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Ïîñòàíîâêà Ïîñòðîåíèå è àíàëèç ìîäåëåé Ïðèìåð Èòîã

Ïîñòàíîâêà

Çàäà÷à: îöåíèòü âëèÿíèå îäíîãî èëè íåñêîëüêèõ ïðèçíàêîâ íà

íàñòóïëåíèå êàêîãî-ëèáî ñîáûòèÿ è îöåíèòü åãî âåðîÿòíîñòü.

1, . . . , n � îáúåêòû;

x1, . . . , xk � ïðåäèêòîðû;

y � îòêëèê, yi ∈ {0, 1}.

P (y = 1 |x ) ≡ π (x) =?
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Ïðèìåð 1

�àçðàáîòêà ïåñòèöèäîâ: xi � äîçà ïåñòèöèäà, yi � ñìåðòü âðåäèòåëÿ.

Ïîâòîðÿåìûé ýêñïåðèìåíò ñ �èêñèðîâàííûìè óðîâíÿìè �àêòîðà:

0

1

2

3

4

5

x

π̂ (x) =

n∑
i=1

yi [x = xi]

n∑
i=1

[x = xi]
.

�ÿáåíêî Åâãåíèé ÏÑ-8. �åãðåññèÿ áèíàðíîãî ïðèçíàêà.



Ïîñòàíîâêà Ïîñòðîåíèå è àíàëèç ìîäåëåé Ïðèìåð Èòîã

Ïðèìåð 2

Ïîñòðîåíèå êðèâîé ñïðîñà: xi � öåíà òîâàðà, yi � ñîãëàñèå êóïèòü òîâàð.

Íåïîâòîðÿåìûé ýêñïåðèìåíò ñî ñëó÷àéíûìè óðîâíÿìè �àêòîðà:

0
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y

Ìîæíî ïîñòðîèòü íåïàðàìåòðè÷åñêóþ îöåíêó ïðè ïîìîùè ÿäåðíîãî

ñãëàæèâàíèÿ:

π̂ (x) =

n∑
i=1

yiK
(
x−xi

h

)

n∑
i=1

K
(
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) .
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Ïàðàìåòðèçàöèÿ

Ëèíåéíàÿ ðåãðåññèÿ:

π (x) = β0 + β1x+ ε.

Îöåíêà âåðîÿòíîñòè ìîæåò âûõîäèòü çà [0, 1].

Â ëèíåéíîé ðåãðåññèè y = E (y |x ) + ε, è ÌÍÊ-îöåíêà β õîðîøà, êîãäà

ε ∼ N (0, σ). Çäåñü æå, åñëè y = π (x) + ε, òî ε = 1− π(x) èëè
ε = π(x), è ÌÍÊ-îöåíêà áóäåò ïëîõîé.

Íóæíî òàêîå íåëèíåéíîå ïðåîáðàçîâàíèå

g (π (x)) = β0 + β1x+ ε,

÷òîáû:

π̂ (x) = g−1
(
β̂0 + β̂1x

)
ïðèíèìàëà çíà÷åíèÿ èç [0, 1];

èçìåíåíèÿ íà êðàÿõ äèàïàçîíà çíà÷åíèé x ïðèâîäèëè ê ìåíüøèì

èçìåíåíèÿì π(x):
x � ãîäîâîé äîõîä, y � ïîêóïêà àâòîìîáèëÿ,

π (10000000 + 200000)−π (10000000) < π (500000 + 200000)−π (500000) .
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Ïàðàìåòðèçàöèÿ

Logit:

g (x) = g (π (x)) = ln
π (x)

1− π (x)
= β0 + β1x+ ε,

π̂ (x) =
eĝ(x)

1 + eĝ(x)
=

eβ̂0+β̂1x

1 + eβ̂0+β̂1x
.
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Îòíîñèòåëüíûé ðèñê

Ïóñòü y ∼ Ber(p), òîãäà ðèñê (odds) ñîáûòèÿ y = 1:

ODDS =
p

1− p
.

Åñëè y1 ∼ Ber(p1), y2 ∼ Ber(p2), òî îòíîñèòåëüíûé ðèñê (odds ratio)

ñîáûòèÿ y1 = 1 ïî ñðàâíåíèþ ñ ñîáûòèåì y2 = 1:

OR =
p1/ (1− p1)

p2/ (1− p2)
.

❤❤❤❤❤❤❤❤❤❤❤❤❤❤
Ñåðä. çàáîëåâàíèÿ

Âîçðàñò

≥ 55 ≤ 55

åñòü 21 22

íåò 6 51

OR =
21/6

22/51
≈ 8.1.
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�îëü êîý��èöèåíòîâ ðåãðåññèè

ĝ (x) = β̂0 + β̂1x.

Ïóñòü x = [âîçðàñò ≥ 55], y = [åñòü ñåðäå÷íûå çàáîëåâàíèÿ] . Ïî β̂1 ëåãêî

îöåíèòü îòíîñèòåëüíûé ðèñê ïîëó÷åíèÿ çàáîëåâàíèÿ ïîæèëûìè ëþäüìè:

ÔR = eβ̂1 .

Ïóñòü x = âîçðàñò, y = [åñòü ñåðäå÷íûå çàáîëåâàíèÿ] . eβ̂1
èìååò ñìûñë

ìóëüòèïëèêàòèâíîãî ïðèðîñòà ðèñêà ïîëó÷åíèÿ çàáîëåâàíèÿ ïðè

óâåëè÷åíèè âîçðàñòà íà 1 ãîä.
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Íàñòðîéêà ïàðàìåòðîâ

π (x) îöåíèâàåò P (y = 1 |x ),
1− π (x) îöåíèâàåò P (y = 0 |x ) ⇒

P (xi, 1) = π (xi) ,

P (xi, 0) = 1− π (xi) ,

l (β) =
n∏

i=1

π (xi)
yi (1− π (xi))

1−yi ,

L (β) = ln l (β) =

n∑

i=1

(yi ln π (xi) + (1− yi) ln (1− π (xi))) ,

β̂ = argmax

β
L (β) .

