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Variational Inequality

<latexit sha1_base64="XWLXYD/zD+8NzIXA28G5QbAcmnI=">AAACJnicbVDLSsNAFJ34rPVVdelmsAiuSiKibgTRjeCmim2FJpbJ9FYHJ5Mwc1MsIV/jxl9x46Ii4s5PcdJ24evAwOGcc7lzT5hIYdB1P5yp6ZnZufnSQnlxaXlltbK23jRxqjk0eCxjfR0yA1IoaKBACdeJBhaFElrh/Wnht/qgjYjVFQ4SCCJ2q0RPcIZW6lSO/IjhHWcyO8+pb9LQANKRFobZZX6Tda2M8IA0o8JQRnms+vBAi1he7lSqbs0dgf4l3oRUyQT1TmXod2OeRqCQS2ZM23MTDDKmUXAJedlPDSSM37NbaFuqWAQmyEZn5nTbKl3ai7V9CulI/T6RsciYQRTaZHGA+e0V4n9eO8XeYZAJlaQIio8X9VJJMaZFZ7QrNHCUA0sY18L+lfI7phlH22xRgvf75L+kuVvz9mvexV71+GRSR4lski2yQzxyQI7JGamTBuHkkTyTIXl1npwX5815H0ennMnMBvkB5/MLYoqlqw==</latexit>

K ⇢ Rd is a convex set
<latexit sha1_base64="tqjtLxXMPaVRTfgJFo36zQeaShM="></latexit>

g : Rd ! R [ {+1} is a proper convex

lower semi-continuous function
<latexit sha1_base64="yvUJ5kJ4YZjGu/PGpSIwkUkS38E="></latexit>

F : K ! Rd is monotone operator,

i.e. hF (x)� F (y), x� yi � 0 for all x, y 2 K

<latexit sha1_base64="3KDWsbeni/elCF2zhbIz64JOj+A="></latexit>

g(x)� g (x⇤) + hF (x⇤) , x� x⇤i � 0, for all x 2 Rd

<latexit sha1_base64="/MPuwt9uamb+BBXicuja/PjcMM0=">AAACDXicbVDLSsNAFJ34rPUVdelmsBXERUm6UJdFQQQ3FewD2lgmk2kzdDIJMzdiCf0BN/6KGxeKuHXvzr9x+lho64ELh3Pu5d57/ERwDY7zbS0sLi2vrObW8usbm1vb9s5uXcepoqxGYxGrpk80E1yyGnAQrJkoRiJfsIbfvxj5jXumNI/lLQwS5kWkJ3mXUwJG6tjFSy4DXHy4O8ZtLnE7IhBSIrLrYRHrlIYYQgIdu+CUnDHwPHGnpICmqHbsr3YQ0zRiEqggWrdcJwEvIwo4FWyYb6eaJYT2SY+1DJUkYtrLxt8M8aFRAtyNlSkJeKz+nshIpPUg8k3n6Fo9643E/7xWCt0zL+MySYFJOlnUTQWGGI+iwQFXjIIYGEKo4uZWTEOiCAUTYN6E4M6+PE/q5ZJ7UnJvyoXK+TSOHNpHB+gIuegUVdAVqqIaougRPaNX9GY9WS/Wu/UxaV2wpjN76A+szx914pqQ</latexit>

