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Ìåòðè÷åñêèå ìåòîäû

Ïðîñòåéøèé âàðèàíò

Ñîäåðæàíèå

1 Ïðîñòåéøèé âàðèàíò

2 Âûáîð ìåòðèêè

3 Âçâåøåííûé ó÷åò áëèæàéøèõ ñîñåäåé

1/22



Ìåòðè÷åñêèå ìåòîäû

Ïðîñòåéøèé âàðèàíò

Ìåòîä K-áëèæàéøèõ ñîñåäåé (K-nearest neighbours)

Êëàññèôèêàöèÿ ìåòîäîì k áëèæàéøèõ ñîñåäåé

1 Íàéòè k áëèæàéøèõ îáúåêòîâ ê èíòåðåñóþùåìó îáúåêòó x
â îáó÷àþùåé âûáîðêå.

2 Ñîïîñòàâèòü x ñàìûé ÷àñòî âñòðå÷àþùèéñÿ êëàññ ñðåäè k
ñîñåäåé.

Ñëó÷àé k = 1: àëãîðèòì áëèæàéøåãî ñîñåäà (nearest
neighbour)

Ñëó÷àé k = N: êîíñòàíòíûé ïðîãíîç íàèáîëåå ÷àñòûì
êëàññîì â âûáîðêå.

Â ñëó÷àå ðåãðåññèè íóæíî óñðåäíèòü õàðàêòåðèñòèêè k
áëèæàéøèõ ñîñåäåé.

Îñíîâíîå ïðåäïîëîæåíèå ìåòîäà:

áëèçêèå îáúåêòû âûäàþò ïîõîæèå îòâåòû
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Ìåòðè÷åñêèå ìåòîäû

Ïðîñòåéøèé âàðèàíò

Ïðèìåð: êëàññèôèêàöèÿ îäíèì áëèæàéøèì ñîñåäîì
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Ìåòðè÷åñêèå ìåòîäû

Ïðîñòåéøèé âàðèàíò

Ïðèìåð: êëàññèôèêàöèÿ 15 áëèæàéøèìè ñîñåäÿìè
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Ìåòðè÷åñêèå ìåòîäû

Ïðîñòåéøèé âàðèàíò

Ïàðàìåòðû ìåòîäà

Ïàðàìåòðû:

÷èñëî ñîñåäåé k
ôóíêöèÿ áëèçîñòè ρ(x , y)

Âàðèàíò ìåòîäà ñ àäàïòèâíûì k ïî òî÷íîñòè áëèæàéøèõ
ñîñåäåé.
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Ìåòðè÷åñêèå ìåòîäû

Ïðîñòåéøèé âàðèàíò

Ñâîéñòâà

Ïðåèìóùåñòâà:

íóæíî çíàòü òîëüêî ô-öèþ áëèçîñòè ìåæäó îáúåêòàìè,
ñàìè ïðèçíàêè íå íóæíû.

ìîæåò áûòü ïðèìåíåí ê îáúåêòàì ëþáîé ñëîæíîñòè, åñëè

çàäàíà ô-öèÿ áëèçîñòè

ïðîñòàÿ ëîãèêà ðàáîòû, ëåãêî îáúÿñíèòü è ðåàëèçîâàòü
èíòåðïðåòèðóåìîñòü (case based reasoning)
íå òðåáóåò îáó÷åíèÿ

ìîæåò ïðèìåíÿòüñÿ â online ñëó÷àÿõ.

K-CV ìîæíî çàìåíèòü íà LOO îöåíèâàíèå.

Íåäîñòàòêè:

ìåäëåííàÿ êëàññèôèêàöèÿ ñî ñëîæíîñòüþ O(N)
òðåáîâàíèÿ ïî ïàìÿòè òîæå O(N), ò.ê. íóæíî õðàíèòü âñþ
âûáîðêó
òî÷íîñòü óõóäøàåòñÿ ñ ðîñòîì ðàçìåðíîñòè ïðîñòðàíñòâà
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Ìåòðè÷åñêèå ìåòîäû

Ïðîñòåéøèé âàðèàíò

Ïðîêëÿòèå ðàçìåðíîñòè (curse of dimensionality)

Ïðîêëÿòèå ðàçìåðíîñòè - ÿâëåíèå, êîãäà ñ ðîñòîì
ðàçìåðíîñòè ïðèçíàêîâîãî ïðîñòðàíñòâà D ìåòîäó äëÿ
ïîääåðæàíèÿ òî÷íîñòè òðåáóåòñÿ îáó÷àþùàÿ âûáîðêà,
êîòîðàÿ ðàñòåò ýêñïîíåíöèàëüíî îò D.

