåâåëèêî);

Ñ ïîìîùüþ VLB äëÿ ñèãìîèäû è ñîîòâåòñòâóþùåé âåðõíåé îöåíêè

äëÿ DKL(q‖Ckfk(wk)).

Âîïðîñ 3: Êàê îïðåäåëèòü A1, . . . , AK , µ?
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Îïðåäåëåíèå ãèïåðïàðàìåòðîâ ñìåñè ìîäåëåé

Ìàêñèìèçàöèÿ îáîñíîâàííîñòè

p(y|X, A1, . . . , AK , µ) → max
A1, ...,AK , {µ}

Èäåÿ: âîñïîëüçóåìñÿ âàðèàöèîííûì EM-àëãîðèòìîì.

E-øàã: íàéäåì q(Z, w1, . . . , wK , π) = q(Z)q(w1, . . . , wK)q(π),
íàèáîëåå áëèçêîå ê p(w1, . . . , wk, π, Z|X, y).
M-øàã: Eq log p(y, w1, . . . , wK, π, Z|X, A1, . . . , AK , µ) → max

A1, ...,AK

.

K∑

k=1





n∑

j=1

log αj
k − αj

kEw
2
kj



→ max
α11, ..., αKn

, ãäå Ak = diag(αk1, . . . , αkn).

αkj =
1

Ew2
kj

. Hint: αkj =
1− αold

kj Dwkj

E2wkj

.

Âîïðîñ: Êàê ïîëó÷èòü Ewkj è Dwkj?

Çàìå÷àíèå: ìîæíî ñðàçó ñäåëàòü èñïîëüçîâàòü VLB äëÿ ñèãìîèäíîé

�óíêöèè, ÷òîáû ïîëó÷èòü íèæíþþ ãðàíèöó îáîñíîâàííîñòè

p(y|X, A1, . . . , AK , µ) ≥ p̃(y|X, A1, . . . , AK , µ)
è òîãäà íà E-øàãå àâòîìàòè÷åñêè q(wk) áóäåò íîðìàëüíûì.
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Ó÷åò ýâîëþöèè ìîäåëè âî âðåìåíè

Ïóñòü ó îáúåêòîâ åñòü åùå ìåòêà âðåìåíè, òî åñòü íàáëþäàåì (xi, yi, ti).
�àíåå èìåëè ìîäåëü p(y, w|X, A) = p(y|X, w)p(w|A), òî åñòü

çàâèñèìîñòüþ îò t ïðåíåáðåãàëè.
Âîïðîñ 1: Êàê ó÷åñòü íàëè÷èå äîïîëíèòåëüíîé èí�îðìàöèè?
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Missing part

�àññìîòðèì ñëó÷àéíûé ïðîöåññ x(t), t ∈ T .
mx(t) = Ex(t), Kx(t, s) = Ex(t)x(s), Rx(t, s) = Ex̊(t)̊x(s) � �óíêöèÿ

ìàò. îæèäàíèÿ, êîâàðèàöèîííàÿ è êîððåëÿöèîííàÿ �óíêöèÿ.

Îïðåäåëåíèå. Ñ.ï. íàçûâàåòñÿ ñëàáî ñòàöèîíàðíûì, åñëè

mx(t) ≡ m, Rx(t, s) = Rx(τ = |t− s|).
Ïðèìåð. Ïóñòü x(t) � òåìïåðàòóðà â öåíòðå Êèòî.

Âîïðîñ 2: Êàê âîñòàíîâèòü ïðîïóùåííûå äàííûå?
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�àóññîâñêèå ïðîöåññû

x(t) � òåìïåðàòóðà â öåíòðå Êèòî.

Èäåÿ: GP (mx(t), Rx(τ)), ãäå mx(t) ≡ m, Rx(τ) = σ2 exp(−λ|τ |).
�àññìîòðèì t1, . . . , tq, òîãäà äëÿ GP èìååì

p(x) = p(x(t1), . . . , x(tq)) = N (m, Σ), ãäå

m = [mx(t1), . . . , mx(tq)]
T

, Σ = ‖Σij‖ = ‖Rx(ti − tj)‖.

Óïðàæíåíèå. x = [x
T

1 , x
T

2 ]
T ∼ N



x
∣
∣[µ

T

1 , µ
T

2 ]
T

,

(

Σ11 Σ12

Σ
T

12 Σ22

)−1



.

x2|x1 ∼ N (x2|µ2 −Σ−1
22 Σ12(x1 − µ1), Σ

−1
22 ).