Find x⇤ 2 K such that



Stochas3c Varia3onal Inequality

<latexit sha1_base64="3KDWsbeni/elCF2zhbIz64JOj+A="></latexit>

g(x)� g (x⇤) + hF (x⇤) , x� x⇤i � 0, for all x 2 Rd

<latexit sha1_base64="/MPuwt9uamb+BBXicuja/PjcMM0=">AAACDXicbVDLSsNAFJ34rPUVdelmsBXERUm6UJdFQQQ3FewD2lgmk2kzdDIJMzdiCf0BN/6KGxeKuHXvzr9x+lho64ELh3Pu5d57/ERwDY7zbS0sLi2vrObW8usbm1vb9s5uXcepoqxGYxGrpk80E1yyGnAQrJkoRiJfsIbfvxj5jXumNI/lLQwS5kWkJ3mXUwJG6tjFSy4DXHy4O8ZtLnE7IhBSIrLrYRHrlIYYQgIdu+CUnDHwPHGnpICmqHbsr3YQ0zRiEqggWrdcJwEvIwo4FWyYb6eaJYT2SY+1DJUkYtrLxt8M8aFRAtyNlSkJeKz+nshIpPUg8k3n6Fo9643E/7xWCt0zL+MySYFJOlnUTQWGGI+iwQFXjIIYGEKo4uZWTEOiCAUTYN6E4M6+PE/q5ZJ7UnJvyoXK+TSOHNpHB+gIuegUVdAVqqIaougRPaNX9GY9WS/Wu/UxaV2wpjN76A+szx914pqQ</latexit>

Find x⇤ 2 K such that

<latexit sha1_base64="3j8RTUw+9OD+8FGhDk8YbkgKhDo=">AAACCnicbZDLSsNAFIYn9VbrLerSzWgR2k1JRFQQoSiKywr2AkkIk+m0HTq5MDORlpC1G1/FjQtF3PoE7nwbJ20W2vrDwMd/zmHO+b2IUSEN41srLCwuLa8UV0tr6xubW/r2TkuEMcekiUMW8o6HBGE0IE1JJSOdiBPke4y0veFVVm8/EC5oGNzLcUQcH/UD2qMYSWW5+v5NZVS9sH0kB56XXKduYo9oaikXnkOFVcfVy0bNmAjOg5lDGeRquPqX3Q1x7JNAYoaEsEwjkk6CuKSYkbRkx4JECA9Rn1gKA+QT4SSTU1J4qJwu7IVcvUDCift7IkG+EGPfU53ZzmK2lpn/1axY9s6chAZRLEmApx/1YgZlCLNcYJdygiUbK0CYU7UrxAPEEZYqvZIKwZw9eR5aRzXzpGbeHZfrl3kcRbAHDkAFmOAU1MEtaIAmwOARPINX8KY9aS/au/YxbS1o+cwu+CPt8wdNlplh</latexit>

F (x) = E⇠[F (x; ⇠)]

<latexit sha1_base64="Y/OHamhAAX23lDu4dyMeKVSDubg=">AAACCXicbVDLSsNAFJ34rPVVdelmsAiuSiKiLotuXFawD2hCuZlM2qHJJMzclJbQrRt/xY0LRdz6B+78G6ePhbYeGDiccx9zj59GQqNtf1srq2vrG5uFreL2zu7efungsKGTTDFeZ0mUqJYPmkdC8joKjHgrVRxiP+JNv3878ZsDrrRI5AOOUu7F0JUiFAzQSJ0SdYeCusiHmFOhKVAFMkhiOgAlwAwZd0plu2JPQZeJMydlMketU/pyg4RlMZfIItC67dgpejkoFMzMK7qZ5imwPnR521AJMddePr1kTE+NEtAwUeZJpFP1d0cOsdaj2DeVMWBPL3oT8T+vnWF47eVCphlyyWaLwiyimNBJLDQQijOMRoYAU8L8lbIeKGBowiuaEJzFk5dJ47ziXFac+4ty9WYeR4EckxNyRhxyRarkjtRInTDySJ7JK3mznqwX6936mJWuWPOeI/IH1ucPBUGZ6w==</latexit>