β̂:

ñóùåñòâóåò è åäèíñòâåííà,

íàõîäèòñÿ ìåòîäîì Íüþòîíà-�à�ñîíà,

ÿâëÿåòñÿ ñîñòîÿòåëüíîé è àñèìïòîòè÷åñêè ý��åêòèâíîé îöåíêîé β,

àñèìïòîòè÷åñêè íîðìàëüíà.
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Ïðîáëåìû ÌÏ-îöåíêè

β̂ ìîæåò íå ñóùåñòâîâàòü èëè íå áûòü êîíå÷íîé, åñëè:

íàáëþäåíèÿ y = 0 è y = 1 ëèíåéíî ðàçäåëèìû â ïðîñòðàíñòâå

ïðèçíàêîâ X;

ìàòðèöà X âûðîæäåíà.

Èòåðàöèîííûé ïðîöåññ ìîæåò íå ñîéòèñü, åñëè ÷èñëî ïðèçíàêîâ k
ñëèøêîì âåëèêî îòíîñèòåëüíî ÷èñëà íàáëþäåíèé n.
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Äèñïåðñèÿ îöåíîê

Ïóñòü I (β) ∈ R
(k+1)×(k+1)

� ìàòðèöà âòîðûõ ïðîèçâîäíûõ L (β):

∂2L

∂β2
j

= −
n∑

i=1

x2
ijπ (xi) (1− π (xi)) ,

∂2L

∂βjβl
= −

n∑

i=1

xijxilπ (xi) (1− π (xi)) .

Äðóãàÿ �îðìà çàïèñè:

I (β) = XTV X,

V = diag (π (x1) (1− π (x1)) , . . . , π (xn) (1− π (xn))) .

Èç òåîðèè îöåíîê ìàêñèìóìà ïðàâäîïîäîáèÿ: Dβ̂ = I−1
(
β̂
)
.
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Äîâåðèòåëüíûå èíòåðâàëû

Äëÿ îòäåëüíîãî êîý��èöèåíòà βj :

β̂j ± z1−α/2

√(
I−1

(
β̂
))

jj
.

Äëÿ g(x0) � ëîãèòà íîâîãî îáúåêòà x0:

xT
0 β̂ ± z1−α/2

√
xT
0 I

−1
(
β̂
)
x0.

Äëÿ âåðîÿòíîñòè y = 1 ïðè x = x0:


 e

x0β̂−z1−α/2

√

xT
0
I−1(β̂)x0

1 + ex0β̂−z1−α/2

√

xT
0
I−1(β̂)x0

,
e
x0β̂+z1−α/2

√

xT
0
I−1(β̂)x0

1 + ex0β̂+z1−α/2

√

xT
0
I−1(β̂)x0


 .
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Êðèòåðèé Âàëüäà

íóëåâàÿ ãèïîòåçà: H0 : βj = 0;
àëüòåðíàòèâà: H1 : βj < 6=> 0;

ñòàòèñòèêà: T =
β̂j

√

(I−1(β̂))
jj

;

T ∼ N(0, 1) ïðè H0;
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äîñòèãàåìûé óðîâåíü çíà÷èìîñòè:

p (t) =





1− ncdf(t, 0, 1), H1 : βj > 0,

ncdf(t, 0, 1), H1 : βj < 0,

2 (1− ncdf(|t|, 0, 1)) , H1 : βj 6= 0.

�ÿáåíêî Åâãåíèé ÏÑ-8. �åãðåññèÿ áèíàðíîãî ïðèçíàêà.



Ïîñòàíîâêà Ïîñòðîåíèå è àíàëèç ìîäåëåé Ïðèìåð Èòîã

Êðèòåðèé îòíîøåíèÿ ïðàâäîïîäîáèÿ

X
n×(k+1)

=

(
X1

n×(k+1−k1)
, X2
n×k1

)
; βT

(k+1)×1

=

(
βT
1

(k+1−k1)×1

, βT
2

k1×1

)T

;

íóëåâàÿ ãèïîòåçà: H0 : β2 = 0;
àëüòåðíàòèâà: H1 : H0 íåâåðíà;

ñòàòèñòèêà: G = 2 (Lr − Lur) ;
G ∼ χ2

k1
ïðè H0;
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χ2

p(
χ2 )

äîñòèãàåìûé óðîâåíü çíà÷èìîñòè:

p (g) = 1− chi2cdf(g, k1).
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Ñâÿçü ìåæäó êðèòåðèÿìè Âàëüäà è îòíîøåíèÿ ïðàâäîïîäîáèÿ

Ïðè k1 = 1 êðèòåðèè Âàëüäà è îòíîøåíèÿ ïðàâäîïîäîáèÿ íå

ýêâèâàëåíòíû, â îòëè÷èå îò ñëó÷àÿ ëèíåéíîé ðåãðåññèè, êîãäà â ýòîì

ñëó÷àå äîñòèãàåìûå óðîâíè çíà÷èìîñòè êðèòåðèåâ Ñòüþäåíòà è Ôèøåðà

ñîâïàäàþò.

Ïðè áîëüøèõ n è

n∑
i=1

[yi = 1] ðàçíèöà ìåæäó êðèòåðèÿìè íåâåëèêà, íî

â ñëó÷àå, êîãäà èõ ïîêàçàíèÿ ðàñõîäÿòñÿ, ðåêîìåíäóåòñÿ ñìîòðåòü íà

ðåçóëüòàò êðèòåðèÿ îòíîøåíèÿ ïðàâäîïîäîáèÿ.
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Çíà÷èìîñòü êàòåãîðèàëüíûõ ïðåäèêòîðîâ

Çíà÷èìîñòü �èêòèâíûõ ïåðåìåííûõ, êîäèðóþùèõ îäèí êàòåãîðèàëüíûé

ïðåäèêòîð, � òîíêèé âîïðîñ.

