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×èòàòü è íå ïîíèìàòü � òî æå, ÷òî ñî-
âñåì íå ÷èòàòü.

ßí Àìîñ Êîìåíñêèé.

Äîáàâèì: ... è íå çàïîìèíàòü ...

Ïðåäèñëîâèå

Äàííûé êîíñïåêò ëåêöèé áûë ïîäãîòîâëåí
äëÿ ñòóäåíòîâ III-ãî (¾ïðîãðàììèñòñêîãî¿) ïîòîêà
ñòóäåíòîâ-áàêàëàâðîâ ôàêóëüòåòà ÂÌÊ ÌÃÓ èçó÷à-
þùèõ â 5-ì ñåìåñòðå óêàçàííóþ äèñöèïëèíó. Â íåé
ðàññìàòðèâàþòñÿ ïðèëîæåíèÿ êîíå÷íûõ àëãåáðàè÷å-
ñêèõ ñòðóêòóð ê çàäà÷å êîäèðîâàíèÿ äàííûõ â öåëÿõ
êîððåêöèè îøèáîê è îáåñïå÷åíèÿ êîíôèäåíöèàëüíî-
ñòè ïðè ïåðåäà÷å èíôîðìàöèè.

Çàìåòèì, ÷òî ñòèëü èçëîæåíèÿ â ó÷åáíèêå è êîí-
ñïåêòå ëåêöèé ðàçëè÷åí. Ïîñëåäíèé áîëåå ñâîáîäíûé,
¾ðàçãîâîðíûé¿, è ñîäåðæèò, â îñíîâíîì, ëèøü ôîðìó-
ëèðîâêè îïðåäåëåíèé è òåîðåì (âîçìîæíî, ñ äîêàçà-
òåëüñòâàìè). Â ó÷åáíèêå æå äàííûé ìàòåðèàë îáû÷-
íî ïðåäâàðÿåòñÿ è çàâåðøàåòñÿ ïîÿñíåíèÿìè, óêàçû-
âàþòñÿ åãî ñâÿçè ñ äðóãèìè ïîíÿòèÿìè è äð. Ñ äðóãîé
ñòîðîíû, àâòîð ñ÷¼ë íåîáõîäèìûì îñòàâèòü â äàííîì
êîíñïåêòå íåêîòîðûé ìàòåðèàë, îáû÷íî íåèñïîëüçó-
åìûé íåïîñðåäñòâåííî íà ëåêöèÿõ, íî ïîëåçíûé ïðè
ñàìîñòîÿòåëüíîé ïðîðàáîòêå ìàòåðèàëà.

Â ñâÿçè ñî ñïåöèôèêîé ïðåïîäàâàíèÿ êóðñà, â
òåêñò êîíñïåêòà âêëþ÷åíî äîñòàòî÷íîå êîëè÷åñòâî
ïðèìåðîâ è çàäà÷ ñ ðåøåíèÿìè.

Ãëàâà 3 íàïèñàíà ñîâìåñòíî ñ Ä.À. Êðîïîòîâûì.
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Ãëàâà 1

Ãðóïïû, êîëüöà, ïîëÿ
(êîìïåíäèóì)

1.1 Ãðóïïû

Îïðåäåëåíèå 1.1. Ãðóïïîé íàçûâàåòñÿ òðîéêà
〈G, ◦, e 〉, ãäå G � íåïóñòîå ìíîæåñòâî (íîñèòåëü),
e ∈ G � íåéòðàëüíûé ýëåìåíò ãðóïïû, à ◦ � òàêàÿ
áèíàðíàÿ îïåðàöèÿ íà íîñèòåëå, ÷òî äëÿ ëþáûõ åãî
ýëåìåíòîâ x, y, z âûïîëíÿþòñÿ ñëåäóþùèå çàêîíû
èëè àêñèîìû ãðóïïû:[
0) x ◦ y ∈ G � óñòîé÷èâîñòü íîñèòåëÿ;

]
1) (x ◦ y) ◦ z = x ◦ (y ◦ z) � àññîöèàòèâíîñòü;

2) e ◦ x = x ◦ e = x � ñâîéñòâî íåéòðàëüíîãî
ýëåìåíòà;

3) ∀x ∃ ! y : y ◦ x = x ◦ y = e � ñóùåñòâîâàíèå
îáðàòíîãî ýëåìåíòà ê x.

Ïðè îòñóòñòâèè íåÿñíîñòåé, ãðóïïû îáîçíà÷àþò
〈G, ◦ 〉 èëè ïðîñòî ñèìâîëîì íîñèòåëÿ G.

Âìåñòî ◦ ÷àñòî ïèøóò · èëè ïðîñòî ýòîò ñèì-
âîë îïóñêàþò (ìóëüòèïëèêàòèâíàÿ çàïèñü ãðóïïî-
âîé îïåðàöèè) è íåéòðàëüíûé ýëåìåíò íàçûâàþò åäè-
íèöåé 1, à îáðàòíûé ê x � x 1.
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Ñòåïåíü ýëåìåíòà ïðè ìóëüòèïëèêàòèâíîé çàïèñè:

a0 = e, an = a · . . . · a︸ ︷︷ ︸
n ñèìâîëîâ a

, n ∈ N,

ïðè êîòîðîé ñïðàâåäëèâû îáû÷íûå ñâîéñòâà ñòåïåíè:

am+n = am · an, (am)n = amn, a n = (a 1)n = (an) 1.

Åñëè |G| = n, òî G � êîíå÷íàÿ ãðóïïà è n � å¼
ïîðÿäîê. Â êîíå÷íîé ãðóïïå íåáîëüøîãî ïîðÿäêà îïå-
ðàöèþ ◦ óäîáíî çàäàâàòü òàáëèöåé óìíîæåíèÿ (òàá-
ëèöåé Êýëè).

Ïðèìåð 1.1 (Òàáëèöà óìíîæåíèÿ ãðóïïû Êëåéíà V4).
◦ e a b c
e e a b c
a a e c b
b b c e a
c c b a e

V4 = { e, a, b, c }
� ÷åòâåðíàÿ ãðóïïà Êëåéíà

Ãðóïïû ñî ñâîéñòâîì x◦y = y◦x íàçûâàþòñÿ êîì-
ìóòàòèâíûìè èëè àáåëåâûìè. Äëÿ íèõ èñïîëüçóþò
àääèòèâíóþ çàïèñü x + y ãðóïïîâîé îïåðàöèè, íåé-
òðàëüíûé ýëåìåíò íàçûâàþò íóëåì (0), à îáðàòíûé ê
ýëåìåíòó x � ïðîòèâîïîëîæíûì (−x).

Ïðèìåð 1.2. 1. ×åòâåðíàÿ ãðóïïà Êëåéíà àáåëåâà.