⇠ is a random variable
<latexit sha1_base64="Zc+9UGLid7LEZszQUHXAv192H/8=">AAACFHicbVDLSgNBEJz1GeMr6tHLYBAUIeyKqOAlKIjHCEaFJITZSScOzmOZ6ZWEJR/hxV/x4kERrx68+TdOYg5qLGgoqrrp7ooTKRyG4WcwMTk1PTObm8vPLywuLRdWVi+dSS2HKjfS2OuYOZBCQxUFSrhOLDAVS7iKb08G/tUdWCeMvsBeAg3FOlq0BWfopWZh53Sre1Tvim1aR+gizahwVBlt0GigTCrjkLrUguz1m4ViWAqHoOMkGpEiGaHSLHzUW4anCjRyyZyrRWGCjYxZFFxCP19PHSSM37IO1DzVTIFrZMOn+nTTKy3aNtaXRjpUf05kTDnXU7HvVAxv3F9vIP7n1VJsHzYyoZMUQfPvRe1UUjR0kBBtCQscZc8Txq3wt1J+wyzj6HPM+xCivy+Pk8vdUrRfis73iuXjURw5sk42yBaJyAEpkzNSIVXCyT15JM/kJXgInoLX4O27dSIYzayRXwjevwAKRZ4+</latexit>

F (x; ⇠) is monotone almost surely



Examples: Stochastic Convex Minimization
<latexit sha1_base64="M7uai6MZMVsPYx1ysrhTkK52r/Q=">AAACHHicbVBNS8MwGE79nPOr6tFLcAjzMloVFbwMRfA4wX3AWkqapVtYmpYklY3SH+LFv+LFgyJePAj+G9OtB918IOTJ87wved/HjxmVyrK+jYXFpeWV1dJaeX1jc2vb3NltySgRmDRxxCLR8ZEkjHLSVFQx0okFQaHPSNsfXud++4EISSN+r8YxcUPU5zSgGCkteeaJE1IOvXQEHX07IVIDjFjaybLpw/fTm8xzRhR2g+roUpMj1zMrVs2aAM4TuyAVUKDhmZ9OL8JJSLjCDEnZta1YuSkSimJGsrKTSBIjPER90tWUo5BIN50sl8FDrfRgEAl9uIIT9XdHikIpx6GvK/OB5ayXi/953UQFF25KeZwowvH0oyBhUEUwTwr2qCBYsbEmCAuqZ4V4gATCSudZ1iHYsyvPk9ZxzT6r2XenlfpVEUcJ7IMDUAU2OAd1cAsaoAkweATP4BW8GU/Gi/FufExLF4yiZw/8gfH1A0QnoXk=</latexit>

min
x2X

E⇠[f(x; ⇠)]

<latexit sha1_base64="IBca59Cqms8p+4R48JkimUO+UMc=">AAACJXicbVDLSsNAFJ34rPVVdelmsAiuSiKiLlyIblxWsQ9oYplMb3VwMgkzN8US8jNu/BU3LiwiuPJXnLRd+DowcDjnXObeEyZSGHTdD2dmdm5+YbG0VF5eWV1br2xsNk2cag4NHstYt0NmQAoFDRQooZ1oYFEooRXenxd+awDaiFhd4zCBIGK3SvQFZ2ilbuXEjxjecSazdk59k4YGkI61MMyu8pusZ2WEB6QZFYYyymM1gAdaxPJuperW3DHoX+JNSZVMUe9WRn4v5mkECrlkxnQ8N8EgYxoFl5CX/dRAwvg9u4WOpYpFYIJsfGVOd63So/1Y26eQjtXvExmLjBlGoU0W+5vfXiH+53VS7B8HmVBJiqD45KN+KinGtKiM9oQGjnJoCeNa2F0pv2OacbTFlm0J3u+T/5Lmfs07rHmXB9XTs2kdJbJNdsge8cgROSUXpE4ahJNH8kxeych5cl6cN+d9Ep1xpjNb5Aeczy8tmaWk</latexit>