Íåîáõîäèìî âêëþ÷àòü èëè èñêëþ÷àòü êàòåãîðèàëüíûé ïðåäèêòîð

öåëèêîì. Çíà÷èìîñòü ñîîòâåòñòâóþùèõ �èêòèâíûõ ïåðåìåííûõ

ïðîâåðÿåòñÿ â ñîâîêóïíîñòè ñ ïîìîùüþ êðèòåðèÿ îòíîøåíèÿ

ïðàâäîïîäîáèÿ.

Â ñëó÷àå, êîãäà ïî îòäåëüíîñòè êàêèå-òî �èêòèâíûå ïåðåìåííûå

íå çíà÷èìû, äîïóñòèìî îáúåäèíÿòü óðîâíè êàòåãîðèàëüíîãî

ïðåäèêòîðà, îñíîâûâàÿñü íà èíòåðïðåòàöèè.

Åñëè êàêèå-òî óðîâíè êàòåãîðèàëüíîãî ïðåäèêòîðà ëåæàò ïîëíîñòüþ

â êëàññå y = 1 èëè y = 0, èõ îáÿçàòåëüíî íóæíî îáúåäèíèòü ñ
äðóãèìè óðîâíÿìè, ÷òîáû ìîäåëü ëîãèñòè÷åñêîé ðåãðåññèè ìîãëà

áûòü ïîñòðîåíà.
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Ñðàâíåíèå íåâëîæåííûõ ìîäåëåé

Íåâëîæåííûå ìîäåëè ìîæíî ñðàâíèâàòü äðóã ñ äðóãîì ïî çíà÷åíèþ

ïðàâäîïîäîáèÿ l, ëîãàðè�ìà ïðàâäîïîäîáèÿ L èëè àíîìàëüíîñòè

(devian
e):

D = −2L.

Àíîìàëüíîñòü � àíàëîã RSS â ëèíåéíîé ðåãðåññèè; ïðè äîáàâëåíèè

ïðèçíàêîâ îíà íå ìîæåò óáûâàòü.

Äëÿ ñðàâíåíèÿ ìîäåëåé ñ ðàçíûì ÷èñëîì ïðèçíàêîâ ìîæíî èñïîëüçîâàòü

èí�îðìàöèîííûé êðèòåðèé Àêàèêå:

AIC = −2L+ 2 (k + 1) = D + 2 (k + 1) .
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Ìóëüòèêîëëèíåàðíîñòü

Ïðèçíàêè ìóëüòèêîëëèíåàðíîñòè:

ïðàâäîïîäîáèå ìîäåëè âûñîêî, íî îöåíêè ìíîãèõ êîý��èöèåíòîâ

áëèçêè ê ñâîèì ñòàíäàðòíûì îòêëîíåíèÿì;

êîý��èöèåíòû ñèëüíî ìåíÿþòñÿ ïðè âêëþ÷åíèè è èñêëþ÷åíèè

äðóãèõ ïðèçíàêîâ.
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Ëèíåéíîñòü ëîãèòà

Ïðîâåðêà ëèíåéíîñòè ëîãèòà ïî ïðèçíàêàì � àíàëîã âèçóàëüíîãî àíàëèçà

îñòàòêîâ â îáû÷íîé ëèíåéíîé ðåãðåññèè.

Ìåòîäû àíàëèçà ëèíåéíîñòè ëîãèòà:

ñãëàæåííûå äèàãðàììû ðàññåÿíèÿ;

�èêòèâíûå ïåðåìåííûå ïî êâàðòèëÿì;

äðîáíûå ïîëèíîìû.
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Ñãëàæåííûå äèàãðàììû ðàññåÿíèÿ (smoothed s
atterplots)

�àññìîòðèì îöåíêó ëîãèòà, ïîëó÷åííóþ ÿäåðíûì ñãëàæèâàíèåì ïî xj :

ȳsm (xji) =

n∑
l=1

yiK
(

xji−xli

h

)

n∑
l=1

K
(

xji−xli

h

) ,

l̄sm (xji) = ln
ȳsm (xji)

1− ȳsm (xji)
.

�ðà�èê �óíêöèè l̄sm (xj) äîëæíà áûòü ïîõîæ íà ïðÿìóþ.
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Ôèêòèâíûå ïåðåìåííûå ïî êâàðòèëÿì (design variables)

1

Âû÷èñëÿþòñÿ âûáîðî÷íûå êâàðòèëè ïðèçíàêà xj :

[xj,0.25, xj,0.5, xj,0.75].

2

Ñîçäàþòñÿ òðè �èêòèâíûå ïåðåìåííûå:

D1i = [xj,0.25 ≤ xji < xj,0.5] ,

D2i = [xj,0.5 ≤ xji < xj,0.75] ,

D3i = [xj,0.75 ≤ xji] .

3

Íàñòðàèâàåòñÿ ëîãèñòè÷åñêàÿ ðåãðåññèÿ, ñîäåðæàùàÿ D1, D2 è D3

âìåñòî xj . Ïóñòü θ̂1, θ̂2, θ̂3 � îöåíêè êîý��èöèåíòîâ ïðè íèõ.

4

Ñòðîèòñÿ ãðà�èê, íà êîòîðîì ñåðåäèíû èíòåðâàëîâ, îãðàíè÷åííûõ

êâàðòèëÿìè, îòëîæåíû ïðîòèâ

[
0, θ̂1, θ̂2, θ̂3

]
.
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Äðîáíûå ïîëèíîìû (fra
tional polynomials)

Åñëè ëîãèò íåëèíååí ïî ïðèçíàêó, ìîæíî ïîïðîáîâàòü äîáàâëÿòü â ìîäåëü

åãî îñìûñëåííûå ñòåïåíè è ïðîâåðÿòü èõ çíà÷èìîñòü.

Â àâòîìàòè÷åñêîì ðåæèìå ýòî ìîæíî äåëàòü ñ ïîìîùüþ äðîáíûõ

ïîëèíîìîâ.

1

Íàñòðàèâàþòñÿ ìîäåëè ñ çàìåíîé xj íà äîïóñòèìûå ñòåïåíè ïðèçíàêà

xj , íàïðèìåð, èç ìíîæåñòâà S = {−2,−1,−0.5, 0, 0.5, 1, 2, 3}.
Âûáèðàåòñÿ ñòåïåíü, ìàêñèìèçèðóþùàÿ ïðàâäîïîäîáèå.