2. ×èñëîâûå ãðóïïû � âñå îíè àáåëåâû:

� Z, Q, R, C � ãðóïïû îòíîñèòåëüíî ñëîæåíèÿ.

� Íåíóëåâûå ýëåìåíòû ìíîæåñòâ Q, R, C � ãðóï-
ïû îòíîñèòåëüíî óìíîæåíèÿ.
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3. Áèíàðíûå íàáîðû α̃ = (α1, . . . , αn) ∈ Bn (åäè-
íè÷íûé êóá) îòíîñèòåëüíî ïîêîìïîíåíòíîé ñóììû ïî

mod 2: α̃ ⊕ β̃ = (α1 ⊕ β1, . . . , αn ⊕ βn) � àáåëåâà
ãðóïïà, å¼ íóëü � 0̃ = (0, . . . , 0).

3. Ñèììåòðè÷åñêàÿ ãðóïïà Sn: âñå ïåðåñòàíîâêè n-
ýëåìåíòíîãî ìíîæåñòâà X = { 1, . . . , n } îòíîñèòåëü-
íî èõ êîìïîçèöèè ∗. Íåéòðàëüíûé ýëåìåíò ñèììåòðè-
÷åñêîé ãðóïïû � åäèíè÷íàÿ ïåðåñòàíîâêà 1X . ßñíî,
÷òî |Sn| = n! è Sn íå àáåëåâà ïðè n > 3.

Ïåðåñòàíîâêè ìîæíî çàïèñûâàòü â âèäå:
a) òàáëèöû �

π =

(
1 2 . . . i . . . n
t1 t2 . . . ti . . . tn

)
,

á) ðàçëîæåíèÿ íà öèêëû �

π =
(
t11t

1
2t

1
3 . . . t

1
k1

) (
t21t

2
2t

2
3 . . . t

2
k2

)
. . .
(
tm1 t

m
2 t

m
3 . . . t

m
km

)
.

Âíóòðè êàæäîé ïàðû ñêîáîê ÷èñëà ïåðåñòàâëÿþòñÿ
öèêëè÷åñêè: π(t1) = t2, π(t2) = t3, . . . , π(tk) = t1 è
ïåðåñòàíîâêà π ñîäåðæèò m öèêëîâ.

Öèêëû äëèíû 1, òî åñòü âèäà (t), îáû÷íî îïóñêà-
þò: (

1 2 3 4 5 6
5 6 3 1 4 2

)
↔ (154)(26)

Êàíîíè÷åñêîå ïðåäñòàâëåíèå öèêëà (t1t2 . . . tk):
t1 � íàèìåíüøåå èç ÷èñåë {t1, t2, . . . , tk}.
Íàïðèìåð, äëÿ êîìïîçèöèè ïåðåñòàíîâîê:

(123) ∗ (23) = (12) 6= (13) = (23) ∗ (123).
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4. Ãðóïïû ñèììåòðèè (ñàìîñîâìåùåíèé) îáúåêòà �
ñîâîêóïíîñòü ïðåîáðàçîâàíèé, ñîâìåùàþùèõ îáúåêò
ñ ñàìèì ñîáîé.

4.1. Ãðóïïû ñèììåòðèè ïðàâèëüíîãî n-óãîëü-
íèêà � ãðóïïû äèýäðà Dn

à) Ó ãðóïïû D2k+1, k ∈ N � äâå îáðàçóþùèõ:
(1) âðàùåíèå âîêðóã öåíòðà íà 360◦

2k+1 â âûáðàííîì íàï-
ðàâëåíèè,
(2) ñèììåòðèÿ îòíîñèòåëüíî îñè, ïðîõîäÿùåé ÷åðåç
äàííóþ âåðøèíó è öåíòð ìíîãîóãîëüíèêà.

Íàïðèìåð: ãðóïïà ñèììåòðèè ïðàâèëüíîãî òðåóãîëü-
íèêà � ïåðåñòàíîâêà åãî âåðøèí A, B è C

D3 = 〈 t, r 〉 = { e, (ABC), (ACB),

(A)(BC), (B)(AC), (C)(AB) } = S3.

t � âðàùåíèå íà 120◦ âîêðóã öåíòðà â âûáðàííîì
íàïðàâëåíèè (ïî èëè ïðîòèâ ÷àñîâîé ñòðåëêè),

r � îñåâàÿ ñèììåòðèÿ îòíîñèòåëüíî âûáðàííîé îñè.

á) Ó ãðóïïû D2k, k ∈ N � òðè îáðàçóþùèõ:
(1) âðàùåíèå âîêðóã öåíòðà (â âûáðàííîì íàïðàâëå-
íèè) íà 360◦

2k è äâå îñåâûõ ñèììåòðèé � îòíîñèòåëü-
íî ôèêñèðîâàííûõ îñåé, ïðîõîäÿùèõ ÷åðåç ñåðåäèíû
ïðîòèâîïîëîæíûõ (2) ñòîðîí è (3) âåðøèí.

Ïðèìåð: ãðóïïà ñèììåòðèè êâàäðàòà ñ âåðøèíàìè A,
B, C è C.

D4 = 〈 t, r, f 〉.

t � âðàùåíèå íà 90◦ âîêðóã öåíòðà â âûáðàííîì íà-
ïðàâëåíèè,
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r � ñèììåòðèÿ îòíîñèòåëüíî íåêîòîðîé îñè, ïðîõî-
äÿùåé ÷åðåç öåíòðû ïðîòèâîïîëîæíûõ ñòîðîí,

f � ñèììåòðèÿ îòíîñèòåëüíî íåêîòîðîé îñè, ïðîõî-
äÿùåé ïðîòèâîïîëîæíûå âåðøèíû.

Ëåãêî âèäåòü, ÷òî |Dn| = 2n.

4.2. Ãðóïïû âðàùåíèé ïðàâèëüíûõ ìíîãîãðàí-
íèêîâ � ýòî íå âñå ñèììåòðèè ìíîãîãðàííèêà, à òîëü-
êî ïîâîðîòû, ò. å. çåðêàëüíûå îòðàæåíèÿ èñêëþ÷åíû.

Ïÿòü ïëàòîíîâûõ òåë è ñîîòâåòñòâóþùèå ãðóï-
ïû èõ âðàùåíèé: T � ãðóïïà âðàùåíèÿ òåòðàýäðà,
|T | = 12; O � ãðóïïà îêòàýäðà, âðàùåíèÿ îêòàýäðà è
êóáà, |O| = 24; Y ãðóïïà èêîñàýäðà, âðàùåíèÿ èêîñà-
ýäðà è äîäåêàýäðà, |T | = 60.