X ⇢ Rd is a convex set
<latexit sha1_base64="J8ozsLoODlcflA3BWhNWXEmzPZ0="></latexit>

f(x; ⇠) : X ! R is almost surely convex function

<latexit sha1_base64="H5rkYTBwI6eBqHND4Z4E9GGrcHA=">AAACAXicbVDLSgMxFM3UV62vqhvBTbAIdVNmRFQQoSiIywr2AZ2h3EkzbWgmMyQZaSl146+4caGIW//CnX9j2s5CWw9cODnnXnLv8WPOlLbtbyuzsLi0vJJdza2tb2xu5bd3aipKJKFVEvFINnxQlDNBq5ppThuxpBD6nNb93vXYrz9QqVgk7vUgpl4IHcECRkAbqZXfuyn2L9w+O7p0BfgccJC+W/mCXbInwPPESUkBpai08l9uOyJJSIUmHJRqOnasvSFIzQino5ybKBoD6UGHNg0VEFLlDScXjPChUdo4iKQpofFE/T0xhFCpQeibzhB0V816Y/E/r5no4NwbMhEnmgoy/ShIONYRHseB20xSovnAECCSmV0x6YIEok1oOROCM3vyPKkdl5zTknN3UihfpXFk0T46QEXkoDNURreogqqIoEf0jF7Rm/VkvVjv1se0NWOlM7voD6zPH0+RlYY=</latexit>

F (x; ⇠) = rf(x; ⇠)



Examples: Stochastic Saddle Point Problem
<latexit sha1_base64="c46mfj7opn5TQO+vpvmZiAd2LQg="></latexit>

min
x2X

max
y2Y

E⇠[f(x, y; ⇠)]

<latexit sha1_base64="ghBe0p7ieM64wDj8mwTMI5Z+OD4="></latexit>

X ⇢ Rdx ,Y ⇢ Rdy are convex sets
<latexit sha1_base64="zgw3ISfHFqzJlpOfH8Jd7p1jOeU="></latexit>

f(x, y; ⇠) : X ⇥ Y ! R is convex in x and concave in y

almost surely

<latexit sha1_base64="19sXayMGcrlwqWhvoiKjJzhtShM="></latexit>

F ((x, y); ⇠) =


rxf(x, y; ⇠)
�ryf(x, y; ⇠)

�



Extragradient Algorithm



Stochastic Extragradient Algorithm

<latexit sha1_base64="sCIOrZEwmi71Tsj+b8+DAmeeEw0=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBDiJeyKqOAlKIjHCOYBySbMTibJkNkHM72asOQ/vHhQxKv/4s2/cZLsQRMLGoqqbrq7vEgKjbb9bS0tr6yurWc2sptb2zu7ub39qg5jxXiFhTJUdY9qLkXAKyhQ8nqkOPU9yWve4Gbi1x650iIMHnAUcdenvUB0BaNopNZtYdjCq+ZQtLDtnLRzebtoT0EWiZOSPKQot3NfzU7IYp8HyCTVuuHYEboJVSiY5ONsM9Y8omxAe7xhaEB9rt1kevWYHBulQ7qhMhUgmaq/JxLqaz3yPdPpU+zreW8i/uc1YuxeuokIohh5wGaLurEkGJJJBKQjFGcoR4ZQpoS5lbA+VZShCSprQnDmX14k1dOic1507s/ypes0jgwcwhEUwIELKMEdlKECDBQ8wyu8WU/Wi/Vufcxal6x05gD+wPr8AV3Gkcc=</latexit>

F (xt; ⇠t1)
<latexit sha1_base64="y2jpCedpWdJ2ICfId2gdgNIuds0=">AAAB9XicbVBNS8NAEN34WetX1aOXxSLUS0mKqOClKIjHCvYD2rRstpt26WYTdidqCP0fXjwo4tX/4s1/47bNQVsfDDzem2FmnhcJrsG2v62l5ZXVtfXcRn5za3tnt7C339BhrCir01CEquURzQSXrA4cBGtFipHAE6zpja4nfvOBKc1DeQ9JxNyADCT3OSVgpO5NKenCZeeJd6FXOekVinbZngIvEicjRZSh1it8dfohjQMmgQqidduxI3BTooBTwcb5TqxZROiIDFjbUEkCpt10evUYHxulj/1QmZKAp+rviZQEWieBZzoDAkM9703E/7x2DP6Fm3IZxcAknS3yY4EhxJMIcJ8rRkEkhhCquLkV0yFRhIIJKm9CcOZfXiSNStk5Kzt3p8XqVRZHDh2iI1RCDjpHVXSLaqiOKFLoGb2iN+vRerHerY9Z65KVzRygP7A+fwBg2pHJ</latexit>