2

Íàñòðàèâàþòñÿ ìîäåëè ñ çàìåíîé xj íà äâóõêîìïîíåíòíûé ïîëèíîì

xj âèäà βj1x
p1
j + βj2x

p2
j , p1, p2 ∈ S (åñëè p1 = p2, òî áåð¼òñÿ

βj1x
p1
j + βj2x

p1
j ln xj). Âûáèðàþòñÿ ñòåïåíè, ìàêñèìèçèðóþùàÿ

ïðàâäîïîäîáèå.

3

Åñëè ìîäåëü ñ ïîëèíîìîì âòîðîé ñòåïåíè çíà÷èìî íå ëó÷øå, ÷åì

ëèíåéíàÿ, èñïîëüçóåòñÿ ëèíåéíàÿ ìîäåëü.

4

Åñëè ìîäåëü ñ ïîëèíîìîì âòîðîé ñòåïåíè çíà÷èìî íå ëó÷øå, ÷åì

ñ ïîëèíîìîì ïåðâîé ñòåïåíè, èñïîëüçóåòñÿ ìîäåëü ñ ïîëèíîìîì

ïåðâîé ñòåïåíè, èíà÷å � ñ ïîëèíîìîì âòîðîé.
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Ñîäåðæàòåëüíûé îòáîð ïðèçíàêîâ

1

Åñëè ïðèçíàêîâ äîñòàòî÷íî ìíîãî (íàïðèìåð, áîëüøå 10), æåëàòåëüíî

ñäåëàòü èõ ïðåäâàðèòåëüíûé îòáîð, îñíîâàííûé íà çíà÷èìîñòè

â îäíî�àêòîðíîé ëîãèñòè÷åñêîé ðåãðåññèè. Äëÿ äàëüíåéøåãî

ðàññìîòðåíèÿ îñòàþòñÿ ïðèçíàêè, äîñòèãàåìûé óðîâåíü çíà÷èìîñòè

êîòîðûõ íå ïðåâûøàåò 0.25.
2

Ñòðîèòñÿ ìíîãîìåðíàÿ ìîäåëü, âêëþ÷àþùàÿ âñå îòîáðàííûå íà

øàãå 1 ïðèçíàêè. Ïðîâåðÿåòñÿ çíà÷èìîñòü êàæäîãî ïðèçíàêà,

óäàëÿåòñÿ íåáîëüøàÿ ãðóïïà íåçíà÷èìûõ ïðèçíàêîâ. Íîâàÿ ìîäåëü

ñðàâíèâàåòñÿ ñî ñòàðîé ñ ïîìîùüþ êðèòåðèÿ îòíîøåíèÿ

ïðàâäîïîäîáèÿ.

3

×òîáû óáåäèòüñÿ, ÷òî óäàëåíèå ïðèçíàêîâ íå ïîâëèÿëî íà îñòàâøèåñÿ,

äëÿ êàæäîãî êîý��èöèåíòà β̂j ïðè îñòàâøèõñÿ çíà÷èìûõ ïðèçíàêàõ

ðàññ÷èòûâàåòñÿ âåëè÷èíà delta-beta-hat-per
ent:

∆β̂% = 100
β̂old
j − β̂new

j

β̂new
j

.

Åñëè ∆β̂% > 20, òî êàêèå-òî èç óäàë¼ííûõ íåçíà÷èìûõ ïðèçíàêîâ
áûëè íóæíû, ÷òîáû ëó÷øå îïðåäåëÿòü êîý��èöèåíòû çíà÷èìûõ

ïðèçíàêîâ; èõ íóæíî âåðíóòü.
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Ñîäåðæàòåëüíûé îòáîð ïðèçíàêîâ

4

Ê ïðèçíàêàì ìîäåëè, ïîëó÷åííîé â ðåçóëüòàòå öèêëè÷åñêîãî

ïðèìåíåíèÿ øàãîâ 2 è 3, ïî îäíîìó äîáàâëÿþòñÿ óäàë¼ííûå ïðèçíàêè.

Åñëè êàêîé-òî èç íèõ ñòàíîâèòñÿ çíà÷èìûì, îí âíîñèòñÿ îáðàòíî

â ìîäåëü.

5

Äëÿ íåïðåðûâíûõ ïðèçíàêîâ ïîëó÷åííîé ìîäåëè ïðîâåðÿåòñÿ

ëèíåéíîñòü ëîãèòà. Â ñëó÷àå îáíàðóæåíèÿ íåëèíåéíîñòè ïðèçíàêè

çàìåíÿþòñÿ íà ñîîòâåòñòâóþùèå ïîëèíîìû.

6

Èññëåäóåòñÿ âîçìîæíîñòü äîáàâëåíèÿ â ïîëó÷åííóþ ìîäåëü

âçàèìîäåéñòâèé �àêòîðîâ. Äîáàâëÿþòñÿ çíà÷èìûå èíòåðïðåòèðóåìûå

âçàèìîäåéñòâèÿ.

7

Ïðîâåðÿåòñÿ àäåêâàòíîñòü �èíàëüíîé ìîäåëè: áëèçîñòü y è ŷ;
ìàëîñòü âêëàäà íàáëþäåíèé (xi, yi) íà êàæäîì îáúåêòå i â ŷ.
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Ïîðîã êëàññè�èêàöèè

Êàê ïî π (x) îöåíèòü y?

y = [π (x) ≥ p0] .

×àùå âñåãî áåðóò p0 = 0.5, íî ìîæíî âûáèðàòü ïî äðóãèì êðèòåðèÿì,

íàïðèìåð, äëÿ äîñòèæåíèÿ çàäàííûõ ïîêàçàòåëåé ÷óâñòâèòåëüíîñòè èëè

ñïåöè�è÷íîñòè.
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Ïîðîã êëàññè�èêàöèè

Ïðèìåð: ý��åêòèâíîñòü òåðàïèè äëÿ íàðêîçàâèñèìûõ, p0 = 0.5:

❍
❍
❍
❍❍

ŷ
y

1 0

1 16 11

0 131 417

×óâñòâèòåëüíîñòü:

16
16+131

≈ 10.9%.