Ïîäãðóïïû è ñìåæíûå êëàññû. Åñëè
〈G, ◦, e 〉 � ãðóïïà, à H � ïîäìíîæåñòâî G, ñàìî
ÿâëÿþùååñÿ ãðóïïîé îòíîñèòåëüíî ◦, òî 〈H, ◦, e 〉 �
ïîäãðóïïà G, ñèìâîëè÷åñêè H 6 G.

Åäèíè÷íàÿ E = {e} è âñÿ ãðóïïà � òðèâèàëü-
íûå ïîäãðóïïû ëþáîé ãðóïïû. ßñíî, ÷òî íåéòðàëü-
íûé ýëåìåíò e âõîäèò â ëþáóþ ãðóïïó.

Îïðåäåëåíèå ëåâîãî xH è ïðàâîãî Hx ñìåæíûõ
êëàññîâ ïî ïîäãðóïïå H (ñ ïðåäñòàâèòåëåì x) ñîîò-
âåòñòâåííî:

H 6 G, x ∈ G ⇒ xH = {xh | h ∈ H },
Hx = {hx | h ∈ H }.

::::::::::::::::
Óòâåðæäåíèå 1.1 (î ñìåæíûõ êëàññàõ). Ëåâûå ñìåæ-
íûå êëàññû ñ ðàçíûìè ïðåäñòàâèòåëÿìè ëèáî íå ïå-
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ðåñåêàþòñÿ, ëèáî ñîâïàäàþò è âìåñòå ñîñòàâëÿþò
âñþ ãðóïïó.

Òî æå ñïðàâåäëèâî è äëÿ ïðàâûõ ñìåæíûõ êëàñ-
ñîâ.

Åñëè ∀x ∈ G : xH = Hx, òî ïîäãðóïïà H � íîð-
ìàëüíàÿ. Íîðìàëüíîñòü � îñëàáëåííîå óñëîâèå êîì-
ìóòàòèâíîñòè: â àáåëåâîé ãðóïïå âñå ïîäãðóïïû íîð-
ìàëüíû.

Îïðåäåëåíèå 1.2. Ìíîæåñòâî ñìåæíûõ êëàññîâ ãðóï-
ïû 〈G, ◦ 〉 ïî å¼ íîðìàëüíîé ïîäãðóïïå H ñíàáæ¼ííîå
îïåðàöèåé • :

(aH) • (bH) = (a ◦ b)H.
íàçûâàåòñÿ ôàêòîðãðóïïîé, ñèìâîëè÷åñêè G/H.

Ëåãêî âèäåòü, ÷òî ðåçóëüòàò x◦y íàõîäèòñÿ â abH
íåçàâèñèìî îò âûáîðà ýëåìåíòîâ x ∈ aH è y ∈ bH.

Îïðåäåëåíèå 1.3. Äëÿ ãðóïï 〈G, ◦, e 〉 è 〈G ′, ·, e ′ 〉
îòîáðàæåíèå ϕ : G → G ′ íàçûâàåòñÿ èçîìîðôèçìîì,
åñëè îíî
1) âçàèìíî-îäíîçíà÷íî (áèåêòèâíî);

2) ñîõðàíÿåò ãðóïïîâóþ îïåðàöèþ: äëÿ ëþáûõ
a, b ∈ G ñïðàâåäëèâî ϕ(a ◦ b) = ϕ(a) · ϕ(b),

à òàêèå ãðóïïû � èçîìîðôíûìè, ñèìâîëè÷åñêè
G ∼= G ′.

Èç îïðåäåëåíèÿ ñëåäóåò, ÷òî äëÿ èçîìîðôèçìà ϕ
èìååò ìåñòî ϕ(a 1) = ϕ(a) 1 è ϕ(e) = e ′.

Èíîãäà, êîãäà ýòî íå ïðèâîäèò ê íåäîðàçóìåíèÿì,
âìåñòî G ∼= G ′ ïèøóò ïðîñòî G = G ′.
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::::::::::
Òåîðåìà 1.1 (Êýëè). Ëþáàÿ ãðóïïà ïîðÿäêà n èçîìîð-
ôíà íåêîòîðîé ïîäãðóïïå ñèììåòðè÷åñêîé ãðóïïû
Sn.

Åñëè â îïðåäåëåíèè èçîìîðôèçìà ñíÿòü òðåáîâà-
íèå áèåêòèâíîñòè ϕ, òî ïîëó÷èì îïðåäåëåíèå ãîìî-
ìîðôèçìà ãðóïï. Íàïðèìåð, âñåãäà ñóùåñòâóåò ãîìî-
ìîðôèçì ïðîèçâîëüíîé ãðóïïû â åäèíè÷íóþ E.

Öèêëè÷åñêèå ãðóïïû. Åñëè â êîììóòàòèâíîé
ãðóïïå 〈C, ·, 1 〉 êàæäûé ýëåìåíò åñòü ñòåïåíü íåêîòî-
ðîãî ýëåìåíòà c, òî òàêàÿ ãðóïïà íàçûâàåòñÿ öèêëè-
÷åñêîé, à ýëåìåíò c � ïîðîæäàþùèì (îáðàçóþùèì,
ãåíåðàòîðîì). Òî åñòü C � öèêëè÷åñêàÿ ãðóïïà, åñëè

∃
C
c ∀
C
a ∃

Z

k : c k = a, ñèìâîëè÷åñêè 〈c〉 = C.

ßñíî, ÷òî öèêëè÷åñêàÿ ãðóïïà àáåëåâà è ëþáàÿ å¼
ïîäãðóïïà � öèêëè÷åñêàÿ è àáåëåâà.

Ïðèìåð öèêëè÷åñêîé ãðóïïû: ãðóïïà
〈
2π
n

〉
ïîâîðî-

òîâ n-óãîëüíèêà âîêðóã öåíòðà íà óêàçàííûé óãîë ñ
ñîâïàäåíèåì èñõîäíîãî è ïîëó÷åííîãî ïîëîæåíèÿ.

Äëÿ öèêëè÷åñêèõ ãðóïï âîçìîæíû äâà ñëó÷àÿ.
1. Âñå ñòåïåíè ïîðîæäàþùåãî ýëåìåíòà ðàçëè÷-

íû � òîãäà ãðóïïà áåñêîíå÷íà è ñîñòîèò èç ýëåìåíòîâ

. . . , a 2, a 1, a0, a1, a2, . . . ,

òî åñòü îíà èçîìîðôíà ãðóïïå 〈Z, +, 0 〉 öåëûõ ÷èñåë
ïî ñëîæåíèþ. ßñíî, ÷òî ýòî åäèíñòâåííàÿ ñ òî÷íîñòüþ
äî èçîìîðôèçìà áåñêîíå÷íàÿ öèêëè÷åñêàÿ ãðóïïà.