Âîïðîñ 1: ×òî äåëàòü, åñëè íåèçâåñòíî m, ãäå µ1 = me1, µ2 = me2?

Âîïðîñ 2: ×òî äåëàòü, åñëè íåèçâåñòíû σ2
è λ?

Âîçìîæíûå ìîäè�èêàöèè:

Íåïîñòîÿííîå mx(t);

Ââåäåíèå ðàçðûâíîñòè Rx(τ) =
σ2(exp(−λ|τ |) + κ ∗ [τ = 0]);

Äðóãàÿ �îðìà Rx(τ);

Rx(τ) → Rx(t1, t2). 600 650 700 750 800
t
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35
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µ− 2σ

µ + 2σ
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Ïðèìåðû ÿäåð

Îáîçíà÷èì r = ‖x1 − x2‖.
K(x1, x2) = σ2 exp(−τr2) (RBF);

K(x1, x2) = σ2 exp(−τr) (Lapla
e);

K(x1, x2) = σ2
(

1 +
√
3r/l

)

exp
(

−
√
3r/l

)

(Mattern 3/2);

K(x1, x2) = σ2
(

1 +
√
5r/l + 5

3r
2/l2

)

exp
(

−
√
5r/l

)

(Mattern 5/2);

K(x1, x2) = σ2 exp

(

−2
sin2(πr)

l2

)

(Periodi
);

K(x1, x2) =
∑

i

σ2
i x

i
1x

i
2 (Linear).

Âîïðîñ 1: Êàê âûáðàòü ÿäðî? Êàêèå �óíêöèè çàäà¼ò êàæäîå èç

âûøåïåðå÷èñëåííûõ?

Âîïðîñ 2: Êàê ïîëó÷èòü ÿäðî, îòëè÷íîå îò âûøåïåðå÷èñëåííûõ?
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Ëèíåéíàÿ ðåãðåññèÿ ñ ýâîëþöèåé âî âðåìåíè

Áàéåñîâñêàÿ ëèíåéíàÿ ðåãðåññèÿ

(X, y) = ∪m
i=1(xi, yi) � âûáîðêà.

yi = w
T

xi + εi, εi ∼ N (εi|0, β−1), w ∼ N (w|0, A−1).
p(y, w|X, A, β) = p(w|A)p(y|X, w, β).

Áàéåñîâñêàÿ ëèíåéíàÿ ðåãðåññèÿ ñ ýâîëþöèåé

(X, y, t) = ∪m
i=1(xi, yi, ti) � âûáîðêà.

Äëÿ ïðîñòîòû ñ÷èòàåì t1 < t2 < . . . < tm.

yi = w
T

i xi + εi, εi ∼ N (εi|0, β−1).

Ââåäåì ìàòðèöó W = [w1, . . . , wm]
T

= [v1, . . . , vn] ∈ R
m×n

.

Âîïðîñ 1: êàê îáó÷èòü ìîäåëü, åñëè ó êàæäîãî îáúåêòà ñâîé

èíäèâèäóàëüíûé âåêòîð ïàðàìåòðîâ wi?

Èäåÿ: Àïðèîðè ïðåäïîëîæèì, ÷òî vj ïîëó÷åí êàê ðåàëèçàöèÿ GP vj(t).

vj = [vj(t1), . . . , vj(tm)]
T

, Kvj (tl, tk) = α−1
j exp(−λ|tl − tk|).

Òîãäà p(w1, . . . , wm) =

n∏

j=1

N (vj |0, α−1
j K−1), ãäå

K = ‖ exp(−λ|tl − tk|)‖−1
.

Âîïðîñ 2: ÷òî ïðîèçîéäåò ïðè λ → 0?
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Ïîëó÷åíèå àïîñòåðèîðíîãî ðàñïðåäåëåíèÿ

Ïóñòü äîïîëíèòåëüíî äàíà òî÷êà äëÿ ïðîãíîçà (xm+1, tm+1).