Ñïåöè�è÷íîñòü:

417
11+417

≈ 97.4%.
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Âûáðîñû

Ìàòðèöà ïðîåêöèè íà ïðîñòðàíñòâî ðåãðåññîðîâ (hat matrix):

H = V 1/2X
(
XTV X

)
−1

XTV 1/2.

Îñòàòêè Ïèðñîíà:

ri =
yi − π̂ (xi)√

π̂ (xi) (1− π̂ (xi))
.

Àíàëîã ðàññòîÿíèÿ Êóêà:

∆β̂i =
r2i hi

(1− hi)
2 .
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�èñê îñòåîïîðîçà ó æåíùèí

Hosmer, Lemeshow, Sturdivant. Applied logisti
 regression: îòîáðàíû

500 ó÷àñòíèö èññëåäîâàíèÿ Global Longitudinal Study of Osteoporosis

in Women (Center for Out
omes Resear
h, the University of Massa
husetts/

Wor
ester). Èçìåðåíû ñëåäóþùèå ïîêàçàòåëè:

âîçðàñò, ëåò (íå ìåíüøå 55);

âåñ, êã;

ðîñò, ñì;

ÈÌÒ, êã/ñì

2
;

áèíàðíûå ïðèçíàêè: êóðåíèå, èíäèêàòîð íàñòóïëåíèÿ ìåíîïàóçû äî

45 ëåò, èíäèêàòîð íåîáõîäèìîñòè ïîìîùè ïðè ïîäú¼ìå èç ñèäÿ÷åãî

ïîëîæåíèÿ, ïåðåëîì øåéêè áåäðà â ïðîøëîì (áûë/íå áûëî), ïåðåëîì

øåéêè áåäðà ó ìàòåðè (áûë/íå áûëî);

ñàìîñòîÿòåëüíàÿ ñóáúåêòèâíàÿ îöåíêà âåðîÿòíîñòè ïåðåëîìà

(ìåíüøå/òàêàÿ æå/áîëüøå, ÷åì ó ñâåðñòíèö).

Èçâåñòíî, ó êîãî èç ó÷àñòíèö â ïåðâûé ãîä èññëåäîâàíèÿ ïðîèçîø¼ë

ïåðåëîì øåéêè áåäðà. Ïîñòðîèòü ìîäåëü âåðîÿòíîñòè ïåðåëîìà ñ ó÷¼òîì

èìåþùèõñÿ ïðèçíàêîâ.
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Äàííûå
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Äàííûå

❳❳❳❳❳❳❳❳❳
SMOKE

y
0 1

no 347 118

yes 28 7

❳❳❳❳❳❳❳❳❳
PREMENO

y
0 1

no 303 100

yes 75 25

❵❵❵❵❵❵❵❵❵❵❵
ARMASSIST

y
0 1

no 250 62

yes 125 63

❳❳❳❳❳❳❳❳❳
MOMFRAC

y
0 1

no 334 101

yes 41 24

❵❵❵❵❵❵❵❵❵❵❵
PRIORFRAC

y
0 1

no 301 73

yes 74 52

❳❳❳❳❳❳❳❳❳
RATERISK

y
0 1

1 139 28

2 138 48

3 98 49
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Øàã 1

�åçóëüòàòû íàñòðîéêè îäíîìåðíûõ ìîäåëåé:


oef std G p

AGE 0.053 0.012 21.274 4.0× 10−6

WEIGHT −0.005 0.006 0.665 0.4146
HEIGHT −0.052 0.017 9.527 0.0020
BMI 0.006 0.017 0.112 0.7382
PREMENO 0.051 0.259 0.038 0.8451
PRIORFRAC 1.064 0.223 22.267 2.4× 10−6

MOMFRAC 0.661 0.281 5.270 0.0217
ARMASSIST 0.709 0.210 11.408 7.3× 10−4

SMOKE −0.308 0.436 0.525 0.4687
RATERISK2 0.068 0.213 0.102 0.7489
RATERISK3 0.600 0.218 7.451 0.0006
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Øàã 2

�åçóëüòàò íàñòðîéêè ìíîãîìåðíîé ìîäåëè ñî âñåìè ïðåäèêòîðàìè,

çíà÷èìûìè íà óðîâíå íå ìåíåå 0.25:


oef std W p

Inter
ept 2.709 3.230 0.839 0.4016
AGE 0.034 0.013 2.632 0.0085
HEIGHT −0.044 0.018 −2.400 0.0164
PRIORFRAC 0.645 0.246 2.622 0.0087
MOMFRAC 0.621 0.307 2.024 0.0430
ARMASSIST 0.446 0.233 1.915 0.0555
RATERISK2 0.422 0.279 1.511 0.1307
RATERISK3 0.707 0.293 2.409 0.0160

Êðèòåðèé îòíîøåíèÿ ïðàâäîïîäîáèÿ äà¼ò:

p = 0.4535 ïðè ñðàâíåíèè ìîäåëè øàãà 1 ñ òåêóùåé ìîäåëüþ;

p = 0.0508 ïðè îöåíêå çíà÷èìîñòè ïðèçíàêà RATERISK.

�ÿáåíêî Åâãåíèé ÏÑ-8. �åãðåññèÿ áèíàðíîãî ïðèçíàêà.