Ñêîëüêî â íåé ãåíåðàòîðîâ? Äâà: −1 è +1.
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2. Äâå ðàçëè÷íûå ñòåïåíè ïîðîæäàþùåãî ýëå-
ìåíòà ñîâïàäàþò: ak+n = akan = ak ⇒ an = e.

Îïðåäåëåíèå 1.4. Ïîðÿäêîì ýëåìåíòà a öèêëè÷åñêîé
ãðóïïû C, ñèìâîëè÷åñêè ord a, íàçûâàþò ÷èñëî

ord a = arg min
m∈N
{ am = e }.

Â ðàññìàòðèâàåìîì ñëó÷àå ïîëó÷àåì êîíå÷íóþ
ãðóïïó

Zn = 〈 {0, 1, . . . , n− 1}, +mod n, 0 〉 , n = ord a

(ïîäðîáíåå ñì. äàëåå).
Ëþáàÿ öèêëè÷åñêàÿ ãðóïïà ÿâëÿåòñÿ ãîìîìîðô-

íûì îáðàçîì ãðóïïû Z.

Ðàññìîòðèì ãðóïïó Z6 = { 0, 1, 2, 3, 4, 5 }. Å¼ íå-
òðèâèàëüíûå ïîäãðóïïû ñóòü

{0, 2, 4} ∼= Z3 è {0, 3} ∼= Z2,

à ïîðîæäàþùèå ýëåìåíòû � 1 è 5, âçàèìíî ïðîñòûå
ñ 6, íå âõîäÿùèå íè â îäíó èç íèõ.

Îïðåäåëåíèå 1.5. Çíà÷åíèå ôóíêöèè Ýéëåðà ϕ(n) �
êîëè÷åñòâî ÷èñåë èç èíòåðâàëà [ 1, . . . , n−1 ], âçàèìíî
ïðîñòûõ ñ n è, ïî îïðåäåëåíèþ ϕ(1) = 1.

Íàïðèìåð, ϕ(6) =
∣∣{1, 5}∣∣ = 2.

Ñâîéñòâà ôóíêöèè Ýéëåðà (p � ïðîñòîå):

� ϕ(p) = p− 1;

� ϕ(nk) = nk−1ϕ(n), îòêóäà ϕ(pk) = pk−1(p− 1),
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� åñëè m è n âçàèìíî ïðîñòû, òî
ϕ(m · n) = ϕ(m) · ϕ(n).

�

∑
d|n
ϕ(d) = n.

Èëëþñòðàöèÿ ñâîéñòâ:

ϕ(12) = ϕ(22 · 3) = 21 · 1 · 2 = 4,

ϕ(15) = ϕ(3 · 5) = ϕ(3) · ϕ(5) = 2 · 4 = 8,

ϕ(16) = ϕ(24) = 23 · 1 = 8,

n = 12, D(12) = { 1, 2, 3, 4, 6, 12 },
ϕ(1)︸︷︷︸
=1

+ϕ(2)︸︷︷︸
=1

+ϕ(3)︸︷︷︸
=2

+ϕ(4)︸︷︷︸
=2

+ϕ(6)︸︷︷︸
=2

+ϕ(12)︸ ︷︷ ︸
=4

= 12.

Ðèñ. 1.1. Ïåðâûå 99 çíà÷åíèé ôóíêöèè Ýéëåðà

ßñíî, ÷òî öèêëè÷åñêàÿ ãðóïïà ïîðÿäêà n èìååò
ðîâíî ϕ(n) ïîðîæäàþùèõ ýëåìåíòîâ: ýëåìåíò a ∈ Zn
îáðàòèì, åñëè è òîëüêî åñëè îí âçàèìíî ïðîñò ñ n.



14 Ãëàâà 1. Ãðóïïû, êîëüöà, ïîëÿ

Òåîðåìà Ëàãðàíæà è ñëåäñòâèÿ èç íå¼

::::::::::
Òåîðåìà 1.2 (Ëàãðàíæ). Ïîðÿäîê ïîäãðóïïû êîíå÷íîé
ãðóïïû äåëèò ïîðÿäîê ñàìîé ãðóïïû:

|G | = |H | · [G : H ] .

×èñëî [G : H] íàçûâàåòñÿ èíäåêñîì ïîäãðóïïû H
ïî ãðóïïå G.

:::::::::::::
Ñëåäñòâèå. Ïîðÿäîê ëþáîãî ýëåìåíòà êîíå÷íîé ãðóï-
ïû äåëèò ïîðÿäîê ãðóïïû.

Íàïðèìåð, äëÿ Z6: ord 0 = 1, ord 1 = ord 5 = 6,
ord 2 = ord 4 = 3, ord 3 = 2 è ïîðÿäêè âñåõ ýëåìåíòîâ
äåëÿò 6.

1.2 Êîëüöà è ïîëÿ

Êîëüöà: îïðåäåëåíèå, îñíîâíûå ñâîéñòâà

Îïðåäåëåíèå 1.6. Àáåëåâà ãðóïïà 〈R, +, 0 〉 íàçûâà-
åòñÿ êîëüöîì, ñèìâîëè÷åñêè 〈R, +, ·, 0 〉, åñëè íà íåé
îïðåäåëåíà áèíàðíàÿ îïåðàöèÿ óìíîæåíèÿ ·, ñâÿçàí-
íàÿ ñî ñëîæåíèåì + äèñòðèáóòèâíûìè çàêîíàìè

x · (y + z) = x · y + x · z è (y + z) · x = y · x+ z · x.

� Îáû÷íî ðàññìàòðèâàþò àññîöèàòèâíûå êîëüöà
ñ àññîöèàòèâíîé îïåðàöèåé óìíîæåíèÿ.

� Âàæíûé ñëó÷àé � êîììóòàòèâíûå êîëüöà ñ
êîììóòàòèâíîé îïåðàöèåé óìíîæåíèÿ.
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� Åñëè â êîëüöå èìååòñÿ åäèíè÷íûé ýëåìåíò 1 ïî
óìíîæåíèþ (x · 1 = 1 · x = x), òî êîëüöî íà-
çûâàåòñÿ êîëüöîì ñ åäèíèöåé èëè óíèòàëüíûì,
ñèìâîëè÷åñêè 〈R, +, ·, 0, 1 〉.

� Òðèâèàëüíîå êîëüöî � {0}, â í¼ì è òîëüêî â í¼ì
0 = 1.

� Êîëüöî R � áåç äåëèòåëåé íóëÿ, åñëè äëÿ ëþ-
áûõ a, b ∈ R èç a · b = 0 ñëåäóåò a = 0 èëè
b = 0.

Îïðåäåëåíèå 1.7. Öåëîñòíûì êîëüöîì íàçûâàþò
íåòðèâèàëüíîå óíèòàëüíîå àññîöèàòèâíî-êîììóòà-
òèâíîå êîëüöî áåç äåëèòåëåé íóëÿ.