Íàéòè: p(w1, . . . , wm, wm+1|y, X, t, β, A, λ).

log p(y, w1, . . . , wm, wm+1|X, t, β, A, λ) ∝
m
2 log β − β

2

m∑

i=1

(yi −w
T

i xi)
2 +

n∑

j=1

[
1
2 log αj +

1
2 log detK− αj

2 v
T

j Kvj

]

.

log p(w1, . . . , wm, wm+1|y, X, t, β, A, λ) ∝

−1
2





n∑

j=1

αjv
T

j Kvj + β
m∑

i=1

w
T

i xix
T

i wi − 2β
m∑

i=1

yiw
T

i xi




.

Ââåäåì u = [w1, . . . , wm+1]
T ∈ R

(m+1)n
.

K1 =











βx1x
T

1 0 . . . 0 0

0 βx2x
T

2 . . . 0 0
.

.

.

0 0 . . . βxmx
T

m 0

0 0 0 0 0











, m = β










y1x1

y2x2
.

.

.

ymxm

0










.
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Ïîëó÷åíèå àïîñòåðèîðíîãî ðàñïðåäåëåíèÿ

Ââåäåì u = [w1, . . . , wm+1]
T ∈ R

(m+1)n
.

log p(w1, . . . , wm, wm+1|y, X, t, β, A, λ) ∝ −1
2

[

u
T

Σ−1u− 2u
T

m
]

=

−1
2





n∑

j=1

αjv
T

j Kvj + β

m∑

i=1

w
T

i xix
T

i wi − 2β

m∑

i=1

yiw
T

i xi



 .

K1 =











βx1x
T

1 0 . . . 0 0

0 βx2x
T

2 . . . 0 0
.

.

.

0 0 . . . βxmx
T

m 0

0 0 0 0 0











, m = β










y1x1

y2x2

.

.

.

ymxm

0










,

K2 =








AK11 AK12 . . . AK1, m+1

AK21 AK22 . . . AK2, m+1

.

.

.

AKm+1, 1 AKm+1, 2 . . . AKm+1, m+1








.

Îò
þäà u ∼ N (u|(K1 +K2)
−1m, (K1 +K2)

−1).
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Îòáîð ïðèçíàêîâ è ïîäáîð êîâàðèàöèîííîé �óíêöèè

Âîïðîñ: êàê îïðåäåëèòü A, β, λ?

�àññìîòðèì çàäà÷ó p(y|X, t, β, A, λ) → max
β,A, λ

.

�àññìîòðèì Z = (w1, . . . , wm+1) è âîñïîëüçóåìñÿ EM-àëãîðèòìîì.

E-øàã. q(Z) = p(w1, . . . , wm, wm+1|y, X, t, β, A, λ).
M-øàã. Eq log p(y, w1, . . . , wm, wm+1|X, t, β, A, λ) → max

β,A, λ
.

m
2 log β − β

2

m∑

i=1

E(yi −w
T

i xi)
2 + 1

2

n∑

j=1

logαj +
n
2 log detK−

1
2

n∑

j=1

αjEv
T

j Kvj → max
β,A, λ

.

β−1 = 1
m

m∑

i=1

E(yi −w
T

i xi)
2; αj =

1

Ev
T

j Kvj

= 1

tr(KEvjv
T

j )
.

Hint: αnew

j =
1−αold

j tr(KEv̊j v̊
T

j )

tr(K(Evj)(Evj)
T

)
.
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Îòáîð ïðèçíàêîâ è ïîäáîð êîâàðèàöèîííîé �óíêöèè

M-øàã. Eq log p(y, w1, . . . , wm, wm+1|X, t, β, A, λ) → max
β,A, λ

.

m
2 log β − β

2

m∑

i=1

E(yi −w
T

i xi)
2 + 1

2

n∑

j=1

logαj +
n
2 log detK−

1
2

n∑

j=1

αjEv
T

j Kvj → max
β,A, λ

.

β−1 = 1
m

m∑

i=1

E(yi −w
T

i xi)
2; αj =

1

Ev
T

j Kvj

= 1

tr(KEvjv
T

j )
.

Hint: αnew

j =
1−αold

j tr(KEv̊j v̊
T

j )

tr(K(Evj)(Evj)
T )

.

B =

n∑

j=1

αjEvjv
T

j , òîãäà f(λ) = n
2 log detK− 1

2tr (KB) → max
λ

.

2
df

dλ
= ntr

(

dK

dλ
K−1

)

− tr

(

dK

dλ
B

)

= 0.

Âîïðîñ: êàê ïîëó÷èòü îïòèìàëüíîå λ?
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