Ïîñòàíîâêà Ïîñòðîåíèå è àíàëèç ìîäåëåé Ïðèìåð Èòîã

Øàã 3

∆β̂%:

❳❳❳❳❳❳❳❳❳
kept

deleted

WEIGHT BMI PREMENO SMOKE

AGE 12.7 15.1 4.2 −4.2
HEIGHT 10.6 −3.6 −1.0 1.3
PRIORFRAC −1.8 −1.9 −0.7 2.5
MOMFRAC 3.3 3.7 0.4 −0.1
ARMASSIST −18.4 −19.7 −3.0 3.0
RATERISK2 0.5 0.7 −2.1 −0.9
RATERISK3 6.1 7.3 −0.7 −0.3

Ïîðîã â 20% íå ïðåâûøåí ⇒ íè îäèí èç óäàë¼ííûõ ïðèçíàêîâ íå

îêàçûâàåò ñóùåñòâåííîãî âëèÿíèÿ íà îöåíêè îñòàâøèõñÿ.
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Øàã 4

Ïîïðîáóåì äîáàâëÿòü â ïîëó÷åííóþ ìîäåëü ïðèçíàêè WEIGHT, BMI,

PREMENO è SMOKE; ñ ïîìîùüþ êðèòåðèÿ îòíîøåíèÿ ïðàâäîïîäîáèÿ

îïðåäåëèì èõ çíà÷èìîñòü â ïîëó÷àåìûõ ìîäåëÿõ.

pWEIGHT = 0.4131;

pBMI = 0.3351;

pPREMENO = 0.6703;

pSMOKE = 0.4435.

Ñëåäîâàòåëüíî, ïðèçíàêè WEIGHT, BMI, PREMENO è SMOKE ìîæíî

îêîí÷àòåëüíî èñêëþ÷èòü.
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Øàã 4

Ïåðåìåííàÿ, êîäèðóþùàÿ çíà÷åíèå RATERISK=2, íå çíà÷èìà

(äîâåðèòåëüíûé èíòåðâàë äëÿ îòíîøåíèÿ øàíñîâ ïåðåëîìà ïðè

RATERISK=2 è â ðå�åðåíñíîé êàòåãîðèè RATERISK=1, ñîäåðæèò

åäèíèöó). Âîçìîæíî, ýòè äâà óðîâíÿ ñòîèò îáúåäèíèòü (òî åñòü,

�àêòè÷åñêè, óäàëèòü �èêòèâíóþ ïåðåìåííóþ RATERISK2). Ñïåöèàëèñòû,

ïîñòàâèâøèå çàäà÷ó, ñî÷ëè òàêîå ïðåîáðàçîâàíèå îñìûñëåííûì.

Íîâàÿ ìîäåëü:


oef std W p

Inter
ept 3.407 3.177 1.072 0.2836
AGE 0.033 0.013 2.563 0.0104
HEIGHT −0.046 0.018 −2.555 0.0106
PRIORFRAC 0.664 0.245 2.709 0.0068
MOMFRAC 0.664 0.306 2.173 0.0298
ARMASSIST 0.473 0.231 2.044 0.0410
RATERISK3 0.458 0.238 1.924 0.0544

�ÿáåíêî Åâãåíèé ÏÑ-8. �åãðåññèÿ áèíàðíîãî ïðèçíàêà.
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Øàã 5

Ñãëàæåííàÿ äèàãðàììà ðàññåÿíèÿ:

�ÿáåíêî Åâãåíèé ÏÑ-8. �åãðåññèÿ áèíàðíîãî ïðèçíàêà.
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Øàã 5

Ôèêòèâíûå ïåðåìåííûå ïî êâàðòèëÿì:

Êâàðòèëü 1 2 3 4
Äèàïàçîí x ≤ 61 61 < x ≤ 67 67 < x ≤ 76 x > 76
Ñåðåäèíà 58 64 71.5 83
Êîý��èöèåíò 0 0.610 0.590 0.970
Äîâ. èíò. [−0.059, 1.278] [−0.050, 1.229] [0.311, 1.629]

�ÿáåíêî Åâãåíèé ÏÑ-8. �åãðåññèÿ áèíàðíîãî ïðèçíàêà.
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Øàã 5

Äëÿ ìîäåëè, èñïîëüçóþùåé âìåñòî ïðèçíàêà AGE ïðèçíàê [AGE > 80] ,
àíîìàëüíîñòü ðàâíà 512.8.
Àíîìàëüíîñòü ìîäåëè, èñïîëüçóþùåé ïðèçíàê AGE öåëèêîì, ðàâíà 509.8.

Ïðè ïåðåõîäå ê áèíàðèçîâàííîìó ïðèçíàêó ìû (âñåãäà) òåðÿåì

èí�îðìàöèþ è (â äàííîì ñëó÷àå) íå óëó÷øàåì ìîäåëü ⇒ íå áóäåì

ïåðåõîäèòü ê áèíàðèçîâàííîìó ïðèçíàêó.

�ÿáåíêî Åâãåíèé ÏÑ-8. �åãðåññèÿ áèíàðíîãî ïðèçíàêà.



Ïîñòàíîâêà Ïîñòðîåíèå è àíàëèç ìîäåëåé Ïðèìåð Èòîã

Øàã 5

HEIGHT, ñãëàæåííàÿ äèàãðàììà ðàññåÿíèÿ:

�ÿáåíêî Åâãåíèé ÏÑ-8. �åãðåññèÿ áèíàðíîãî ïðèçíàêà.
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Øàã 5

Ôèêòèâíûå ïåðåìåííûå ïî êâàðòèëÿì:

Êâàðòèëü 1 2 3 4
Äèàïàçîí x ≤ 157 157 < x ≤ 161.5 161.5 < x ≤ 165 x > 165
Ñåðåäèíà 145.5 159.25 163.25 182
Êîý��èöèåíò 0 −0.266 −0.369 −0.628
Äîâ. èíò. [−0.861, 0.329] [−0.964, 0.226] [−1.255,−0.001]

�ÿáåíêî Åâãåíèé ÏÑ-8. �åãðåññèÿ áèíàðíîãî ïðèçíàêà.
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Øàã 5

Àâòîìàòè÷åñêèé ïîèñê íå íàõîäèò ïîëèíîìîâ, ïîçâîëÿþùèõ ïîñòðîèòü

ìîäåëü çíà÷èìî ëó÷øå ëèíåéíîé:

> library(mfp)

> mfp(y ~ fp(AGE) + fp(HEIGHT) + PRIORFRAC + MOMFRAC + ARMASSIST +

RATERISK3, family = binomial)

Fra
tional polynomials:

df.initial sele
t alpha df.final power1 power2

PRIORFRAC 1 1 0.05 1 1 .