Ïðèìåð 1.3. 1. Êëàññè÷åñêèé ïðèìåð êîëüöà �
êîëüöî öåëûõ ÷èñåë Z ñ îáû÷íûìè îïåðàöèÿìè
ñëîæåíèÿ è óìíîæåíèÿ. Ýòî êîëüöî öåëîñòíî è
èìååò äâà îáðàòèìûõ ýëåìåíòà: +1 è −1.

2. Êîëüöî ÷¼òíûõ 2Z � êîëüöî áåç åäèíèöû.

3. Zn � êîëüöî êëàññîâ âû÷åòîâ1) ïî ìîäóëþ n,
ðåçóëüòàòû îïåðàöèé (+) è (·) ïî mod n.

Öåëûå ÷èñëà a è b ñðàâíèìû íî ìîäóëþ íàòó-
ðàëüíîãî n, ñèìâîëè÷åñêè a = b (mod n) èëè
a ≡n b, åñëè ïðè äåëåíèè íà n îíè èìåþò îäè-
íàêîâûå îñòàòêè, èëè, ÷òî òî æå, a − b äåëèòñÿ
íà n.

Êëàññ âû÷åòîâ ÷èñëà a ïî ìîäóëþ n � ìíîæåñò-
âî âñåõ öåëûõ ÷èñåë, ñðàâíèìûõ ñ a ïî ìîäóëþ

1) âû÷åò (ëàò. residum) � îñòàòîê
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n, ñèìâîëè÷åñêè [a] èëè a (÷èñëî n ñ÷èòàåòñÿ
çàäàííûì):

[a] = { b ∈ Z : a ≡n b } = { a, a± n, a± 2n, . . . } .

Åñëè íåò îïàñíîñòè ðàçíî÷òåíèé, âìåñòî [a] èëè
a ïèøóò ïðîñòî a.

Ñëîæåíèå è óìíîæåíèå êëàññîâ âû÷åòîâ îïðå-
äåëÿåòñÿ ôîðìóëàìè

[a] + [b] = [a+ b], [a] · [b] = [a · b].

Êîëüöî Zn ñîäåðæèò ðîâíî n ýëåìåíòîâ:

[0], [1], . . . , [n−1] èëè ïðîñòî {0, 1, . . . , n− 1} .

Ýòî êîëüöî íåöåëîñòíî ïðè ñîñòàâíîì n: íàïðè-
ìåð â Z6 ïîëó÷èì 3 · 2 = 0.

Ýëåìåíò a óíèòàëüíîãî êîëüöà íàçûâàåòñÿ îáðà-
òèìûì, åñëè ñóùåñòâóåò ýëåìåíò b òàêîé, ÷òî

a · b = b · a = 1

(ÿñíî, ÷òî òîãäà è ýëåìåíò b îáðàòèì).
Íàïðèìåð, â êîëüöå Z6 îáðàòèìû ýëåìåíòû 1 è 5:

1 · 1 = 5 · 5 = 1. Åñëè p � ïðîñòîå ÷èñëî, òî âñå
íåíóëåâûå ýëåìåíòû êîëüöà Zp îáðàòèìû: íàïðèìåð,
â Z5 = {0, 1, 2, 3, 4}: 1 · 1 = 1, 2 · 3 ≡5 1, 4 · 4 ≡5 1.

Ýëåìåíò p 6= 0 öåëîñòíîãî êîëüöà íàçûâàåòñÿ íå-
ïðèâîäèìûì èëè íåðàçëîæèìûì, åñëè îí íå ÿâëÿåò-
ñÿ ïðîèçâåäåíèåì äâóõ íåîáðàòèìûõ ýëåìåíòîâ. Íà-
ïðèìåð, â êîëüöå Z îáðàòèìû òîëüêî ýëåìåíòû ±1, à
íåðàçëîæèìû � ïðîñòûå ÷èñëà è ïðîòèâîïîëîæíûå ê
íèì.
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Îïðåäåëåíèå 1.8. Öåëîñòíîå êîëüöî, â êîòîðîì êàæ-
äûé íåíóëåâîé ýëåìåíò ëèáî îáðàòèì, ëèáî îäíîçíà÷-
íî ñ òî÷íîñòüþ äî ïåðåñòàíîâêè ñîìíîæèòåëåé è óì-
íîæåíèÿ íà îáðàòèìûé ýëåìåíò ïðåäñòàâëÿåòñÿ â âè-
äå ïðîèçâåäåíèÿ íåðàçëîæèìûõ ýëåìåíòîâ, íàçûâàåò-
ñÿ ôàêòîðèàëüíûì èëè ãàóññîâûì.

� Z � ôàêòîðèàëüíîå êîëüöî: äëÿ ëþáîãî öåëîãî
n ñïðàâåäëèâî ïðèìàðíîå ðàçëîæåíèå (ïî ïðîñ-
òûì) � n = ±1 · pα1

1 · . . . · p
αk
k .

� Êîëüöî
{
a± i

√
3 | a ∈ R

}
íå ôàêòîðèàëüíî,

ò. ê., íàïðèìåð, ÷èñëî 4 èìååò äâà ïðåäñòàâëå-
íèÿ â âèäå ïðîèçâåäåíèÿ íåðàçëîæèìûõ:

4 = 2 · 2 =
(
1 + i

√
3
)
·
(
1− i

√
3
)
.

Îïðåäåëåíèå 1.9. Íåïóñòîå ïîäìíîæåñòâî S íîñèòåëÿ
R êîëüöà 〈 R, +, ·, 0 〉 íàçûâàåòñÿ åãî ïîäêîëüöîì, åñ-
ëè îíî ñàìî ÿâëÿåòñÿ êîëüöîì, îòíîñèòåëüíî îïåðà-
öèé + è ·. Ïîäêîëüöî ñîáñòâåííîå2), åñëè S 6= R.

Èäåàëû êîëåö è ôàêòîðê�îëüöà

Îïðåäåëåíèå 1.10. Ïîäêîëüöî I êîììóòàòèâíîãî3)

êîëüöà 〈R, +, ·, 0 〉 íàçûâàåòñÿ åãî (äâóñòîðîííèì)

2)Êñòàòè, òåðìèí ñîáñòâåííûé � íåóäà÷íûé ïåðåâîä àíãëèéñêîãî ñëîâà
proper; ñëåäîâàëî áû ãîâîðèòü ïðàâèëüíûé èëè íàñòîÿùèé, íî òàê óæ èñ-
òîðè÷åñêè ñëîæèëîñü è íå èñïðàâèòü...