Ïðèìåð: îöåíêà ãèñòîãðàìì
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Ìåòðè÷åñêèå ìåòîäû

Ïðîñòåéøèé âàðèàíò

Ïðîêëÿòèå ðàçìåðíîñòè (curse of dimensionality)

Ñëó÷àé K-áëèæàéøèõ ñîñåäåé:

äîïóùåíèå: îáúåêòû ðàñïðåäåëåíû ðàâíîìåðíî â
ïðèçíàêîâîì ïðîñòðàíñòâå

øàð ðàäèóñà R èìååò îáúåì V (R) = CRD , C = πD/2

Γ(D/2+1) .

îòíîøåíèå îáúåìîâ øàðîâ ðàäèóñà R è R − ε:

V (R − ε)

V (R)
=

(
R − ε
R

)D
D→∞−→ 0

îñíîâíîé îáúåì êîíöåíòðèðóåòñÿ íà ïîâåðõíîñòè ñôåðû,
çíà÷èò òàì ëåæàò áëèæàéøèå ñîñåäè.
áëèæàéøèå ñîñåäè ïåðåñòàþò áûòü áëèçêèìè ïî
ðàññòîÿíèþ.

Â ðåàëüíûõ çàäà÷àõ ïðèçíàêè ìîãóò áûòü ðàñïðåäåëåíû íå
ðàâíîìåðíî ïî âñåìó îáúåìó, à áûòü çàâèñèìûìè è ëåæàòü
íà ìíîãîîáðàçèè ìåíüøåé ðàçìåðíîñòè.
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Ìåòðè÷åñêèå ìåòîäû

Ïðîñòåéøèé âàðèàíò

Êëàññèôèêàöèÿ - ïîãðàíè÷íûé ñëó÷àé

Êîãäà íåñêîëüêî êëàññîâ èìåþò îäèíàêîâûé ðàíã, ìîæíî
ñîïîñòàâèòü êëàññ:

ñëó÷àéíûì îáðàçîì

èìåþùèé áîëüøóþ àïðèîðíóþ âåðîÿòíîñòü

÷åé áëèæàéøèé ïðåäñòàâèòåëü áëèæå ê x

äëÿ êîòîðîãî ñðåäíåå çíà÷åíèå ïðåäñòàâèòåëåé ýòîãî
êëàññà ñðåäè áëèæàéøèõ ñîñåäåé áëèæå

÷åé ñàìûé äàëüíèé ïðåäñòàâèòåëü ñðåäè áëèæàéøèõ
ñîñåäåé áëèæå (ò.å. êëàññ ïðåäñòàâëåí áîëåå êîìïàêòíî)
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Ìåòðè÷åñêèå ìåòîäû

Âûáîð ìåòðèêè

Ñîäåðæàíèå

1 Ïðîñòåéøèé âàðèàíò

2 Âûáîð ìåòðèêè

3 Âçâåøåííûé ó÷åò áëèæàéøèõ ñîñåäåé
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Ìåòðè÷åñêèå ìåòîäû

Âûáîð ìåòðèêè

Íîðìàëèçàöèÿ ïðèçíàêîâ

×àùå âñåãî èñïîëüçóåòñÿ Åâêëèäîâà ìåòðèêà áëèçîñòè:

ρ(x , z) =

√√√√ D∑
d=1

(xd − zd)2

Íåîáõîäèìî íîðìàëèçîâûâàòü ïðèçíàêè.

Îïðåäåëèì µj , σj , Lj , Uj êàê ñðåäíåå çíà÷åíèå, ñòàíäàðòíîå îòêëîíåíèå,
ìèíèìàëüíîå è ìàêñèìàëüíîå çíà÷åíèå j-ãî ïðèçíàêà.

Ïðåîáðàçîâàíèå Ñâîéñòâà ðåçóëüòàòà

x ′j =
xj−µj
σj

ñðåäíåå=0, äèñïåðñèÿ=1.

x ′j =
xj−Lj
Uj−Lj ïðèíàäëåæèò èíòåðâàëó [0, 1].
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Ìåòðè÷åñêèå ìåòîäû