HEIGHT 4 1 0.05 1 1 .

AGE 4 1 0.05 1 1 .

MOMFRAC 1 1 0.05 1 1 .

ARMASSIST 1 1 0.05 1 1 .

RATERISK3 1 1 0.05 1 1 .

Transformations of 
ovariates:

formula

AGE <NA>

HEIGHT <NA>

PRIORFRAC <NA>

MOMFRAC <NA>

ARMASSIST <NA>

RATERISK3 <NA>

�ÿáåíêî Åâãåíèé ÏÑ-8. �åãðåññèÿ áèíàðíîãî ïðèçíàêà.
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Øàã 6

�àññìîòðèì âñå ìîäåëè, â êîòîðûå äîáàâëåíî îäíî âçàèìîäåéñòâèå ìåæäó

�àêòîðàìè:

LL G p

AGE*HEIGHT −254.842 0.13 0.715
AGE*PRIORFRAC −252.392 5.03 0.025
AGE*MOMFRAC −254.840 0.14 0.710
AGE*ARMASSIST −254.836 0.15 0.702
AGE*RATERISK3 −254.386 1.05 0.306
HEIGHT*PRIORFRAC −254.802 0.21 0.645
HEIGHT*MOMFRAC −253.704 2.41 0.121
HEIGHT*ARMASSIST −254.111 1.60 0.207
HEIGHT*RATERISK3 −254.422 0.97 0.324
PRIORFRAC*MOMFRAC −253.509 2.80 0.094
PRIORFRAC*ARMASSIST −254.796 0.23 0.635
PRIORFRAC*RATERISK3 −254.848 0.12 0.726
MOMFRAC*ARMASSIST −252.518 4.78 0.029
MOMFRAC*RATERISK3 −254.642 0.53 0.465
ARMASSIST*RATERISK3 −253.792 2.23 0.135

�ÿáåíêî Åâãåíèé ÏÑ-8. �åãðåññèÿ áèíàðíîãî ïðèçíàêà.
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Øàã 6

Äîáàâèì âñå òðè âçàèìîäåéñòâèÿ, çíà÷èìûå íà óðîâíå 0.1:


oef std W p

Inter
ept 1.959 3.3272 0.59 0.556
AGE 0.058 0.0166 3.49 0.000
HEIGHT −0.049 0.0184 −2.65 0.008
PRIORFRAC 4.598 1.8780 2.45 0.014
MOMFRAC 1.472 0.4229 3.48 0.000
ARMASSIST 0.626 0.2538 2.46 0.014
RATERISK3 0.474 0.2410 1.97 0.049
AGE*PRIORFRAC −0.053 0.0259 −2.05 0.040
PRIORFRAC*MOMFRAC −0.847 0.6475 −1.31 0.191
MOMFRAC*ARMASSIST −1.167 0.6168 −1.89 0.058

�ÿáåíêî Åâãåíèé ÏÑ-8. �åãðåññèÿ áèíàðíîãî ïðèçíàêà.
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Øàã 6

Óáåð¼ì PRIORFRAC*MOMFRAC:


oef std W p

Inter
ept 1.717 3.3218 0.52 0.605
AGE 0.057 0.0165 3.47 0.001
HEIGHT −0.047 0.0183 −2.55 0.011
PRIORFRAC 4.612 1.8802 2.45 0.014
MOMFRAC 1.247 0.3930 3.17 0.002
ARMASSIST 0.644 0.2519 2.56 0.011
RATERISK3 0.469 0.2408 1.95 0.051
AGE*PRIORFRAC −0.055 0.0259 −2.13 0.033
MOMFRAC*ARMASSIST −1.281 0.6230 −2.06 0.040

�ÿáåíêî Åâãåíèé ÏÑ-8. �åãðåññèÿ áèíàðíîãî ïðèçíàêà.
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Ïîðîã êëàññè�èêàöèè

�åçóëüòàòû êëàññè�èêàöèè ñ ïîðîãîì 0.5:
❍
❍
❍
❍❍

ŷ
y

1 0

1 22 20

0 103 355

×óâñòâèòåëüíîñòü � 22/125 = 17.6%; ñïåöè�è÷íîñòü � 355/375 = 94.7%.

�ÿáåíêî Åâãåíèé ÏÑ-8. �åãðåññèÿ áèíàðíîãî ïðèçíàêà.
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Êà÷åñòâî ìîäåëè

AUC = 0.7286.

Çíà÷èìîñòü ìîäåëè ïî êðèòåðèþ îòíîøåíèÿ ïðàâäîïîäîáèÿ:

p = 2× 10−10.

�ÿáåíêî Åâãåíèé ÏÑ-8. �åãðåññèÿ áèíàðíîãî ïðèçíàêà.
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Êà÷åñòâî ìîäåëè

∆β̂i:

�ÿáåíêî Åâãåíèé ÏÑ-8. �åãðåññèÿ áèíàðíîãî ïðèçíàêà.
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Êà÷åñòâî ìîäåëè

Ïîñëå óäàëåíèÿ 4 íàáëþäåíèé:


oef std W p

Inter
ept 3.570 3.436 1.04 0.2989
AGE 0.059 0.017 3.51 0.0005
HEIGHT −0.059 0.019 −3.10 0.0019
PRIORFRAC 4.988 1.904 2.62 0.0088
MOMFRAC 1.505 0.404 3.73 0.0002
ARMASSIST 0.654 0.255 2.57 0.0103
RATERISK3 0.471 0.245 1.93 0.0541
AGE*PRIORFRAC −0.059 0.026 −2.25 0.0243
MOMFRAC*ARMASSIST −1.905 0.623 −2.87 0.0041

∆β̂MOMFRAC∗ARMASSIST% = −32.8, ∆β̂HEIGHT% = −21.3.

Çíà÷èìîñòü ìîäåëè ïî êðèòåðèþ îòíîøåíèÿ ïðàâäîïîäîáèÿ:

p = 8.9× 10−12.