3)Äëÿ íåêîììóòàòèâíîãî êîëüöà ââîäÿò ïîíÿòèÿ ïðàâûõ è ëåâûõ èäå-
àëîâ, íî îíè íàì íå ïîíàäîáÿòñÿ. Ïðèìåð ïðàâîãî íåãëàâíîãî èäåàëà â
êîëüöå ìàòðèö ïîðÿäêà n: ñîâîêóïíîñòü ìàòðèö, ó êîòîðûõ âñå ñòîëáöû,
êðîìå ïåðâîãî � íóëåâûå.
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èäåàëîì, ñèìâîëè÷åñêè I �R, åñëè îíî óñòîé÷èâî îò-
íîñèòåëüíî îòíîñèòåëüíî óìíîæåíèÿ íà ýëåìåíòû R,
ò. å. äëÿ ëþáûõ i ∈ I è r ∈ R ñïðàâåäëèâî i · r ∈ I.

Ïðèìåð èäåàëà â êîëüöå öåëûõ: âñå ÷¼òíûå ÷èñëà.
Ñàìî êîëüöî è åãî íóëü 0 � òðèâèàëüíûå èäåàëû

êîëüöà. Èäåàëû, íå ñîâïàäàþùèå ñî âñåì êîëüöîì �
ñîáñòâåííûå; 0 ïðèíàäëåæèò ëþáîìó èäåàëó.

Ìîæíî îïðåäåëèòü ñóììó è ïðîèçâåäåíèå èäåàëîâ
è ðàáîòàòü ñ íèìè êàê ñ ¾èäåàëüíûìè ÷èñëàìè¿.

Îïðåäåëåíèå 1.11. Èäåàë I óíèòàëüíîãî êîììóòàòèâ-
íîãî êîëüöà R íàçûâàåòñÿ ãëàâíûì ïîðîæä¼ííûì
ýëåìåíòîì a ∈ R, åñëè

I = { a · r | r ∈ R } = (a).

Öåëîñòíûå êîëüöà, â êîòîðûõ âñå èäåàëû ãëàâíûå,
íàçûâàþòñÿ êîëüöàìè ãëàâíûõ èäåàëîâ ÊÃÈ.

Ïðèìåðû ÊÃÈ:

� êîëüöî öåëûõ Z � âñå åãî èäåàëû èìåþò âèä
(n) = nZ = { 0,±n,±2n, . . . }.

� êîëüöî Zn � òàê êàê âìåñòå ñ ëþáûìè ýëåìåí-
òàìè èäåàë âñåãäà ñîäåðæèò èõ ÍÎÄ.
Íàïðèìåð, äëÿ Z6: (0) = 0, (1) = (5) = Z6,
(2) = (4) = {0, 2, 4}, (3) = {0, 3}.

Âñå ÊÃÈ ôàêòîðèàëüíû.

Îïðåäåëåíèå 1.12. Êëàññîì âû÷åòîâ ïî ìîäóëþ èäå-
àëà I êîëüöà 〈R, +, ·, 0 〉 ñ ïðåäñòàâèòåëåì r ∈ R,
íàçûâàþò ìíîæåñòâî

rI = { r + i | i ∈ I } .
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Åñëè èäåàë ôèêñèðîâàí, ïèøóò ïðîñòî r. Êëàññû
âû÷åòîâ ðàçíûõ ïðåäñòàâèòåëåé ïî ìîäóëþ äàííîãî
èäåàëà �

� ëèáî ñîâïàäàþò, ëèáî íå ïåðåñåêàþòñÿ;

� â îáúåäèíåíèè äàþò R;

� ïîðîæäàþòñÿ ëþáûì ñâîèì ýëåìåíòîì:

a ∈ r ⇒ a = r.

Â êîëüöå öåëûõ Z êëàññ âû÷åòîâ ïî èäåàëó (n) ñ
ïðåäñòàâèòåëåì 0 6 r 6 n− 1 åñòü

r = { r, r ± n, r ± 2n, . . .}

� âñå öåëûå, äàþùèå ïðè äåëåíèè íà n îñòàòîê r. Äà-
ëåå, êàê ïðàâèëî, áóäåì îïóñêàòü ÷åðòó íàä ñèìâîëîì
ïðåäñòàâèòåëåì êëàññà.

Íà êëàññàõ âû÷åòîâ îïðåäåëåíû îïåðàöèè ñëîæå-
íèÿ è óìíîæåíèÿ, èíäóöèðîâàííûå îïåðàöèÿìè íàä
ïðåäñòàâèòåëÿìè. Ïðè ýòîì ñîâîêóïíîñòü âñåõ êëàñ-
ñîâ âû÷åòîâ êîëüöà R ïî ìîäóëþ èäåàëà I îáðàçóþò
ôàêòîðêîëüöî, ñèìâîëè÷åñêè R/I.

Ïîíÿòíî, ÷òî ðàíåå ðàññìîòðåííîå êîëüöî Zn åñòü
ôàêòîðêîëüöî Z ïî èäåàëó (n): Zn ∼= Z/(n).

Ïðèìåð 1.4. I = (6) � Z, Z/(6) ∼= Z6 = {0, 1, . . . , 5},

2 + 5 = 1, 2 · 3 = 0, 2 · 5 = 4 è ò. ä.

Îïðåäåëåíèå 1.13. Ìàêñèìàëüíûì èäåàëîì êîììóòà-
òèâíîãî êîëüöà íàçûâàåòñÿ âñÿêèé åãî ñîáñòâåííûé
èäåàë, íå ñîäåðæàùèéñÿ íè â êàêîì äðóãîì ñîáñòâåí-
íîì èäåàëå.
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Â íåòðèâèàëüíîì êîììóòàòèâíîì êîëüöå âñåãäà
ñóùåñòâóåò ìàêñèìàëüíûé èäåàë.

Ïðèìåð 1.5. Â êîëüöå Z

� èäåàëû (2) è (3) ìàêñèìàëüíû;

� èäåàë (6) íå ìàêñèìàëåí, ò. ê. îí ñîäåðæèòñÿ è
â èäåàëå (2), è â èäåàëå (3): ëþáîå ÷èñëî, äåëÿ-
ùååñÿ íà 6 äåëèòñÿ òàêæå è íà 2, è íà 3.

� ìàêñèìàëüíûå èäåàëû èìåþò âèä (p), ãäå p �
ïðîñòîå ÷èñëî.

Åâêëèäîâû êîëüöà

Îïðåäåëåíèå 1.14. Öåëîñòíîå êîëüöî 〈R, +, ·, 0, 1 〉
íàçûâàåòñÿ åâêëèäîâûì, åñëè äëÿ êàæäîãî åãî ýëå-
ìåíòà a îïðåäåëåíà íîðìà N(a) ∈ N0 ñî ñâîéñòâîì:
äëÿ ëþáîãî ýëåìåíòà b 6= 0:

1) ñóùåñòâóþò òàêèå ýëåìåíòû q è r, ÷òî
a = q · b+r è ëèáî r = 0, ëèáî N(r) < N(b);

2) N(a) 6 N(ab).

