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Îïòèìèçàöèîííàÿ çàäà÷à âîññòàíîâëåíèÿ ðåãðåññèè

Îáó÷àþùàÿ âûáîðêà: X ℓ = (xi , yi )
ℓ
i=1, xi ∈ R

n
, yi ∈ R

1

Ôèêñèðóåòñÿ ìîäåëü ðåãðåññèè, íàïðèìåð, ëèíåéíàÿ:

a(x ,w) = 〈x ,w〉 =
n∑

j=1

wj fj(x), w ∈ R
n

2

Ôèêñèðóåòñÿ �óíêöèÿ ïîòåðü, íàïðèìåð, êâàäðàòè÷íàÿ:

L (a, y) = (a − y)2

3

Ìåòîä îáó÷åíèÿ � ìåòîä íàèìåíüøèõ êâàäðàòîâ:

Q(w) =
ℓ∑

i=1

(
a(xi ,w)− yi

)2
→ min

w

4

Ïðîâåðêà ïî òåñòîâîé âûáîðêå X k = (x̃i , ỹi )
k
i=1:

Q̄(w) =
1

k

k∑

i=1

(
a(x̃i ,w)− ỹi

)2
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Îáó÷àþùàÿ âûáîðêà: X ℓ = (xi , yi )
ℓ
i=1, xi ∈ R

n
, yi ∈ {−1,+1}

1

Ôèêñèðóåòñÿ ìîäåëü êëàññè�èêàöèè, íàïðèìåð, ëèíåéíàÿ:

a(x ,w) = sign〈x ,w〉 = sign
n∑

j=1

wj fj(x)

2

Ôóíêöèÿ ïîòåðü � ïîðîãîâàÿ èëè å¼ âåðõíÿÿ îöåíêà:

L (a, y) =
[
ay < 0

]
=
[
〈x ,w〉y < 0

]
6 L

(
〈x ,w〉y

)

3

Ìåòîä îáó÷åíèÿ � ìèíèìèçàöèÿ ýìïèðè÷åñêîãî ðèñêà:

Q(w) =
ℓ∑

i=1

[
〈xi ,w〉yi < 0

]
6

ℓ∑

i=1

L
(
〈xi ,w〉yi

)
→ min

w

4

Ïðîâåðêà ïî òåñòîâîé âûáîðêå X k = (x̃i , ỹi )
k
i=1:

Q̄(w) =
1

k

k∑

i=1

[
〈x̃i ,w〉ỹi < 0

]
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Ëèíåéíûé êëàññè�èêàòîð � ìàòåìàòè÷åñêàÿ ìîäåëü íåéðîíà

Ëèíåéíàÿ ìîäåëü íåéðîíà ÌàêÊàëëîêà-Ïèòòñà [1943℄:

a(x ,w) = σ
(
〈w , x〉

)
= σ

(
n∑

j=1
wj fj(x)− w0

)

,

σ(z) � �óíêöèÿ àêòèâàöèè (íàïðèìåð, sign, tanh, sigmoid),
wj � âåñîâûå êîý��èöèåíòû ñèíàïòè÷åñêèõ ñâÿçåé,

w0 � ïîðîã àêòèâàöèè,

w , x ∈ R
n+1

, åñëè ââåñòè êîíñòàíòíûé ïðèçíàê f0(x) ≡ −1

GFED@ABCx1
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Ïîíÿòèå îòñòóïà äëÿ ðàçäåëÿþùèõ êëàññè�èêàòîðîâ

�àçäåëÿþùèé êëàññè�èêàòîð: a(x ,w) = sign g(x ,w)
g(x ,w) � ðàçäåëÿþùàÿ (äèñêðèìèíàíòíàÿ) �óíêöèÿ

g(x ,w) = 0 � óðàâíåíèå ðàçäåëÿþùåé ïîâåðõíîñòè

Mi(w) = g(xi ,w)yi � îòñòóï (margin) îáúåêòà xi
Mi(w) < 0 ⇐⇒ àëãîðèòì a(x ,w) îøèáàåòñÿ íà xi

�àíæèðîâàíèå îáúåêòîâ ïî âîçðàñòàíèþ îòñòóïîâ Mi(w):
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Íåïðåðûâíûå âåðõíèå îöåíêè ïîðîãîâîé �óíêöèè ïîòåðü

×àñòî èñïîëüçóåìûå íåïðåðûâíûå �óíêöèè ïîòåðü L (M):
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M

[M < 0] � ïîðîãîâàÿ �óíêöèÿ ïîòåðü

V (M) = (1−M)+ � êóñî÷íî-ëèíåéíàÿ (SVM)

H(M) = (−M)+ � êóñî÷íî-ëèíåéíàÿ (Hebb's rule)

L(M) = log2(1 + e
−M) � ëîãàðè�ìè÷åñêàÿ (LR)

Q(M) = (1−M)2 � êâàäðàòè÷íàÿ (FLD)

S(M) = 2(1 + e
M)−1

� ñèãìîèäíàÿ (ANN)

E(M) = e
−M

� ýêñïîíåíöèàëüíàÿ (AdaBoost)
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Àëãîðèòì SG (Sto
hasti
 Gradient)

Âõîä: âûáîðêà X ℓ
, òåìï îáó÷åíèÿ h, òåìï çàáûâàíèÿ λ;

Âûõîä: âåêòîð âåñîâ w ;

èíèöèàëèçèðîâàòü âåñà wj , j = 0, . . . , n;
èíèöèàëèçèðîâàòü îöåíêó �óíêöèîíàëà:

Q̄ := 1
ℓ

∑ℓ
i=1 Li (w);

ïîâòîðÿòü

âûáðàòü îáúåêò xi èç X ℓ
ñëó÷àéíûì îáðàçîì;

âû÷èñëèòü ïîòåðþ: εi := Li (w);
ñäåëàòü ãðàäèåíòíûé øàã: w := w − h∇Li(w);
îöåíèòü �óíêöèîíàë ñêîëüçÿùèì ñðåäíèì:

Q̄ := λεi + (1− λ)Q̄;

ïîêà çíà÷åíèå Q̄ è/èëè âåñà w íå ñîéäóòñÿ;

Robbins, H., Monro S. A sto
hasti
 approximation method // Annals of

Mathemati
al Statisti
s, 1951, 22 (3), p. 400�407.
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Ïðîáëåìà ìóëüòèêîëëèíåàðíîñòè â ëèíåéíûõ ìîäåëÿõ

Ìóëüòèêîëëèíåàðíîñòü (ëèíåéíàÿ çàâèñèìîñòü ïðèçíàêîâ):

ïóñòü ïîñòðîåí êëàññè�èêàòîð a(x ,w) = sign〈w , x〉

ìóëüòèêîëëèíåàðíîñòü: ∃u : ∀x 〈u, x〉 = 0

íååäèíñòâåííîñòü ðåøåíèÿ: ∀γ a(x ,w) = sign〈w+γu, x〉

Ïðîÿâëåíèÿ ìóëüòèêîëëèíåàðíîñòè:

ñëèøêîì áîëüøèå âåñà |wj | ðàçíûõ çíàêîâ

íåóñòîé÷èâîñòü ìîäåëè 〈w , x〉 ê øóìó â x

ïåðåîáó÷åíèå: Q(X ℓ) ≪ Q(X k)

Óñòðàíåíèå ìóëüòèêîëëèíåàðíîñòè è ïåðåîáó÷åíèÿ:

ðåãóëÿðèçàöèÿ: ‖w‖ → min;

îòáîð ïðèçíàêîâ: f1, . . . , fn → fj1, . . . , fjm , m ≪ n.

ïðåîáðàçîâàíèå ïðèçíàêîâ: f1, . . . , fn → g1, . . . , gm, m ≪ n;
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�åãóëÿðèçàòîðû, øòðà�óþùèå ñëîæíîñòü ìîäåëè

�åãóëÿðèçàòîð � àääèòèâíàÿ äîáàâêà ê îñíîâíîìó êðèòåðèþ:

Q(w) =

ℓ∑

i=1

L
(
〈xi ,w〉, yi

)
+ τ øòðà�(w) → min

w

ãäå τ � êîý��èöèåíò ðåãóëÿðèçàöèè

L2-ðåãóëÿðèçàöèÿ (ãðåáíåâàÿ ðåãðåññèÿ, SVM):

øòðà�(w) = ‖w‖22 =
n∑

j=1
w2
j .

L1-ðåãóëÿðèçàöèÿ (LASSO, Elasti
Net):

øòðà�(w) = ‖w‖1 =
n∑

j=1
|wj |.