F (yt; ⇠t2)

<latexit sha1_base64="n9aQfoEUJp6mqzqeNa19m28SGuM=">AAACJXicbVC7TsNAEDzzJrwMlDQnAhJVZKcACiQiaCiDIICUGOt8XpMT57N1t0ZEET9Dw6/QUBAhJCp+hcujgIQtVrOzO9rdiXIpDHrelzM1PTM7N7+wWFpaXlldc9c3rkxWaA4NnslM30TMgBQKGihQwk2ugaWRhOvo/rTfv34AbUSmLrGTQ5CyOyUSwRlaKnSPLliaSzB0p/UoQv8WdyhT8bCqDioNFNtADUuBZpoKFUMONik8Dt2yV/EGQSeBPwJlMop66PZaccaL1Iq5ZMY0fS/HoMs0Ci7hqdQqDOSM37M7aFqo7E4TdAdfPtFdy8Q0sTckmUI6YH8ruiw1ppNGdjJl2DbjvT75X69ZYHIYdIXKCwTFh4uSQlLMaN8yGgsNHGXHAsa1sLdS3maacbTGlqwJ/vjLk+CqWvH3K/55tVw7GdmxQLbINtkjPjkgNXJG6qRBOHkmr+Sd9JwX5835cD6Ho1POSLNJ/oTz/QPamqOr</latexit>

Samples ⇠t1 and ⇠t2 are the same or independent?



Independent Samples: Judistsky et al., 2011

<latexit sha1_base64="arxU0y+rdEplZlalf9QwdQ0y5yc="></latexit>

Converges under very restrictive
uniformly bounded noise assumption

<latexit sha1_base64="qcG0gA522dcL7JTS8dkgfLNigRs="></latexit>

Diverges even on bilinear
stochastic saddle point problems



Same Sample: Our Approach

<latexit sha1_base64="mlPzKL+FEfXJ9ymB9EjJQ7/CIL4=">AAACK3icbVC5TgMxEPVyhnAFKGkMERJVtEsBlBE0lAERQMpGkdc7IRY+FnuMFEX8Dw2/QgEFh2j5D5yQgutJIz29N6OZeVkhhcM4fo0mJqemZ2ZLc+X5hcWl5crK6pkz3nJociONvciYAyk0NFGghIvCAlOZhPPs6nDon9+AdcLoU+wX0FbsUouu4AyD1KkcpNoInYNGegLXXlhwFHtAg+qAoqEZ0Mz40JHTNKUMR64pUCivqNGyv9GpVONaPAL9S5IxqZIxGp3KY5ob7lVYyiVzrpXEBbYHzKLgEm7LqXdQMH7FLqEVqGYKXHsw+vWWbgUlp11jQ4WjR+r3iQFTzvVVFjoVw5777Q3F/7yWx+5+eyB04RE0/1rU9XKYwTA4modsOMp+IIxbEW6lvMcs4xjiLYcQkt8v/yVnO7Vkt5Yc71TrB+M4SmSdbJJtkpA9UidHpEGahJM78kCeyUt0Hz1Fb9H7V+tENJ5ZIz8QfXwCtcinVA==</latexit>

Requires the noise to be bounded
at the optimum only!



Experiments: Bilinear Saddle Point Problem



Experiments: Genera3ng Mixture of 
Gaussians



Experiments: GAN, CelebA dataset