Íàëè÷èå íîðìû äà¼ò âîçìîæíîñòü ïðîèçâîäèòü
äåëåíèå ýëåìåíòîâ êîëüöà äðóã íà äðóãà ñ îñòàòêîì.

Ïðèìåð 1.6. � Êëàññè÷åñêèé ïðèìåð åâêëèäîâà
êîëüöà � êîëüöî öåëûõ ÷èñåë Z; íîðìà � àá-
ñîëþòíàÿ âåëè÷èíà ÷èñëà.

� Êîëüöî R[x] ìíîãî÷ëåíîâ ñ äåéñòâèòåëüíûìè
êîýôôèöèåíòàìè åâêëèäîâî, íîðìà � ñòåïåíü
ìíîãî÷ëåíà.

Âñå åâêëèäîâû êîëüöà � ÊÃÈ.
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Ïîëå

Îïðåäåëåíèå 1.15. Öåëîñòíîå êîëüöî 〈K, +, ·, 0, 1 〉, â
êîòîðîì âñå ýëåìåíòû, êðîìå 0, îáðàòèìû, íàçûâàåòñÿ
ïîëåì.

Ïîëå òàêæå ìîæíî îïðåäåëèòü êàê òàêóþ ïÿò¼ð-
êó 〈K, +, ·, 0, 1 〉, ÷òî 〈K, +, 0 〉 � àáåëåâà ãðóï-
ïà ïî ñëîæåíèþ, 〈 {K r {0}, ·, 1 〉 � àáåëåâà ãðóïïà
ïî óìíîæåíèþ, ñâÿçàííûå äèñòðèáóòèâíûì çàêîíîì
x · (y + z) = x · y + x · z äëÿ âñåõ x, y, z ∈ K.

Äëÿ íàñ âàæíû ñëåäóþùèå ñâîéñòâà ïîëÿ:

1) íåíóëåâûå ýëåìåíòû ïîëÿ îáðàçóþò ãðóïïó îò-
íîñèòåëüíî óìíîæåíèÿ, å¼ íàçûâàþò ìóëüòè-
ïëèêàòèâíîé ãðóïïîé äàííîãî ïîëÿ;

2) ôàêòîðêîëüöî R/I ÿâëÿåòñÿ ïîëåì åñëè è òîëü-
êî åñëè èäåàë I êîëüöà R ìàêñèìàëüíûé.

3) Êîíå÷íîå êîììóòàòèâíîå óíèòàëüíîå êîëüöî áåç
äåëèòåëåé íóëÿ ÿâëÿåòñÿ ïîëåì.

Ïîäìíîæåñòâî ïîëÿ K, ñàìî ÿâëÿþùååñÿ ïîëåì è
óñòîé÷èâîå îòíîñèòåëüíî ñóæåíèÿ íà íåãî îïåðàöèé
èç K, íàçûâàåòñÿ ïîäïîëåì. Ïðèìåðû áåñêîíå÷íûõ
ïîëåé è èõ ïîäïîëåé � ÷èñëîâûå ïîëÿ Q ⊂ R ⊂ C;
êîíå÷íîãî ïîëÿ � Zp, p � ïðîñòîå ÷èñëî.

Ïîëå, íå îáëàäàþùåå íèêàêèì ñîáñòâåííûì ïîä-
ïîëåì, íàçûâàåòñÿ ïðîñòûì. Ïîëÿ Q è Zp � ïðîñòûå.

Âçàèìíîîäíîçíà÷íîå îòîáðàæåíèå ϕ ïîëÿ K íà
ïîëå K ′ íàçûâàåòñÿ èçîìîðôíûì îòîáðàæåíèåì èëè
èçîìîðôèçìîì, åñëè äëÿ ëþáûõ a, b èç K

1) ϕ(a+ b) = ϕ(a) + ϕ(b);
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2) ϕ(a · b) = ϕ(a) · ϕ(b).

::::::::::::::::
Óòâåðæäåíèå 1.2. Â êàæäîì ïîëå ñîäåðæèòñÿ òîëü-
êî îäíî ïðîñòîå ïîäïîëå, êîòîðîå èçìîðôíî ëèáî Q,
ëèáî Zp, p � ïðîñòîå.

Ðèñ. 1.2. Îò àññîöèàòèâíûõ êîëåö ê ïîëÿì

1.3 Çàäà÷è

1.1. Âûÿñíèòü, îáðàçóþò ëè ãðóïïû ñëåäóþùèå ìíî-
æåñòâà ïðè óêàçàííîé îïåðàöèè íàä ýëåìåíòàìè:

1) Öåëûå ÷èñëà, êðàòíûå äàííîìó íàòóðàëüíîìó
÷èñëó n, îòíîñèòåëüíî ñëîæåíèÿ?

2) Íåîòðèöàòåëüíûå öåëûå ÷èñëà îòíîñèòåëüíî
ñëîæåíèÿ?
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3) Íå÷åòíûå öåëûå ÷èñëà îòíîñèòåëüíî ñëîæåíèÿ?

4) Öåëûå ÷èñëà îòíîñèòåëüíî âû÷èòàíèÿ?

5) Ðàöèîíàëüíûå ÷èñëà îòíîñèòåëüíî óìíîæåíèÿ?

6) Ðàöèîíàëüíûå ÷èñëà, îòëè÷íûå îò íóëÿ, îòíîñè-
òåëüíî óìíîæåíèÿ?

7) Ïîëîæèòåëüíûå ðàöèîíàëüíûå ÷èñëà îòíîñè-
òåëüíî óìíîæåíèÿ?

8) Ïîëîæèòåëüíûå ðàöèîíàëüíûå ÷èñëà îòíîñè-
òåëüíî äåëåíèÿ?

9) Êîðíè n-é ñòåïåíè èç åäèíèöû (êàê äåéñòâè-
òåëüíûå, òàê è êîìïëåêñíûå) îòíîñèòåëüíî óì-
íîæåíèÿ?

10) Ìàòðèöû ïîðÿäêà n ñ äåéñòâèòåëüíûìè ýëåìåí-
òàìè îòíîñèòåëüíî óìíîæåíèÿ?

11) Íåâûðîæäåííûå ìàòðèöû ïîðÿäêà n ñ äåéñòâè-
òåëüíûìè ýëåìåíòàìè îòíîñèòåëüíî óìíîæå-
íèÿ?

12) Ïåðåñòàíîâêè ÷èñåë 1, 2, . . . , n îòíîñèòåëüíî
êîìïîçèöèè ïåðåñòàíîâîê?