L0-ðåãóëÿðèçàöèÿ (êðèòåðèè Àêàèêå AIC, áàéåñîâñêèé BIC):

øòðà�(w) = ‖w‖0 =
n∑

j=1

[
wj 6= 0

]
.
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Ìåòîä îïîðíûõ âåêòîðîâ SVM (äâóõêëàññîâûé)

Mi(w ,w0) = yi
(
〈w , xi 〉 − w0

)
� îòñòóï â ëèíåéíîé ìîäåëè

Êóñî÷íî-ëèíåéíàÿ �óíêöèÿ ïîòåðü:

ℓ∑

i=1

(
1−Mi(w ,w0)

)

+
+

1

2C
‖w‖2 → min

w ,w0

Ôóíêöèÿ ïîòåðü øòðà�óåò îáúåêòû

çà ïðèáëèæåíèå ê ãðàíèöå êëàññîâ

�åãóëÿðèçàöèÿ ìàêñèìèçèðóåò çàçîð

ìåæäó êëàññàìè è øòðà�óåò

ìóëüòèêîëëèíåàðíîñòü

-3 -2 -1 0 1 2 3

0

1

2

3

(1−M)+

[M < 0]

Âàæíåéøèå ñâîéñòâà SVM:

Çàäà÷à âûïóêëîãî ïðîãðàììèðîâàíèÿ, ðåøåíèå åäèíñòâåííî

�åøåíèå ðàçðåæåíî � çàâèñèò òîëüêî îò îïîðíûõ îáúåêòîâ

Îáîáùåíèå íà íåëèíåéíûå ìîäåëè: 〈x , xi 〉 → K (x , xi )
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Ëîãèñòè÷åñêàÿ ðåãðåññèÿ (äâóõêëàññîâàÿ)

Ëîãàðè�ìè÷åñêàÿ �óíêöèÿ ïîòåðü:

ℓ∑

i=1

ln
(
1 + exp(−〈w , xi 〉yi )

)
+

τ

2
‖w‖2 → min

w

Ëîãàðè�ìè÷åñêàÿ �óíêöèÿ ïîòåðü:

L (M) = ln
(
1 + e−M

)

-3,0 -2,5 -2,0 -1,5 -1,0 -0,5 0 0,5 1,0 1,5 2,0 2,5 3,0

0
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M

L (M)

Ìîäåëü óñëîâíîé âåðîÿòíîñòè:

P(y |x ,w) = σ(M) = 1
1+e−M ,

ãäå σ(M) � ñèãìîèäíàÿ �óíêöèÿ

-6 -5 -4 -3 -2 -1 0 1 2 3 4 5 6
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Ëîãèñòè÷åñêàÿ ðåãðåññèÿ (ìíîãîêëàññîâàÿ)

Ëèíåéíûé êëàññè�èêàòîð ïðè ïðîèçâîëüíîì ÷èñëå êëàññîâ |Y |:

a(x) = argmax
y∈Y

〈wy , x〉, x ,wy ∈ R
n

Âåðîÿòíîñòü òîãî, ÷òî îáúåêò x îòíîñèòñÿ ê êëàññó y :

P(y |x ,w) =
exp〈wy , x〉
∑

z∈Y

exp〈wz , x〉
= SoftMax

y∈Y
〈wy , x〉,

ãäå SoftMax: RY → R
Y
ïåðåâîäèò ïðîèçâîëüíûé âåêòîð

â íîðìèðîâàííûé âåêòîð äèñêðåòíîãî ðàñïðåäåëåíèÿ.

Ìàêñèìèçàöèÿ ïðàâäîïîäîáèÿ (log-loss) ñ ðåãóëÿðèçàöèåé:

−
ℓ∑

i=1

lnP(yi |xi ,w) +
τ

2

∑

y∈Y

‖wy‖
2 → min

w
.
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Ñâÿçü ïðàâäîïîäîáèÿ è àïïðîêñèìàöèè ýìïèðè÷åñêîãî ðèñêà

Ïóñòü X × Y � â.ï. ñ ïëîòíîñòüþ p(x , y |w) = P(y |x ,w)p(x).
Ïóñòü X ℓ

� ïðîñòàÿ (i.i.d.) âûáîðêà: (xi , yi )
ℓ
i=1 ∼ p(x , y |w)

Ìàêñèìèçàöèÿ ïðàâäîïîäîáèÿ (Maximum Likelihood, ML):

ℓ∑

i=1

lnP(yi |xi ,w) → max
w

.

Ìèíèìèçàöèÿ àïïðîêñèìèðîâàííîãî ýìïèðè÷åñêîãî ðèñêà:

ℓ∑

i=1
L
(
yig(xi ,w)

)
→ min

w
;

Ýòè äâà ïðèíöèïà ýêâèâàëåíòíû, åñëè ïðèðàâíÿòü

− lnP(yi |xi ,w) = L
(
yig(xi ,w)

)
.

ìîäåëü P(y |x ,w) ⇄ ìîäåëü g(x ,w) è L (M) .
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Âåðîÿòíîñòíûé ñìûñë ðåãóëÿðèçàöèè

P(y |x ,w) � âåðîÿòíîñòíàÿ ìîäåëü äàííûõ;

p(w ; γ) � àïðèîðíîå ðàñïðåäåëåíèå ïàðàìåòðîâ ìîäåëè;

γ � âåêòîð ãèïåðïàðàìåòðîâ;

Òåïåðü íå òîëüêî ïîÿâëåíèå âûáîðêè X ℓ
,

íî è ïîÿâëåíèå ìîäåëè w òàêæå ïîëàãàåòñÿ ñòîõàñòè÷åñêèì.

Ñîâìåñòíîå ïðàâäîïîäîáèå äàííûõ è ìîäåëè:

p(X ℓ,w) = p(X ℓ|w) p(w ; γ).

Ïðèíöèï ìàêñèìóìà àïîñòåðèîðíîé âåðîÿòíîñòè

(Maximum a Posteriori Probability, MAP):

ln p(X ℓ,w) =

ℓ∑

i=1

lnP(yi |xi ,w) + ln p(w ; γ)
︸ ︷︷ ︸

ðåãóëÿðèçàòîð

→ max
w
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Êâàíò�èëüíàÿ ðåãðåññèÿ

Ôóíêöèÿ ïîòåðü:

L (ε) =

{

C+|ε|, ε > 0

C−|ε|, ε < 0;

Ìîäåëü ðåãðåññèè: ëèíåéíàÿ a(xi ) = 〈xi ,w〉.

Ñâåäåíèå ê çàäà÷å ëèíåéíîãî ïðîãðàììèðîâàíèÿ:

çàìåíà ïåðåìåííûõ ε+i =
(
a(xi)− yi

)

+
, ε−i =

(
yi − a(xi )

)

+
;







Q =

ℓ∑

i=1

C+ε
+
i + C−ε

−
i → min

w
;

〈xi ,w〉 − yi = ε+i − ε−i ;

ε+i > 0; ε−i > 0.
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�îáàñòíàÿ ðåãðåññèÿ

Ôóíêöèÿ Ìåøàëêèíà: L (ε) = b
(
1− exp

(
− 1

b
ε2
))
, ε = f − y

-5 -4 -3 -2 -1 0 1 2 3 4 5

0

1

2

3

4

b=1 b=2 b=3 квадратичная

Ìîäåëü ðåãðåññèè: a(x) = f (x ,w)

Ïîñòàíîâêà îïòèìèçàöèîííîé çàäà÷è:

ℓ∑

i=1

exp
(

− 1
b
(f (xi ,w)− yi)

2
)

→ max
w

×èñëåííîå ðåøåíèå ìåòîäîì Íüþòîíà-�à�ñîíà
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SVM-ðåãðåññèÿ

Ìîäåëü ðåãðåññèè: a(x) = 〈x ,w〉 − w0, w ∈ R
n
, w0 ∈ R.

Ôóíêöèÿ ïîòåðü: L (ε) =
(
|ε| − δ

)

+

-3 -2 -1 0 1 2 3

0

1

2

3

Ïîñòàíîâêà îïòèìèçàöèîííîé çàäà÷è:

ℓ∑

i=1

(
|〈w , xi 〉 − w0 − yi | − δ

)

+
+

1

2C
‖w‖2 → min

w ,w0

.

Ñâîäèòñÿ ê âûïóêëîé çàäà÷å êâàäðàòè÷íîãî ïðîãðàììèðîâàíèÿ
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Îïðåäåëåíèÿ è îáîçíà÷åíèÿ

X � ìíîæåñòâî îáúåêòîâ

X ℓ = {x1, . . . , xℓ} � îáó÷àþùàÿ âûáîðêà

i ≺ j � ïðàâèëüíûé ïîðÿäîê íà ïàðàõ (i , j) ∈ {1, . . . , ℓ}2

Çàäà÷à:

ïîñòðîèòü ðàíæèðóþùóþ �óíêöèþ a : X → R òàêóþ, ÷òî

i ≺ j ⇒ a(xi) < a(xj)

Ëèíåéíàÿ ìîäåëü ðàíæèðîâàíèÿ:

a(x ,w) =
〈
x ,w

〉

ãäå x 7→
(
f1(x), . . . , fn(x)

)
∈ R

n
� âåêòîð ïðèçíàêîâ îáúåêòà x
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Ïðèìåð. Çàäà÷à ðàíæèðîâàíèÿ ïîèñêîâîé âûäà÷è

D � êîëëåêöèÿ òåêñòîâûõ äîêóìåíòîâ (do
uments)

Q � ìíîæåñòâî çàïðîñîâ (queries)

Dq ⊆ D � ìíîæåñòâî äîêóìåíòîâ, íàéäåííûõ ïî çàïðîñó q

X = Q × D � îáúåêòàìè ÿâëÿþòñÿ ïàðû ¾çàïðîñ, äîêóìåíò¿:

x ≡ (q, d), q ∈ Q, d ∈ Dq

Y � óïîðÿäî÷åííîå ìíîæåñòâî ðåéòèíãîâ

y : X → Y � îöåíêè ðåëåâàíòíîñòè, ïîñòàâëåííûå àñåññîðàìè:

÷åì âûøå îöåíêà y(q, d), òåì ðåëåâàíòíåå äîêóìåíò d çàïðîñó q

Ïðàâèëüíûé ïîðÿäîê îïðåäåë¼í òîëüêî ìåæäó äîêóìåíòàìè,

íàéäåííûìè ïî îäíîìó è òîìó æå çàïðîñó q:

(q, d) ≺ (q, d ′) ⇔ y(q, d) < y(q, d ′)

Ê.Â. Âîðîíöîâ (voron�fore
sys.ru) Ëèíåéíûå ìåòîäû 20 / 63



Îáó÷åíèå ñ ó÷èòåëåì

Îáó÷åíèå áåç ó÷èòåëÿ

Äðóãèå ïàðàäèãìû îáó÷åíèÿ

�åãðåññèÿ è êëàññè�èêàöèÿ

�àíæèðîâàíèå

�ðàäèåíòíûé áóñòèíã

Îñíîâíûå ïîäõîäû ê ðàíæèðîâàíèþ

Point-wise � ïîòî÷å÷íûé

Pair-wise � ïîïàðíûé

List-wise � ñïèñî÷íûé

Ïåðåõîä ê ãëàäêîìó �óíêöèîíàëó êà÷åñòâà ðàíæèðîâàíèÿ:

Q(w) =
∑

i≺j

[
a(xj)− a(xi )
︸ ︷︷ ︸

Margin(i ,j)

< 0
]
6
∑

i≺j

L
(
a(xj ,w)−a(xi ,w)

)
→ min

w

ãäå a(x ,w) � ìîäåëü ðàíæèðîâàíèÿ ñ âåêòîðîì ïàðàìåòðîâ w ;

L (M) � óáûâàþùàÿ íåïðåðûâíàÿ �óíêöèÿ îòñòóïà Margin(i , j):

L (M) = (1−M)+ � RankSVM

L (M) = exp(−M) � RankBoost

L (M) = ln(1 + e−M) � RankNet
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RankNet: ëîãèñòè÷åñêàÿ ðåãðåññèÿ äëÿ ðàíæèðîâàíèÿ

RankNet: ëèíåéíàÿ ìîäåëü ðàíæèðîâàíèÿ:

Q(w) =
∑

i≺j

L
(
〈xj ,w〉 − 〈xi ,w〉

)
→ min

w

ãäå L (M) = ln(1 + e−σM ) � ëîãàðè�ìè÷åñêàÿ �óíêöèÿ ïîòåðü.

Ìåòîä ñòîõàñòè÷åñêîãî ãðàäèåíòà:

âûáèðàåì íà êàæäîé èòåðàöèè ñëó÷àéíóþ ïàðó i ≺ j :

w := w + η ·
σ

1 + exp(σ〈xj − xi ,w〉)
· (xj − xi)

ãäå η � ãðàäèåíòíûé øàã, σ � ïàðàìåòð �óíêöèè ïîòåðü

Christopher J.C. Burges From RankNet to LambdaRank to LambdaMART:

An Overview // Mi
rosoft Resear
h Te
hni
al Report MSR-TR-2010-82. 2010.
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Îò RankNet äî LambdaRank

Ìåòîä ñòîõàñòè÷åñêîãî ãðàäèåíòà:

w := w + η ·
σ

1 + exp(σ〈xj − xi ,w〉)
︸ ︷︷ ︸

λij

· (xj − xi);

Îêàçûâàåòñÿ, äëÿ îïòèìèçàöèè íåãëàäêèõ �óíêöèîíàëîâ

MAP, NDCG, pFound äîñòàòî÷íî äîìíîæèòü λij íà èçìåíåíèå

äàííîãî �óíêöèîíàëà ïðè ïåðåñòàíîâêå ìåñòàìè xi ⇆ xj .

LambdaRank: äîìíîæåíèå íà èçìåíåíèå NDCG ïðè xi ⇆ xj
ïðèâîäèò ê îïòèìèçàöèè NDCG:

w := w + η ·
σ

1 + exp(σ〈xj − xi ,w〉)
· |∆NDCGij | · (xj − xi);

Christopher J.C. Burges From RankNet to LambdaRank to LambdaMART:

An Overview // Mi
rosoft Resear
h Te
hni
al Report MSR-TR-2010-82. 2010.
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Áóñòèíã äëÿ çàäà÷è êëàññè�èêàöèè ñ äâóìÿ êëàññàìè

Âçâåøåííîå ãîëîñîâàíèå áàçîâûõ êëàññè�èêàòîðîâ:

a(x) = sign

( T∑

t=1

αtbt(x)

)

, x ∈ X ,

ãäå bt : X → {±1, 0}, bt(x) = 0 � îòêàç îò êëàññè�èêàöèè

Ôóíêöèîíàë êà÷åñòâà êîìïîçèöèè � ÷èñëî îøèáîê íà X ℓ
:

Q(α1, b1, . . . , αT , bT ) =

ℓ∑

i=1

[

yi

T∑

t=1

αtbt(xi ) < 0

]

→ min
{αt ,bt}

Äâå îñíîâíûå ýâðèñòèêè áóñòèíãà:

�èêñàöèÿ α1b1(x), . . . , αt−1bt−1(x) ïðè äîáàâëåíèè αtbt(x);

ãëàäêàÿ àïïðîêñèìàöèÿ ïîðîãîâîé �óíêöèè ïîòåðü [M 6 0].
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�ëàäêèå àïïðîêñèìàöèè ïîðîãîâîé �óíêöèè ïîòåðü [M < 0]

-5 -4 -3 -2 -1 0 1 2 3 4 5

0
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S

LV    
E          

        Q G    

M

E (M) = e−M
� ýêñïîíåíöèàëüíàÿ (AdaBoost);

L(M) = log2(1 + e−M) � ëîãàðè�ìè÷åñêàÿ (LogitBoost);

Q(M) = (1−M)2 � êâàäðàòè÷íàÿ (GentleBoost);

G (M) = exp
(
−cM(M + s)

)
� ãàóññîâñêàÿ (BrownBoost);

S(M) = 2(1 + eM)−1
� ñèãìîèäíàÿ;

V (M) = (1−M)+ � êóñî÷íî-ëèíåéíàÿ (èç SVM);
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�ðàäèåíòíûé áóñòèíã äëÿ ïðîèçâîëüíîé �óíêöèè ïîòåðü

Ëèíåéíàÿ (âûïóêëàÿ) êîìáèíàöèÿ áàçîâûõ àëãîðèòìîâ:

a(x) =

T∑

t=1

αtbt(x), x ∈ X , αt ∈ R+.

Ôóíêöèîíàë êà÷åñòâà ñ ïðîèçâîëüíîé �óíêöèåé ïîòåðü L (a, y):

Q(α, b;X ℓ) =

ℓ∑

i=1

L

(
T−1∑

t=1
αtbt(xi )

︸ ︷︷ ︸

fT−1,i

+αb(xi)

︸ ︷︷ ︸

fT ,i

, yi

)

→ min
α,b

.

fT−1 =
(
fT−1,i

)
ℓ
i=1 � âåêòîð òåêóùåãî ïðèáëèæåíèÿ

fT =
(
fT ,i

)
ℓ
i=1 � âåêòîð ñëåäóþùåãî ïðèáëèæåíèÿ

Friedman G. Greedy Fun
tion Approximation: A Gradient Boosting Ma
hine. 1999.
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Ïàðàìåòðè÷åñêàÿ àïïðîêñèìàöèÿ ãðàäèåíòíîãî øàãà

�ðàäèåíòíûé ìåòîä ìèíèìèçàöèè Q(f ) → min, f ∈ R
ℓ
:

f0 := íà÷àëüíîå ïðèáëèæåíèå;

fT ,i := fT−1,i − αgi , i = 1, . . . , ℓ;

gi = L ′
(
fT−1,i , yi

)
� êîìïîíåíòû âåêòîðà ãðàäèåíòà,

α � ãðàäèåíòíûé øàã.