Âûáîð ìåòðèêè

Íîðìàëèçàöèÿ ïðèçíàêîâ

Íåëèíåéíûå òðàíñôîðìàöèè äëÿ ïðèçíàêîâ, äîïóñêàþùèõ
ðåäêèå áîëüøèå çíà÷åíèÿ:

x̃ i = log(x i )
x̃ i =

(
x i
)p
, 0 ≤ p < 1

Äëÿ Fi (α) = P(x i ≤ α) ïðåîáðàçîâàíèå x̃ i → Fi (x
i ) äàñò

ïðèçíàê, ðàâíîìåðíî ðàñïðåäåëåííûé íà [0, 1].
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Ìåòðè÷åñêèå ìåòîäû

Âûáîð ìåòðèêè

Âûáîð ôóíêöèè ðàññòîÿíèÿ

Metric d(x, z)

Åâêëèäîâà
√∑D

i=1
(x i − z i )2

Lp
p

√∑D
i=1

(x i − z i )p

L∞ maxi=1,2,...D |x i − z i |

L1
∑D

i=1
|x i − z i |

Canberra 1

D

∑D
i=1

|x i−z i |
x i+z i

Ëàíñà-Óèëüÿìñà
∑D

i=1
|x i−z i |∑D

i=1
x i+z i

êîñèíóñíàÿ ìåðà 1-
∑D

i=1
x iz i√∑D

i=1
(x i )2

√∑D
i=1

(z i )2
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Ìåòðè÷åñêèå ìåòîäû

Âûáîð ìåòðèêè

Íîðìàëèçóþùåå ïðåîáðàçîâàíèå

x ðàñïðåäåëåí ñîãëàñíî íåêîòîðîìó ðàñïðåäåëåíèþ ñî
ñðåäíèì µ è íåâûðîæäåííîé ìàòðèöåé êîâàðèàöèè Σ
(µ ∈ RD , Σ ∈ RDxD)
Òîãäà íîðìàëèçóþùåå ïðåîáðàçîâàíèå (whitening)
z = Σ−1/2(x − µ) äàñò íîâûé âåêòîð ïðèçíàêîâ ñî
ñðåäíèì 0 è êîâàðèàöèåé I ∈ RDxD , ãäå I - ýòî åäèíè÷íàÿ
ìàòðèöà.
Äîêàçàòåëüñòâî:

Ez = E
{

Σ−1/2(x − µ)
}

= Σ−1/2E {x − µ} = 0 ∈ RD

cov [z ] = E(z − Ez)(z − Ez)T = EzzT

= E
{

Σ−1/2(x − µ)(x − µ)T (Σ−1/2)T
}

=

= Σ−1/2E
{

(x − µ)(x − µ)T
}

(Σ−1/2)T =

= Σ−1/2ΣΣ−1/2 = I14/22



Ìåòðè÷åñêèå ìåòîäû

Âûáîð ìåòðèêè

Ðàññòîÿíèå ìåæäó íîðìàëèçàöèÿìè

Ðàññòîÿíèå ìåæäó x è x ′ ìîæíî ñ÷èòàòü â
íîðìàëèçîâàííîì ïðîñòðàíñòâå êàê Åâêëèäîâî ðàññòîÿíèå
ìåæäó z = Σ−1/2(x − µ) è z ′ = Σ−1/2(x ′ − µ):

ρM(x , x ′) = ρE (z , z ′) =
√

(z − z ′)T (z − z ′) =

=
√

(x − x ′)TΣ−1/2Σ−1/2(x − x ′)

=
√

(x − x ′)TΣ−1(x − x ′)

Ýòî íàçûâàåòñÿ ðàññòîÿíèåì Ìàõàëàíîáèñà.

×àñòíûé ñëó÷àé: åñëè ïðèçíàêè íåñêîðåëëèðîâàíû è

Var x i = σ2i , òî ρ(x , x̃) =

√∑
i

(x i−x̃ i )2

σ2i
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Ìåòðè÷åñêèå ìåòîäû

Âûáîð ìåòðèêè

Ðàññòîÿíèå Ìàõàëàíîáèñà - èëëþñòðàöèÿ

(A): îáúåêòû â èñõîäíîì ïðèçíàêîâîì ïðîñòðàíñòâå è
ìíîæåcòâî òî÷åê Gα = {x : ρM(x , µ) = α}. (B): îáúåêòû â
íîðìàëèçîâàííîì ïðèçíàêîâîì ïðîñòðàíñòâå è îáðàç Gα -
ìíîæåñòâî òî÷åê {z : ρE (z , 0) = α}.
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Ìåòðè÷åñêèå ìåòîäû

Âçâåøåííûé ó÷åò áëèæàéøèõ ñîñåäåé

Ñîäåðæàíèå

1 Ïðîñòåéøèé âàðèàíò

2 Âûáîð ìåòðèêè

3 Âçâåøåííûé ó÷åò áëèæàéøèõ ñîñåäåé
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Ìåòðè÷åñêèå ìåòîäû