�ÿáåíêî Åâãåíèé ÏÑ-8. �åãðåññèÿ áèíàðíîãî ïðèçíàêà.
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Ïîðîã êëàññè�èêàöèè

�åçóëüòàòû êëàññè�èêàöèè ñ ïîðîãîì 0.5:
❍
❍
❍
❍❍

ŷ
y

1 0

1 27 19

0 96 354

×óâñòâèòåëüíîñòü � 27/123 = 22.0%; ñïåöè�è÷íîñòü � 354/373 = 94.9%.

AUC = 0.7391.
�ÿáåíêî Åâãåíèé ÏÑ-8. �åãðåññèÿ áèíàðíîãî ïðèçíàêà.
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�åçóëüòàò

Èòîãîâàÿ ìîäåëü âåðîÿòíîñòè ïåðåëîìà øåéêè áåäðà ïîñòðîåíà ïî 496

èç 500 èñõîäíûõ íàáëþäåíèé è îïðåäåëÿåò êëàññè�èêàöèþ y ñ êà÷åñòâîì

AUC = 0.7391. Ïðè âûáîðå ïîðîãà ïî âåðîÿòíîñòè ðàâíûì 0.5 ìîäåëü

îáåñïå÷èâàåò êëàññè�èêàöèþ ñ ÷óâñòâèòåëüíîñòüþ 22%
è ñïåöè�è÷íîñòüþ 95%.

Ìîäåëü ïîçâîëÿåò ñäåëàòü ñëåäóþùèå âûâîäû:

äëÿ æåíùèí, ñ êîòîðûìè óæå ñëó÷àëñÿ ïåðåëîì øåéêè áåäðà, ðèñê

íîâîãî ïåðåëîìà â òå÷åíèå ãîäà ñóùåñòâåííî âûøå (â 146 ðàç, 95%

äîâåðèòåëüíûé èíòåðâàë (3.5, 6240));

êàæäûå äåñÿòü ëåò îòíîñèòåëüíûé ðèñê ïåðåëîìà øåéêè áåäðà ó

æåíùèí, ñ êîòîðûìè îí åù¼ íå ïðîèñõîäèë, âîçðàñòàåò â 1.8 ðàç (95%

äîâåðèòåëüíûé èíòåðâàë (1.3, 2.5)), ïðè ýòîì äëÿ æåíùèí, ó êîòîðûõ

óæå áûë ïåðåëîì, óâåëè÷åíèå âîçðàñòà íå ïðèíîñèò çíà÷èìîãî

óâåëè÷åíèÿ ðèñêà ïåðåëîìà (ìóëüòèïëèêàòèâíûé ïðèðîñò ðèñêà çà

10 ëåò 1.0001, 95% äîâåðèòåëüíûé èíòåðâàë (0.4, 2.3));

ïðè ïðî÷èõ ðàâíûõ äëÿ æåíùèí ìàëåíüêîãî ðîñòà ðèñê ïåðåëîìà

âûøå � íà êàæäûå 10 ñàíòèìåòðîâ óìåíüøåíèÿ ðîñòà ïðèõîäèòñÿ

óâåëè÷åíèå ðèñêà ïåðåëîìà â 1.8 ðàç (95% äîâåðèòåëüíûé èíòåðâàë

(1.3, 2.7));

�ÿáåíêî Åâãåíèé ÏÑ-8. �åãðåññèÿ áèíàðíîãî ïðèçíàêà.
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�åçóëüòàò

äëÿ æåíùèí, ó ìàòåðåé êîòîðûõ íå áûëî ïåðåëîìà øåéêè áåäðà,

íåñïîñîáíîñòü ñàìîñòîÿòåëüíî âñòàâàòü èç ñèäÿ÷åãî ïîëîæåíèÿ

ñâÿçàíà ñ ïîâûøåíèåì ðèñêà ïåðåëîìà â 1.9 ðàç (95% äîâåðèòåëüíûé

èíòåðâàë (1.2, 3.2));

äëÿ æåíùèí, êîòîðûå ñïîñîáíû ñàìîñòîÿòåëüíî âñòàâàòü èç ñèäÿ÷åãî

ïîëîæåíèÿ, íàëè÷èå ïåðåëîìà ó ìàòåðè ñâÿçàíî ñ ïîâûøåíèåì ðèñêà

ïåðåëîìà â 4.5 ðàç (95% äîâåðèòåëüíûé èíòåðâàë (2.0, 9.9));

æåíùèíû, âûñîêî îöåíèâàþùèå âåðîÿòíîñòü ïåðåëîìà, äåéñòâèòåëüíî

ïðè ïðî÷èõ ðàâíûõ èìåþò øàíñ ïåðåëîìà âûøå â 1.6 ðàç, îäíàêî ýòîò

ý��åêò ñëàáî çíà÷èì (95% äîâåðèòåëüíûé èíòåðâàë (0.99, 2.6)).

�ÿáåíêî Åâãåíèé ÏÑ-8. �åãðåññèÿ áèíàðíîãî ïðèçíàêà.
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Òðåáîâàíèÿ ê ðåøåíèþ çàäà÷è ìåòîäîì ëîãèñòè÷åñêîé ðåãðåññèè

âèçóàëèçàöèÿ äàííûõ, îöåíêà íàëè÷èÿ âûáðîñîâ, àíàëèç òàáëèö

ñîïðÿæ¼ííîñòè ïî êàòåãîðèàëüíûì ïðèçíàêàì;

ñîäåðæàòåëüíûé îòáîð ïðèçíàêîâ: âûáîð íàèëó÷øåé ëèíåéíîé

ìîäåëè, îöåíêà ëèíåéíîñòè íåïðåðûâíûõ ïðèçíàêîâ ïî ëîãèòó, àíàëèç

íåîáõîäèìîñòè äîáàâëåíèÿ âçàèìîäåéñòâèé, ïðîâåêà àäåêâàòíîñòè

�èíàëüíîé ìîäåëè (êëàññè�èêàöèÿ, àíàëèç íàëè÷èÿ âûáðîñîâ);

âûâîäû.

�ÿáåíêî Åâãåíèé ÏÑ-8. �åãðåññèÿ áèíàðíîãî ïðèçíàêà.
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