Íàáëþäåíèå: ýòî î÷åíü ïîõîæå íà îäíó èòåðàöèþ áóñòèíãà!

fT ,i := fT−1,i + αb(xi ), i = 1, . . . , ℓ

Èäåÿ: áóäåì èñêàòü òàêîé áàçîâûé àëãîðèòì bT , ÷òîáû

âåêòîð

(
bT (xi)

)
ℓ
i=1 ïðèáëèæàë âåêòîð àíòèãðàäèåíòà

(
−gi

)
ℓ
i=1:

bT := argmin
b

ℓ∑

i=1

(
b(xi ) + gi

)2
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Àëãîðèòì ãðàäèåíòíîãî áóñòèíãà (Gradient Boosting)

Âõîä: îáó÷àþùàÿ âûáîðêà X ℓ
; ïàðàìåòð T ;

Âûõîä: áàçîâûå àëãîðèòìû è èõ âåñà αtbt , t = 1, . . . ,T ;

1: èíèöèàëèçàöèÿ: fi := 0, i = 1, . . . , ℓ;
2: äëÿ âñåõ t = 1, . . . ,T
3: áàçîâûé àëãîðèòì, ïðèáëèæàþùèé àíòèãðàäèåíò:

bt := arg min
b

ℓ∑

i=1

(
b(xi) + L ′(fi , yi )

)2
;

4: çàäà÷à îäíîìåðíîé ìèíèìèçàöèè:

αt := argmin
α>0

ℓ∑

i=1
L
(
fi + αbt(xi), yi

)
;

5: îáíîâëåíèå âåêòîðà çíà÷åíèé íà îáúåêòàõ âûáîðêè:

fi := fi + αtbt(xi ); i = 1, . . . , ℓ;
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Îáó÷åíèå ñ ó÷èòåëåì

Îáó÷åíèå áåç ó÷èòåëÿ

Äðóãèå ïàðàäèãìû îáó÷åíèÿ

Âîññòàíîâëåíèå ïëîòíîñòè ðàñïðåäåëåíèÿ

Êëàñòåðèçàöèÿ è ÷àñòè÷íîå îáó÷åíèå

Ïîíèæåíèå ðàçìåðíîñòè

Ïðèíöèï ìàêñèìóìà ïðàâäîïîäîáèÿ

Äàíî: i.i.d. âûáîðêà Xm = {x1, . . . , xm}

Íàéòè: ïàðàìåòðè÷åñêóþ ìîäåëü ïëîòíîñòè

p(x) = ϕ(x ; θ),

ãäå θ � ïàðàìåòð, ϕ � �èêñèðîâàííàÿ �óíêöèÿ.

Êðèòåðèé � ïðèíöèï ìàêñèìóìà ïðàâäîïîäîáèÿ:

L(θ;Xm) =

m∑

i=1

lnϕ(xi ; θ) → max
θ

.

Íåîáõîäèìîå óñëîâèå îïòèìóìà:

∂

∂θ
L(θ;Xm) =

m∑

i=1

∂

∂θ
lnϕ(xi ; θ) = 0,

ãäå �óíêöèÿ ϕ(x ; θ) äîñòàòî÷íî ãëàäêàÿ ïî ïàðàìåòðó θ.
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Îáó÷åíèå áåç ó÷èòåëÿ

Äðóãèå ïàðàäèãìû îáó÷åíèÿ

Âîññòàíîâëåíèå ïëîòíîñòè ðàñïðåäåëåíèÿ

Êëàñòåðèçàöèÿ è ÷àñòè÷íîå îáó÷åíèå

Ïîíèæåíèå ðàçìåðíîñòè

Êëàññè÷åñêèé ïðèìåð

Ìíîãîìåðíîå íîðìàëüíîå ðàñïðåäåëåíèå

N (x ;µ,Σ) =
e−

1
2 (x−µ)òΣ−1(x−µ)

√

(2π)n detΣ
,

µ � âåêòîð ìàòîæèäàíèÿ, Σ � êîâàðèàöèîííàÿ ìàòðèöà

Òåîðåìà

Îöåíêè ìàêñèìàëüíîãî ïðàâäîïîäîáèÿ ïî âûáîðêå:

µ̂ =
1

m

∑

i

xi ;

Σ̂ =
1

m

∑

i

(xi − µ̂)(xi − µ̂)ò.
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Îáó÷åíèå ñ ó÷èòåëåì

Îáó÷åíèå áåç ó÷èòåëÿ

Äðóãèå ïàðàäèãìû îáó÷åíèÿ

Âîññòàíîâëåíèå ïëîòíîñòè ðàñïðåäåëåíèÿ

Êëàñòåðèçàöèÿ è ÷àñòè÷íîå îáó÷åíèå

Ïîíèæåíèå ðàçìåðíîñòè

Çàäà÷à âîññòàíîâëåíèÿ ñìåñè ðàñïðåäåëåíèé

Ïîðîæäàþùàÿ ìîäåëü ñìåñè ðàñïðåäåëåíèé:

p(x) =

k∑

j=1

wjϕ(x , θj ),

k∑

j=1

wj = 1, wj > 0,

k � ÷èñëî êîìïîíåíò ñìåñè;

ϕ(x , θj ) = p(x | j) � ìîäåëü ïëîòíîñòè j-é êîìïîíåíòû;

wj = P( j) � àïðèîðíàÿ âåðîÿòíîñòü j-é êîìïîíåíòû.

Çàäà÷à 1: ïðè �èêñèðîâàííîì k ,

èìåÿ ïðîñòóþ âûáîðêó Xm = {x1, . . . , xm} ∼ p(x),
îöåíèòü âåêòîð ïàðàìåòðîâ (w , θ) = (w1, . . . ,wk , θ1, . . . , θk).

Çàäà÷à 2: îöåíèòü åù¼ è k .
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Äðóãèå ïàðàäèãìû îáó÷åíèÿ

Âîññòàíîâëåíèå ïëîòíîñòè ðàñïðåäåëåíèÿ

Êëàñòåðèçàöèÿ è ÷àñòè÷íîå îáó÷åíèå

Ïîíèæåíèå ðàçìåðíîñòè

Ìàêñèìèçàöèÿ ïðàâäîïîäîáèÿ è ÅÌ-àëãîðèòì

Çàäà÷à ìàêñèìèçàöèè ëîãàðè�ìà ïðàâäîïîäîáèÿ

ln

m∏

i=1

p(xi) =

m∑

i=1

ln

k∑

j=1

wjϕ(xi , θj) → max
w ,θ

.

ïðè îãðàíè÷åíèÿõ

∑k
j=1 wj = 1; wj > 0.

Èòåðàöèîííûé àëãîðèòì Expe
tation�Maximization:

1: íà÷àëüíîå ïðèáëèæåíèå ïàðàìåòðîâ (w , θ);
2: ïîâòîðÿòü

3: îöåíêà ñêðûòûõ ïåðåìåííûõ G = (gij ), gij = P( j |xi ):
G := Å-øàã (w , θ);

4: ìàêñèìèçàöèÿ ïðàâäîïîäîáèÿ, îòäåëüíî ïî êîìïîíåíòàì:

(w , θ) := Ì-øàã (w , θ,G );
5: ïîêà w , θ è G íå ñòàáèëèçèðóþòñÿ.
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Îáó÷åíèå áåç ó÷èòåëÿ

Äðóãèå ïàðàäèãìû îáó÷åíèÿ

Âîññòàíîâëåíèå ïëîòíîñòè ðàñïðåäåëåíèÿ

Êëàñòåðèçàöèÿ è ÷àñòè÷íîå îáó÷åíèå

Ïîíèæåíèå ðàçìåðíîñòè

EM-àëãîðèòì êàê ñïîñîá ðåøåíèÿ ñèñòåìû óðàâíåíèé

Òåîðåìà (íåîáõîäèìûå óñëîâèÿ ýêñòðåìóìà)

Òî÷êà (wj , θj)
k
j=1 ëîêàëüíîãî ýêñòðåìóìà ïðàâäîïîäîáèÿ

óäîâëåòâîðÿåò ñèñòåìå óðàâíåíèé îòíîñèòåëüíî wj , θj è gij :

Å-øàã: gij =
wjϕ(xi , θj)

∑k
s=1 wsϕ(xi , θs)

, i = 1, . . . ,m, j = 1, . . . , k ;

M-øàã: θj = argmax
θ

m∑

i=1

gij lnϕ(xi , θ), j = 1, . . . , k ;

wj =
1

m

m∑

i=1

gij , j = 1, . . . , k .

EM-àëãîðèòì � ýòî ìåòîä ïðîñòûõ èòåðàöèé äëÿ å¼ ðåøåíèÿ
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Îáó÷åíèå áåç ó÷èòåëÿ

Äðóãèå ïàðàäèãìû îáó÷åíèÿ

Âîññòàíîâëåíèå ïëîòíîñòè ðàñïðåäåëåíèÿ

Êëàñòåðèçàöèÿ è ÷àñòè÷íîå îáó÷åíèå

Ïîíèæåíèå ðàçìåðíîñòè

Âåðîÿòíîñòíàÿ èíòåðïðåòàöèÿ

Å-øàã � ýòî �îðìóëà Áàéåñà:

gij = P( j |xi ) =
P( j)p(xi | j)

p(xi )
=

wjϕ(xi , θj)

p(xi)
=

wjϕ(xi , θj)
∑k

s=1 wsϕ(xi , θs)
.

Î÷åâèäíî, âûïîëíåíî óñëîâèå íîðìèðîâêè:

∑k
j=1 gij = 1.

M-øàã � ýòî ìàêñèìèçàöèÿ âçâåøåííîãî ïðàâäîïîäîáèÿ,

ñ âåñàìè îáúåêòîâ gij äëÿ j-é êîìïîíåíòû ñìåñè:

θj = argmax
θ

m∑

i=1

gij lnϕ(xi , θ),

wj =
1

m

m∑

i=1

gij .
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Îáó÷åíèå áåç ó÷èòåëÿ

Äðóãèå ïàðàäèãìû îáó÷åíèÿ

Âîññòàíîâëåíèå ïëîòíîñòè ðàñïðåäåëåíèÿ

Êëàñòåðèçàöèÿ è ÷àñòè÷íîå îáó÷åíèå

Ïîíèæåíèå ðàçìåðíîñòè

Ïðèìåð

Äâå ãàóññîâñêèå êîìïîíåíòû k = 2 â ïðîñòðàíñòâå X = R
2
.