Âçâåøåííûé ó÷åò áëèæàéøèõ ñîñåäåé

Âçâåøåííûé ó÷åò

Îïðåäåëèì xi1 , xi2 , ...xiN êàê ïåðåóïîðÿäî÷èâàíèå x1, x2, ...xN ïî
ðàññòîÿíèþ äî x : ρ(x , xi1) ≤ ρ(x , xi2) ≤ ... ≤ ρ(x , xiN ).
Îïðåäåëèì z1 = xi1 , z2 = xi2 , ...zK = xiK .
Ìåòîä áëèæàéøèõ ñîñåäåé ìîæíî îïðåäåëèòü ÷åðåç C
äèñêðèìèíàíòíûõ ôóíêöèé:

gc(x) =
K∑

k=1

I[zk ∈ ωc ], c = 1, 2, ...C .

Âçâåøåííûé ó÷åò áëèæàéøèõ ñîñåäåé:

gc(x) =
K∑

k=1

w(k, ρ(x , zk))I[zk ∈ ωc ], c = 1, 2, ...C .
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Ìåòðè÷åñêèå ìåòîäû

Âçâåøåííûé ó÷åò áëèæàéøèõ ñîñåäåé

×àñòî âûáèðàåìûå âåñà

Íåçàâèñèìûå îò x :

wk = αk , α ∈ (0, 1)

wk =
K + 1− k

K

Çàâèñèìûå îò x :

wk =

{
ρ(zK ,x)−ρ(zk ,x)
ρ(zK ,x)−ρ(z1,x) , ρ(zK , x) 6= ρ(z1, x)

1 ρ(zK , x) = ρ(z1, x)

wk =
1

ρ(zk , x)
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Ìåòðè÷åñêèå ìåòîäû

Âçâåøåííûé ó÷åò áëèæàéøèõ ñîñåäåé

Ïîíÿòèå îòñòóïà

Ðàññìîòðèì îáó÷àþùóþ âûáîðêó:
(x1, c1), (x2, c2), ...(xN , cN), ãäå ci - ïðàâèëüíûé êëàññ äëÿ
îáúåêòà xi , à C = {1, 2, ...C} - ìíîæåñòâî äîïóñòèìûõ
êëàññîâ.

Îïðåäåëèì ïîíÿòèå îòñòóïà:

M(xi , ci ) = gci (xi )− max
c∈C\{ci}

gc(xi )

îòñòóï îòðèöàòåëüíûé <=> îáúåêò xi áûë íåïðàâèëüíî
êëàññèôèöèðîâàí
âåëè÷èíà îòñòóïà ïîêàçûâàåò, íàñêîëüêî êëàññèôèêàòîð
óâåðåí, ÷òî îáúåêò xi ìîæåò áûòü îòíåñåí ê èñòèííîìó
êëàññó ci
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Ìåòðè÷åñêèå ìåòîäû

Âçâåøåííûé ó÷åò áëèæàéøèõ ñîñåäåé

Êëàññèôèêàöèÿ îáúåêòîâ ïî îòñòóïàì

Ïî âåëè÷èíå îòñòóïà îáúåêòû äåëÿòñÿ íà ñëåäóþùèå êàòåãîðèè:

1 Îáúåêòû, êëàññèôèöèðîâàííûå âåðíî ñ âûñîêîé ñòåïåíüþ
óâåðåííîñòè

2 Ïðàâèëüíî êëàññèôèöèðîâàííûå îáúåêòû
3 Ïîãðàíè÷íûå îáúåêòû (èõ êëàññèôèêàöèÿ íåóñòîé÷èâà)
4 Íåïðàâèëüíî êëàññèôèöèðîâàííûå îáúåêòû
5 Îáúåêòû, ñèëüíî âûáèâàþùèåñÿ èç çàêîíîìåðíîñòè,

îïðåäåëåííîé êëàññèôèêàòîðîì
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Ìåòðè÷åñêèå ìåòîäû

Âçâåøåííûé ó÷åò áëèæàéøèõ ñîñåäåé

Êðèòåðèè êà÷åñòâà ïî îòñòóïó

Õîðîøèé êëàññèôèêàòîð:

ìèíèìèçèðóåò îáëàñòü îòðèöàòåëüíûõ îòñòóïîâ

êëàññèôèöèðóåò ïðàâèëüíî ñ âûñîêîé ñòåïåíüþ
óâåðåííîñòè (âûñîêèì M(xi , ci ))
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