�àñïîëîæåíèå êîìïîíåíò â çàâèñèìîñòè îò íîìåðà èòåðàöèè L:
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Îáó÷åíèå ñ ó÷èòåëåì

Îáó÷åíèå áåç ó÷èòåëÿ

Äðóãèå ïàðàäèãìû îáó÷åíèÿ

Âîññòàíîâëåíèå ïëîòíîñòè ðàñïðåäåëåíèÿ

Êëàñòåðèçàöèÿ è ÷àñòè÷íîå îáó÷åíèå

Ïîíèæåíèå ðàçìåðíîñòè

Ïîñòàíîâêà çàäà÷è êëàñòåðèçàöèè

Äàíî:

X � ïðîñòðàíñòâî îáúåêòîâ;

X ℓ =
{
x1, . . . , xℓ

}
� îáó÷àþùàÿ âûáîðêà;

ρ : X × X → [0,∞) � �óíêöèÿ ðàññòîÿíèÿ ìåæäó îáúåêòàìè.

Íàéòè:

Y � ìíîæåñòâî êëàñòåðîâ,

a : X → Y � àëãîðèòì êëàñòåðèçàöèè,

òàêèå, ÷òî:

� êàæäûé êëàñòåð ñîñòîèò èç áëèçêèõ îáúåêòîâ;

� îáúåêòû ðàçíûõ êëàñòåðîâ ñóùåñòâåííî ðàçëè÷íû.

Ýòî çàäà÷à îáó÷åíèÿ áåç ó÷èòåëÿ (unsupervised learning).
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Äðóãèå ïàðàäèãìû îáó÷åíèÿ

Âîññòàíîâëåíèå ïëîòíîñòè ðàñïðåäåëåíèÿ

Êëàñòåðèçàöèÿ è ÷àñòè÷íîå îáó÷åíèå

Ïîíèæåíèå ðàçìåðíîñòè

Ïîñòàíîâêà çàäà÷è ÷àñòè÷íîãî îáó÷åíèÿ (SSL)

Äàíî:

ìíîæåñòâî îáúåêòîâ X , ìíîæåñòâî êëàññîâ Y ;

X k =
{
x1, . . . , xk

}
� ðàçìå÷åííûå îáúåêòû (labeled data);

{
y1, . . . , yk

}

U =
{
xk+1, . . . , xℓ

}
� íåðàçìå÷åííûå îáúåêòû (unlabeled data).

Äâà âàðèàíòà ïîñòàíîâêè çàäà÷è:

×àñòè÷íîå îáó÷åíèå (semi-supervised learning):

ïîñòðîèòü àëãîðèòì êëàññè�èêàöèè a : X → Y .

Òðàíñäóêòèâíîå îáó÷åíèå (transdu
tive learning):

çíàÿ âñå

{
xk+1, . . . , xℓ

}
, ïîëó÷èòü ìåòêè

{
ak+1, . . . , aℓ

}
.

Òèïè÷íûå ïðèëîæåíèÿ:

êëàññè�èêàöèÿ è êàòàëîãèçàöèÿ òåêñòîâ, èçîáðàæåíèé, è ò. ï.
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Äðóãèå ïàðàäèãìû îáó÷åíèÿ

Âîññòàíîâëåíèå ïëîòíîñòè ðàñïðåäåëåíèÿ

Êëàñòåðèçàöèÿ è ÷àñòè÷íîå îáó÷åíèå

Ïîíèæåíèå ðàçìåðíîñòè

Ìåòîä K -ñðåäíèõ (K -means) äëÿ êëàñòåðèçàöèè

Ìèíèìèçàöèÿ ñóììû êâàäðàòîâ âíóòðèêëàñòåðíûõ ðàññòîÿíèé:

ℓ∑

i=1

‖xi − µai‖
2 → min

{ai}, {µa}
, ‖xi − µa‖

2 =
n∑

j=1

(
fj(xi )− µaj

)2

Àëãîðèòì Ëëîéäà

Âõîä: X ℓ
, K = |Y |. Âûõîä: öåíòðû êëàñòåðîâ µa, a ∈ Y

1: µa := íà÷àëüíîå ïðèáëèæåíèå öåíòðîâ, äëÿ âñåõ a ∈ Y ;

2: ïîâòîðÿòü

3: îòíåñòè êàæäûé xi ê áëèæàéøåìó öåíòðó:

ai := argmin
a∈Y

‖xi − µa‖, i = 1, . . . , ℓ;

4: âû÷èñëèòü íîâûå ïîëîæåíèÿ öåíòðîâ:

µa :=

∑ℓ
i=1[ai = a]xi
∑ℓ

i=1[ai = a]
, a ∈ Y ;

5: ïîêà ai íå ïåðåñòàíóò èçìåíÿòüñÿ;
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Äðóãèå ïàðàäèãìû îáó÷åíèÿ

Âîññòàíîâëåíèå ïëîòíîñòè ðàñïðåäåëåíèÿ

Êëàñòåðèçàöèÿ è ÷àñòè÷íîå îáó÷åíèå

Ïîíèæåíèå ðàçìåðíîñòè

Ìåòîä K -ñðåäíèõ (K -means) äëÿ ÷àñòè÷íîãî îáó÷åíèÿ

Ìîäè�èêàöèÿ àëãîðèòìà Ëëîéäà

ïðè íàëè÷èè ðàçìå÷åííûõ îáúåêòîâ {x1, . . . , xk}

Âõîä: X ℓ
, K = |Y |. Âûõîä: öåíòðû êëàñòåðîâ µa, a ∈ Y

1: µa := íà÷àëüíîå ïðèáëèæåíèå öåíòðîâ, äëÿ âñåõ a ∈ Y ;

2: ïîâòîðÿòü

3: îòíåñòè êàæäûé xi ∈ U ê áëèæàéøåìó öåíòðó:

ai := argmin
a∈Y

‖xi − µa‖, i = k + 1, . . . , ℓ;

4: âû÷èñëèòü íîâûå ïîëîæåíèÿ öåíòðîâ:

µa :=

∑ℓ
i=1[ai = a]xi
∑ℓ

i=1[ai = a]
, a ∈ Y ;

5: ïîêà ai íå ïåðåñòàíóò èçìåíÿòüñÿ;
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Ïîíèæåíèå ðàçìåðíîñòè

Ìåòîä K -ñðåäíèõ � óïðîùåíèå EM-àëãîðèòìà äëÿ GMM

ÅÌ-àëãîðèòì: ìàêñèìèçàöèÿ ïðàâäîïîäîáèÿ äëÿ ðàçäåëåíèÿ

ñìåñè ãàóññèàí (GMM, Gaussian Mixture Model)

1: íà÷àëüíîå ïðèáëèæåíèå wa, µa, Σa äëÿ âñåõ a ∈ Y ;

2: ïîâòîðÿòü

3: E-øàã: îòíåñòè êàæäûé xi ê áëèæàéøèì öåíòðàì:

gia := P(a|xi ) ≡
wapa(xi )

∑

y wypy (xi )
, a ∈ Y , i = 1, . . . , ℓ;

ai := argmax
a∈Y

gia, i = 1, . . . , ℓ;

4: M-øàã: âû÷èñëèòü íîâûå ïîëîæåíèÿ öåíòðîâ:

µad := 1
ℓwa

∑ℓ
i=1 giafd(xi ), a ∈ Y , d = 1, . . . , n;

σ2
ad := 1

ℓwa

∑ℓ
i=1 gia(fd (xi )− µad )

2
, a ∈ Y , d = 1, . . . , n;

wa :=
1
ℓ

∑ℓ
i=1 gia, a ∈ Y ;

5: ïîêà ai íå ïåðåñòàíóò èçìåíÿòüñÿ;
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Îáó÷åíèå áåç ó÷èòåëÿ

Äðóãèå ïàðàäèãìû îáó÷åíèÿ

Âîññòàíîâëåíèå ïëîòíîñòè ðàñïðåäåëåíèÿ

Êëàñòåðèçàöèÿ è ÷àñòè÷íîå îáó÷åíèå

Ïîíèæåíèå ðàçìåðíîñòè

Ìåòîä ãëàâíûõ êîìïîíåíò: ïîñòàíîâêà çàäà÷è

f1(x), . . . , fn(x) � èñõîäíûå ÷èñëîâûå ïðèçíàêè;

g1(x), . . . , gm(x) � íîâûå ÷èñëîâûå ïðèçíàêè, m 6 n;

Òðåáîâàíèå: ñòàðûå ïðèçíàêè äîëæíû ëèíåéíî

âîññòàíàâëèâàòüñÿ ïî íîâûì:

f̂j(x) =

m∑

s=1

gs(x)ujs , j = 1, . . . , n, ∀x ∈ X ,

êàê ìîæíî òî÷íåå íà îáó÷àþùåé âûáîðêå x1, . . . , xℓ:

ℓ∑

i=1

n∑

j=1

(
f̂j(xi )− fj(xi)

)2
→ min

{gs (xi )},{ujs}
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Êëàñòåðèçàöèÿ è ÷àñòè÷íîå îáó÷åíèå

Ïîíèæåíèå ðàçìåðíîñòè

Ìàòðè÷íûå îáîçíà÷åíèÿ

Ìàòðèöû ¾îáúåêòû�ïðèçíàêè¿, ñòàðàÿ è íîâàÿ:

F
ℓ×n

=





f1(x1) . . . fn(x1)
. . . . . . . . .

f1(xℓ) . . . fn(xℓ)



 ; G
ℓ×m

=





g1(x1) . . . gm(x1)
. . . . . . . . .

g1(xℓ) . . . gm(xℓ)



 .

Ìàòðèöà ëèíåéíîãî ïðåîáðàçîâàíèÿ íîâûõ ïðèçíàêîâ â ñòàðûå:

U
n×m

=





u11 . . . u1m
. . . . . . . . .

un1 . . . unm



 ; F̂ = GUò

õîòèì

≈ F .

Íàéòè: è íîâûå ïðèçíàêè G , è ïðåîáðàçîâàíèå U :

ℓ∑

i=1

n∑

j=1

(
f̂j(xi)− fj(xi)

)2
=
∥
∥GUò − F

∥
∥2 → min

G ,U
,
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Ïîíèæåíèå ðàçìåðíîñòè

Îñíîâíàÿ òåîðåìà ìåòîäà ãëàâíûõ êîìïîíåíò

Òåîðåìà

Åñëè m 6 rk F , òî ìèíèìóì
∥
∥GUò − F

∥
∥2

äîñòèãàåòñÿ, êîãäà

ñòîëáöû U � ýòî ñ.â. ìàòðèöû F òF , ñîîòâåòñòâóþùèå

m ìàêñèìàëüíûì ñ.ç. λ1, . . . , λm, à ìàòðèöà G = FU .

Ïðè ýòîì:

1

ìàòðèöà U îðòîíîðìèðîâàíà: UòU = Im;

2

ìàòðèöà G îðòîãîíàëüíà: G òG = Λ = diag(λ1, . . . , λm);

3 UΛ = F òFU ; GΛ = FF òG ;

4

∥
∥GUò − F

∥
∥2 = ‖F‖2 − tr Λ =

n∑

j=m+1
λj .
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Ïîíèæåíèå ðàçìåðíîñòè

Îáîáùåíèå. Çàäà÷è íèçêîðàíãîâîãî ìàòðè÷íîãî ðàçëîæåíèÿ

Ïîíèæåíèå ðàçìåðíîñòè â çàäà÷àõ ðåãðåññèè

Ïîíèæåíèå ðàçìåðíîñòè â çàäà÷àõ êëàññè�èêàöèè

Ôîðìèðîâàíèå ñæàòîãî ïðåäñòàâëåíèÿ äàííûõ

Äàíî: ìàòðèöà Z = ‖zij‖n×m, (i , j) ∈ Ω ⊆ {1..n} × {1..m}

Íàéòè: ìàòðèöû X = ‖xit‖n×k è Y = ‖ytj‖k×m òàêèå, ÷òî

∥
∥Z − XY

∥
∥2 =

∑

(i ,j)∈Ω

(

zij −
∑

t

xitytj

)2
→ min

X ,Y

Äîïîëíèòåëüíûå îãðàíè÷åíèÿ, âûíóæäàþùèå îòêàçàòüñÿ îò SVD:

íåêâàäðàòè÷íàÿ �óíêöèÿ ïîòåðü

íåîòðèöàòåëüíîå ìàòðè÷íîå ðàçëîæåíèå: xit > 0, ytj > 0

ðàçðåæåííûå äàííûå: |Ω| ≪ nm
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Ïîíèæåíèå ðàçìåðíîñòè

Ïðèìåðû ïðèêëàäíûõ çàäà÷ ìàòðè÷íîãî ðàçëîæåíèÿ

1

Âûÿâëåíèå èíòåðåñîâ â ðåêîìåíäàòåëüíûõ ñèñòåìàõ

(re
ommender systems, 
ollaborative �ltering)

ziu =
∑

t

pitqtu

äàíî: ziu � ðåéòèíãè òîâàðîâ i , ïîñòàâëåííûå ïîëüçîâàòåëåì u;

íàéòè: pit � ïðî�èëü èíòåðåñîâ òîâàðà i ;

qtu � ïðî�èëü èíòåðåñîâ ïîëüçîâàòåëÿ u.

2

�àçäåëåíèå ñìåñè õèìè÷åñêèõ âåùåñòâ

ïî äàííûì æèäêîñòíîé õðîìàòîãðà�èè

ztλ =
∑

i

xtiyiλ

äàíî: ztλ � âûõîä ñêàíèðóþùåãî ÓÔ-äåòåêòîðà;

íàéòè: xti � õðîìàòîãðàììà i-ãî âåùåñòâà, t � âðåìÿ;

yiλ � ñïåêòð i-ãî âåùåñòâà, λ � äëèíà âîëíû.
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Ïîíèæåíèå ðàçìåðíîñòè

Ïðèìåðû ïðèêëàäíûõ çàäà÷ ìàòðè÷íîãî ðàçëîæåíèÿ

3

Ëàòåíòíûé ñåìàíòè÷åñêèé àíàëèç êîëëåêöèé òåêñòîâ

(òåìàòè÷åñêîå ìîäåëèðîâàíèå)

zwd =
∑

t

ϕwtθtd

äàíî: zwd = p(w |d) � ÷àñòîòû ñëîâ w â äîêóìåíòàõ d ;

íàéòè: ϕwt = p(w |t) � ðàñïðåäåëåíèÿ ñëîâ w â òåìàõ t,

θtd = p(t|d) � ðàñïðåäåëåíèÿ òåì t â äîêóìåíòàõ d .

4

Îöåíèâàíèå ýêñïðåññèè ãåíîâ ïî äàííûì

ÄÍÊ-ìèêðî÷èïîâ ñ ó÷¼òîì êðîññ-ãèáðèäèçàöèè

zpk =
∑

g

apg cgk

äàíî: zpk � èíòåíñèâíîñòü ñâå÷åíèÿ p-é ïðîáû íà k-ì ÷èïå;

íàéòè: apg � êîý��èöèåíò ñðîäñòâà p-é ïðîáû g -ìó ãåíó,

cgk � êîíöåíòðàöèÿ g -ãî ãåíà íà k-ì ÷èïå.
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Îáó÷åíèå 
 ïîäêðåïëåíèåì

Àêòèâíîå îáó÷åíèå

Îáó÷åíèå ñ èñïîëüçîâàíèåì ïðèâèëåãèðîâàííîé èí�îðìàöèè

LUPI � Learning Using Priveleged Information

ñ ó÷èòåëåì áåç ó÷èòåëÿ ïðèâèëåãèðîâàííîå (LUPI)

÷àñòè÷íîå òðàíñäóêòèâíîå ÷àñòè÷íîå LUPI

V.Vapnik, A.Vashist. A new learning paradigm: Learning Using Privileged

Information // Neural Networks. 2009.
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Îáó÷åíèå ñ ïðèâèëåãèðîâàííîé èí�îðìàöèåé

Îáó÷åíèå 
 ïîäêðåïëåíèåì

Àêòèâíîå îáó÷åíèå

Ïðèìåðû çàäà÷ ñ ïðèâèëåãèðîâàííîé èí�îðìàöèåé x∗

x � ïåðâè÷íàÿ (1D) ñòðóêòóðà áåëêà

x∗ � òðåòè÷íàÿ (3D) ñòðóêòóðà áåëêà

y � èåðàðõè÷åñêàÿ êëàññè�èêàöèÿ

x � ïðåäûñòîðèÿ âðåìåííîãî ðÿäà

x∗ � èí�îðìàöèÿ î áóäóùåì ïîâåäåíèè ðÿäà

y � ïðîãíîç ñëåäóþùåé òî÷êè ðÿäà

x � äàííûå áàëëèñòîêàðäèîãðà�èè

x∗ � äàííûå ÝÊ� (ìîíèòîðèðîâàíèå ïî Õîëòåðó)

y � äèàãíîç

x � äîêóìåíò

x∗ � âûäåëåííûå êëþ÷åâûå ñëîâà èëè �ðàçû

y � êàòåãîðèÿ äîêóìåíòà

x � ïàðà (çàïðîñ, äîêóìåíò)

x∗ � âûäåëåííûå àñåññîðîì êëþ÷åâûå ñëîâà èëè �ðàçû

y � àñåññîðñêàÿ îöåíêà ðåëåâàíòíîñòè
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Çàäà÷à îáó÷åíèÿ ñ ïðèâèëåãèðîâàííîé èí�îðìàöèåé

�àçäåëüíîå îáó÷åíèå ìîäåëè-ó÷åíèêà è ìîäåëè-ó÷èòåëÿ:

ℓ∑

i=1

L
(
a(xi ,w), yi

)
→ min

w

ℓ∑

i=1

L
(
a(x∗i ,w

∗), yi
)
→ min

w

Ìîäåëü-ó÷åíèê îáó÷àåòñÿ ïîâòîðÿòü îøèáêè ìîäåëè-ó÷èòåëÿ:

ℓ∑

i=1
L
(
a(xi ,w), yi

)
+ µL

(
a(xi ,w), a(x∗i ,w

∗)
)

→ min
w

Ñîâìåñòíîå îáó÷åíèå ìîäåëè-ó÷åíèêà è ìîäåëè-ó÷èòåëÿ:

ℓ∑

i=1
L
(
a(xi ,w), yi

)
+ λL

(
a(x∗i ,w

∗), yi
)
+

+ µL
(
a(xi ,w), a(x∗i ,w

∗)
)

→ min
w ,w∗

D.Lopez-Paz, L.Bottou, B.S
holkopf, V.Vapnik. Unifying distillation and

privileged information. 2016.
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Àêòèâíîå îáó÷åíèå

Çàäà÷à î ìíîãîðóêîì áàíäèòå (multi-armed bandit)

A � ìíîæåñòâî âîçìîæíûõ äåéñòâèé

p(r |a) � íåèçâåñòíîå ðàñïðåäåëåíèå ïðåìèè r ∈ R äëÿ a ∈ A

πt(a) � ñòðàòåãèÿ (poli
y) àãåíòà â ìîìåíò t, ðàñïðåäåëåíèå íà A

Èãðà àãåíòà ñî ñðåäîé:

èíèöèàëèçàöèÿ ñòðàòåãèè π1(a);
äëÿ âñåõ t = 1, . . . ,T , . . .

àãåíò âûáèðàåò äåéñòâèå at ∼ πt(a);
ñðåäà ãåíåðèðóåò ïðåìèþ rt ∼ p(r |at);
àãåíò êîððåêòèðóåò ñòðàòåãèþ πt+1(a);

Rt(a) =

∑t
i=1 ri [ai = a]
∑t

i=1[ai = a]
� ñðåäíÿÿ ïðåìèÿ â t ðàóíäàõ

R∗(a) = lim
t→∞

Rt(a) → max
a∈A

� öåííîñòü äåéñòâèÿ a
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Ïðèìåðû ïðèêëàäíûõ çàäà÷

�åêîìåíäàöèÿ íîâîñòíûõ ñòàòåé ïîëüçîâàòåëÿì

Ïîêàç ðåêëàìû â Èíòåðíåòå

Óïðàâëåíèå òåõíîëîãè÷åñêèìè ïðîöåññàìè

Óïðàâëåíèå ðîáîòàìè

Óïðàâëåíèå öåíàìè è àññîðòèìåíòîì â ñåòÿõ ïðîäàæ

Èãðà íà áèðæå

Ìàðøðóòèçàöèÿ â òåëåêîììóíèêàöèîííûõ ñåòÿõ

Ìàðøðóòèçàöèÿ â áåñïðîâîäíûõ ñåíñîðíûõ ñåòÿõ

Ñòðàòåãè÷åñêèå èãðû: øàõìàòû, ãî, Dota2, StarCraft2, . . .

Çàäà÷à î ìíîãîðóêîì áàíäèòå âïåðâûå ðàññìîòðåíà â ñòàòüå

H. Robbins. Some aspe
ts of the sequential design of experiments.

Bulletin of the Ameri
an Mathemati
s So
iety, 58:527�535, 1952.
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Àêòèâíîå îáó÷åíèå

Ìåòîä UCB (upper 
on�den
e bound)

Âûáîð äåéñòâèÿ 
 ìàêñèìàëüíîé âåðõíåé îöåíêîé öåííîñòè:

at = argmax
a∈A

(

Rt(a) + δ

√

2 ln t

kt(a)

)

,

ãäå kt(a) =
t∑

i=1
[ai = a], δ � ïàðàìåòð exr/ext-êîìïðîìèññà.

Êîìïðîìèññ ¾Exploration�Exploitation¿:

÷åì ìåíüøå kt(a), òåì ìåíåå èññëåäîâàíà ñòðàòåãèÿ,

òåì âûøå äîëæíà áûòü âåðîÿòíîñòü âûáðàòü a;

÷åì áîëüøå δ, òåì ñòðàòåãèÿ áîëåå èññëåäîâàòåëüñêàÿ.

P. Auer, N. Cesa-Bian
hi, P. Fis
her. Finite-time analysis of the multiarmed

bandit problem, Ma
hine Learning, 2002.
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Ïîñòàíîâêà çàäà÷è â ñëó÷àå, êîãäà àãåíò âëèÿåò íà ñðåäó

A � êîíå÷íîå ìíîæåñòâî âîçìîæíûõ äåéñòâèé (a
tion)

S � êîíå÷íîå ìíîæåñòâî ñîñòîÿíèé ñðåäû (state)

Èãðà àãåíòà ñî ñðåäîé:

èíèöèàëèçàöèÿ ñòðàòåãèè π1(a | s) è ñîñòîÿíèÿ ñðåäû s1;

äëÿ âñåõ t = 1, . . . ,T , . . .

àãåíò âûáèðàåò äåéñòâèå at ∼ πt(a | st);
ñðåäà ãåíåðèðóåò ïðåìèþ rt ∼ p(r | at , st)
è íîâîå ñîñòîÿíèå st+1 ∼ p(s | at , st);
àãåíò êîððåêòèðóåò ñòðàòåãèþ πt+1(a | s);

Q-learning: æàäíàÿ ñòðàòåãèÿ ïðèíÿòèÿ ðåøåíèé

at = argmax
a∈A

Q(a, st),

Q(a, s) � îöåíêà áóäóùåé öåííîñòè äåéñòâèÿ a â ñîñòîÿíèè s
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Îáó÷åíèå áåç ó÷èòåëÿ

Äðóãèå ïàðàäèãìû îáó÷åíèÿ

Îáó÷åíèå ñ ïðèâèëåãèðîâàííîé èí�îðìàöèåé

Îáó÷åíèå 
 ïîäêðåïëåíèåì

Àêòèâíîå îáó÷åíèå

�ðàäèåíòíàÿ îïòèìèçàöèÿ ñòðàòåãèè (poli
y gradient)

Îáîáùåíèå:

p(x |θ) = π(a | s, θ) � ïàðàìåòðèçîâàííàÿ ñòðàòåãèÿ àãåíòà

x = (a, s) � âåêòîð ïðèçíàêîâ äåéñòâèÿ â ñîñòîÿíèè

Q(x) � îöåíêà áóäóùåé öåííîñòè äåéñòâèÿ â ñîñòîÿíèè

Çàäà÷à: ìàêñèìèçèðîâàòü ñðåäíþþ Q ïî ïàðàìåòðàì θ:

EπQ(x) ≡ Ex∼p(x |θ)Q(x) ≡ Ex |θQ(x) → max
θ

�ðàäèåíòíûé ìåòîä: θ(t+1) := θ(t) + η∇θEx |θ(t)Q(x);

∇θEx |θQ(x) = ∇θ

∑

x

Q(x)p(x |θ) =
∑

x

Q(x)∇θp(x |θ) =

=
∑

x

Q(x)p(x |θ)
∇θp(x |θ)

p(x |θ)
= Ex |θ

(
Q(x)∇θ ln p(x |θ)

)
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Îáó÷åíèå ñ ïðèâèëåãèðîâàííîé èí�îðìàöèåé

Îáó÷åíèå 
 ïîäêðåïëåíèåì

Àêòèâíîå îáó÷åíèå

�ðàäèåíòíàÿ îïòèìèçàöèÿ ñòðàòåãèè (poli
y gradient)

Øàãè ñ ãðàäèåíòîì Qt(at , st)∇θ lnπ(at | st , θ) ïîõîæè íà øàãè

Sto
hasti
 Gradient äëÿ ìàêñèìèçàöèè log-ïðàâäîïîäîáèÿ:

∑

t

Qt(at , st) lnπ(at | st , θ) → max
θ

ãäå Qt(a, s) � òåêóùàÿ (âû÷èñëåííàÿ â ðàóíäå t) îöåíêà

áóäóùåé öåííîñòè äåéñòâèÿ a â ñîñòîÿíèè s

Îòëè÷èÿ îò SG-ìàêñèìèçàöèè log-ïðàâäîïîäîáèÿ:

â ðîëè êëàññîâ âûñòóïàþò äåéñòâèÿ at

â ðîëè îáúåêòîâ � ¾äåéñòâèÿ â ñîñòîÿíèè¿ (at , st)

îáúåêòû âûáèðàþòñÿ íå ñëó÷àéíî, à â ïîðÿäêå ïîñòóïëåíèÿ

âìåñòî áèíàðíûõ êëàññè�èêàöèé âåùåñòâåííûå Qt(at , st)
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Îáó÷åíèå áåç ó÷èòåëÿ

Äðóãèå ïàðàäèãìû îáó÷åíèÿ

Îáó÷åíèå ñ ïðèâèëåãèðîâàííîé èí�îðìàöèåé

Îáó÷åíèå 
 ïîäêðåïëåíèåì

Àêòèâíîå îáó÷åíèå

Ïîñòàíîâêà çàäà÷è àêòèâíîãî îáó÷åíèÿ

Çàäà÷à: îáó÷åíèå ïðåäñêàçàòåëüíîé ìîäåëè a : X → Y

ïî âûáîðêå (xi , yi ), êîãäà ïîëó÷åíèå îòâåòîâ yi ñòîèò äîðîãî.

Burr Settles. A
tive Learning Literature Survey. 2010.
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Îáó÷åíèå 
 ïîäêðåïëåíèåì

Àêòèâíîå îáó÷åíèå

Ïîñòàíîâêà çàäà÷è àêòèâíîãî îáó÷åíèÿ

Çàäà÷à: îáó÷åíèå ïðåäñêàçàòåëüíîé ìîäåëè a : X → Y

ïî âûáîðêå (xi , yi ), êîãäà ïîëó÷åíèå îòâåòîâ yi ñòîèò äîðîãî.

Âõîä: íà÷àëüíàÿ ðàçìå÷åííàÿ âûáîðêà X ℓ = (xi , yi )
ℓ
i=1;

Âûõîä: ìîäåëü a è ðàçìå÷åííàÿ âûáîðêà (xi , yi )
ℓ+k
i=ℓ+1;

îáó÷èòü ìîäåëü a ïî íà÷àëüíîé âûáîðêå (xi , yi )
ℓ
i=1;

ïîêà îñòàþòñÿ íåðàçìå÷åííûå îáúåêòû

âûáðàòü íåðàçìå÷åííûé îáúåêò xi ;

óçíàòü äëÿ íåãî yi ;

äîîáó÷èòü ìîäåëü a åù¼ íà îäíîì ïðèìåðå (xi , yi );

Öåëü àêòèâíîãî îáó÷åíèÿ:

äîñòè÷ü êàê ìîæíî ëó÷øåãî êà÷åñòâà ìîäåëè a,

èñïîëüçîâàâ êàê ìîæíî ìåíüøå äîïîëíèòåëüíûõ ïðèìåðîâ k .
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Îáó÷åíèå 
 ïîäêðåïëåíèåì

Àêòèâíîå îáó÷åíèå

Ïðèìåðû ïðèëîæåíèé àêòèâíîãî îáó÷åíèÿ

ñáîð àñåññîðñêèõ äàííûõ äëÿ èí�îðìàöèîííîãî ïîèñêà,

àíàëèçà òåêñòîâ, ñèãíàëîâ, ðå÷è, èçîáðàæåíèé, âèäåî

ïëàíèðîâàíèå ýêñïåðèìåíòîâ â åñòåñòâåííûõ íàóêàõ

(ïðèìåð � êîìáèíàòîðíàÿ õèìèÿ)

îïòèìèçàöèÿ òðóäíî âû÷èñëèìûõ �óíêöèé

(ïðèìåð � ïîèñê â ïðîñòðàíñòâå ãèïåðïàðàìåòðîâ)

óïðàâëåíèå öåíàìè è àññîðòèìåíòîì â òîðãîâûõ ñåòÿõ

âûáîð òîâàðà äëÿ ïðîâåäåíèÿ ìàðêåòèíãîâîé àêöèè
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Îáó÷åíèå 
 ïîäêðåïëåíèåì

Àêòèâíîå îáó÷åíèå

Ñýìïëèðîâàíèå ïî íåóâåðåííîñòè (un
ertainty sampling)

Èäåÿ: âûáèðàòü xi 
 íàèáîëüøåé íåîïðåäåë¼ííîñòüþ a(xi).

Çàäà÷à ìíîãîêëàññîâîé êëàññè�èêàöèè:

a(x) = argmax
y∈Y

P(y |x)

pk(x), k=1...|Y | � ðàíæèðîâàííûå ïî óáûâàíèþ P(y |x), y ∈Y .

Ïðèíöèï íàèìåíüøåé äîñòîâåðíîñòè (least 
on�den
e):

xi = arg min
u∈X k

p1(u)

Ïðèíöèï íàèìåíüøåé ðàçíîñòè îòñòóïîâ (margin sampling):

xi = arg min
u∈X k

(
p1(u)− p2(u)

)

Ïðèíöèï ìàêñèìóìà ýíòðîïèè (maximum entropy):

xi = arg min
x∈X k

∑

k

pk(u) ln pk(u)
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Îáó÷åíèå ñ ïðèâèëåãèðîâàííîé èí�îðìàöèåé

Îáó÷åíèå 
 ïîäêðåïëåíèåì

Àêòèâíîå îáó÷åíèå

Ïî÷åìó àêòèâíîå îáó÷åíèå áûñòðåå ïàññèâíîãî

Ïðèìåð 1. Ñèíòåòè÷åñêèå äàííûå: ℓ = 30, ℓ+ k = 400;

(a) äâà ãàóññîâñêèõ êëàññà;

(b) ëîãèñòè÷åñêàÿ ðåãðåññèÿ ïî 30 ñëó÷àéíûì îáúåêòàì;

(
) ëîãèñòè÷åñêàÿ ðåãðåññèÿ ïî 30 îáúåêòàì, îòîáðàííûì

ñ ïîìîùüþ àêòèâíîãî îáó÷åíèÿ.

(a) (b) (
)

Îáó÷åíèå ïî ñìåù¼ííîé íåñëó÷àéíîé âûáîðêå òðåáóåò ìåíüøå

äàííûõ äëÿ ïîñòðîåíèÿ àëãîðèòìà ñîïîñòàâèìîãî êà÷åñòâà.

Burr Settles. A
tive Learning Literature Survey. 2010.
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Îñíîâíûå øêîëû ìàøèííîãî îáó÷åíèÿ

1

ñèìâîëèçì (ïîèñê ëîãè÷åñêèõ çàêîíîìåðíîñòåé)

De
ision Tree, Rule Indu
tion, Asso
iation Rules

2

êîííåêöèîíèçì (íåéðîííûå ñåòè)

Ba
kPropagation, Deep Belief Nets, Deep Learning

3

ýâîëþöèîíèçì (ãåíåòè÷åñêèå àëãîðèòìû)

Geneti
 Algorithms, Geneti
 Programming

4

áàéåñèîíèçì (îöåíèâàíèå àïîñòåðèîðíûõ ðàñïðåäåëåíèé)

Naive Bayes, Bayesian Networks, Graphi
al Models

5

àíàëîãèçì (ãèïîòåçû íåïðåðûâíîñòè è êîìïàêòíîñòè)

kNN, RBF, SVM, Kernel Regression, Kernel Density Estimation

6

+ êîìïîçèöèîíèçì

Voting, Boosting, Bagging, Sta
king, RF, MatrixNet, CatBoost

Äîìèíãîñ Ï. Âåðõîâíûé àëãîðèòì. 2016. 336 ñ.



Òèïîëîãèÿ çàäà÷ ìàøèííîãî îáó÷åíèÿ

1

Ïðåäâàðèòåëüíàÿ îáðàáîòêà (data preparation)

èçâëå÷åíèå ïðèçíàêîâ (feature extra
tion)

îòáîð ïðèçíàêîâ (feature sele
tion)

âîññòàíîâëåíèå ïðîïóñêîâ (missing values)

�èëüòðàöèÿ âûáðîñîâ (outlier dete
tion)

2

Îáó÷åíèå ñ ó÷èòåëåì (supervised learning)

êëàññè�èêàöèÿ (
lassi�
ation)

ðåãðåññèÿ (regression)

ðàíæèðîâàíèå (learning to rank)

ïðîãíîçèðîâàíèå (fore
asting)

3

Îáó÷åíèå áåç ó÷èòåëÿ (unsupervised learning)

êëàñòåðèçàöèÿ (
lustering)

ïîèñê àññîöèàòèâíûõ ïðàâèë (asso
iation rule learning)

âîññòàíîâëåíèå ïëîòíîñòè (density estimation)

îäíîêëàññîâàÿ êëàññè�èêàöèÿ (anomaly dete
tion)

4

×àñòè÷íîå îáó÷åíèå (semi-supervised learning)

òðàíñäóêòèâíîå îáó÷åíèå (transdu
tive learning)

îáó÷åíèå ñ ïîëîæèòåëüíûìè ïðèìåðàìè (PU-learning)



Òèïîëîãèÿ çàäà÷ ìàøèííîãî îáó÷åíèÿ

5

Îáó÷åíèå ïðåäñòàâëåíèé (representation learning)

îáó÷åíèå ïðèçíàêîâ (feature learning)

îáó÷åíèå ìíîãîîáðàçèé (manifold learning)

ìàòðè÷íûå ðàçëîæåíèÿ (matrix fa
torization)

6

Îáó÷åíèå áëèçîñòè/ñâÿçåé (similarity/relational learning)

7

Îáó÷åíèå ñòðóêòóðû ìîäåëè (stru
ture learning)

8

�ëóáîêîå îáó÷åíèå (deep learning)

9

Ñîñòÿçàòåëüíîå îáó÷åíèå (adversarial learning)

10

Îáó÷åíèå ñ ïîäêðåïëåíèåì (reinfor
ement learning)

11

Ïðèâèëåãèðîâàííîå îáó÷åíèå (privileged learning)

12

Äèíàìè÷åñêîå îáó÷åíèå (online/in
remental learning)

13

Àêòèâíîå îáó÷åíèå (a
tive learning)

14

Ìåòà-îáó÷åíèå (meta-learning)

15

Ïåðåíîñ îáó÷åíèÿ (transfer learning)

indu
tive transfer, learning to learn � ïðîñòî ñèíîíèìû

ìíîãîçàäà÷íîå îáó÷åíèå (multitask learning)
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