13) Ïðåîáðàçîâàíèÿ ìíîæåñòâàM , òî åñòü âçàèìíî-
îäíîçíà÷íûå îòîáðàæåíèÿ ýòîãî ìíîæåñòâà íà
ñåáÿ, îòíîñèòåëüíî êîìïîçèöèè îòîáðàæåíèé?

14) Ýëåìåíòû n-ìåðíîãî âåêòîðíîãî ïðîñòðàíñòâà
Rn îòíîñèòåëüíî ñëîæåíèÿ?

15) Ïàðàëëåëüíûå ïåðåíîñû òðåõìåðíîãî ïðîñòðàí-
ñòâà R3 îòíîñèòåëüíî êîìïîçèöèè äâèæåíèé?

16) Ïîâîðîòû òðåõìåðíîãî ïðîñòðàíñòâà Rn âîêðóã
ïðÿìûõ, ïðîõîäÿùèõ ÷åðåç äàííóþ òî÷êó O îò-
íîñèòåëüíî êîìïîçèöèè äâèæåíèé?
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1.2. Íàéòè ñòåïåíè è ïîðÿäêè âñåõ ýëåìåíòîâ öèêëè-
÷åñêîé ãðóïïû 6-ãî ïîðÿäêà. Êàêèå èç íèõ ÿâëÿþòñÿ
ïîðîæäàþùèìè?

1.3. Íàéòè âñå ïîäãðóïïû è ïîðîæäàþùèå ýëåìåíòû
öèêëè÷åñêîé ãðóïïû ïîðÿäêà 24.

1.4. Ïîêàçàòü, ÷òî åñëè n = pα1
1 · . . . ·p

αk
k � ïðèìàðíîå

ðàçëîæåíèå n ∈ N, òî

ϕ(n) = n ·
(
1− 1

p1

)
· . . . ·

(
1− 1

pk

)
.

1.5. Âûÿñíèòü, êàêèå èç ñëåäóþùèõ ìíîæåñòâ ÿâëÿ-
þòñÿ êîëüöàìè, à êàêèå ïîëÿìè îòíîñèòåëüíî åñòåñò-
âåííûõ îïåðàöèé íà íèõ.

1) Êâàäðàòíûå ìàòðèöû äàííîãî ïîðÿäêà ñ äåé-
ñòâèòåëüíûìè ýëåìåíòàìè îòíîñèòåëüíî ñëîæå-
íèÿ è óìíîæåíèÿ ìàòðèö?

2) Ìíîãî÷ëåíû îäíîãî íåèçâåñòíîãî ñ öåëûìè êî-
ýôôèöèåíòàìè îòíîñèòåëüíî îáû÷íûõ îïåðà-
öèé ñëîæåíèÿ è óìíîæåíèÿ?

3) Ìíîãî÷ëåíû îäíîãî íåèçâåñòíîãî ñ äåéñòâè-
òåëüíûìè êîýôôèöèåíòàìè îòíîñèòåëüíî îáû÷-
íûõ îïåðàöèé?

1.6. Ïîêàæèòå, ÷òî äëÿ ëþáîãî ýëåìåíòà r êîëüöà
ñïðàâåäëèâî 0 · r = r · 0 = 0.
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1.7. Ïóñòü 〈R, +, · 〉 è 〈R ′, ⊕, ⊗〉 � êîëüöà. Îòîáðà-
æåíèå ϕ : R → R ′ íàçûâàåòñÿ ãîìîìîðôèçìîì, åñëè

ϕ(r1 + r2) = ϕ(r1)⊕ϕ(r2), ϕ(r1 · r2) = ϕ(r1)⊗ϕ(r2).
Âçàèìíî-îäíîçíà÷íûé ãîìîìîðôèçì êîëåö íàçûâàåò-
ñÿ èõ èçîìîðôèçìîì, ñèìâîëè÷åñêè R ∼= R ′.

ßâëÿåòñÿ ëè îòîáðàæåíèå f : Z → 2Z, f(x) = 2x
ãîìîìîðôèçìîì êîëåö?

1.8. Ïîêàçàòü, ÷òî ìíîæåñòâî âåêòîðîâ V ïðîñòðàí-
ñòâà ñ îïåðàöèÿìè ñëîæåíèÿ è âåêòîðíîãî óìíîæåíèÿ
ÿâëÿåòñÿ êîëüöîì. ßâëÿåòñÿ ëè îíî àññîöèàòèâíûì?
êîììóòàòèâíûì?

1.9. Óêàçàòü êëàññû âû÷åòîâ êîëüöà Z6 ïî èäåàëó (3).

1.10. ßâëÿåòñÿ ëè 2-ýëåìåíòíîå ïîëå ïîäïîëåì 5-
ýëåìåíòíîãî?
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Ãëàâà 2

Êîíå÷íûå êîëüöà è ïîëÿ

2.1 Ïîëÿ Ãàëóà

Ïðîñòûå ïîëÿ Ãàëóà � ïîëÿ âû÷åòîâ

� Z � êîëüöî öåëûõ ÷èñåë.

� p � ïðîñòîå ÷èñëî.

� (p) = pZ = { 0, ±p, ±2p, . . . } � èäåàë, ïîðîæ-
ä¼ííûé ÷èñëîì p.

� Z/(p) =
{
0, 1, . . . , p− 1

}
� p-ýëåìåíòíîå

êîëüöî âû÷åòîâ ïî ìîäóëþ ýòîãî èäåàëà, òî åñòü
êëàññû îñòàòêîâ îò äåëåíèÿ öåëûõ ÷èñåë íà p:

0 = 0 + (p) ,
1 = 1 + (p) ,
· · · · · · · · ·
p− 1 = p− 1 + (p)

 ⇒ Z = 0 ∪ 1 ∪ . . . ∪ p− 1.

×åðòó íàä ñèìâîëàìè êëàññîâ âû÷åòîâ ÷àñòî íå ñòà-
âÿò, çàìåíÿÿ êëàññ åãî ïðåäñòàâèòåëåì � íàèìåíüøèì
ïî ìîäóëþ ïîëîæèòåëüíûì ýëåìåíòîì.

Ïîñêîëüêó p � ïðîñòîå, òî èäåàë (p) � ìàêñèìàëü-
íûé è Z/(p) � ïîëå. Åãî íàçûâàþò ïðîñòûì ïîëåì
Ãàëóà è îáîçíà÷àþò Fp èëè GF (p)

1). Ëþáîå êîíå÷íîå

1) Â ÷åñòü Ýâàðèñòà Ãàëóà (1811�1832); ïåðâûì îáîçíà÷åíèåì îáû÷íî
ïîëüçóþòñÿ ìàòåìàòèêè, à âòîðûì � ñïåöèàëèñòû ïî èíôîðìàòèêå.
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ïîëå íàçûâàþò òàêæå ïîëåì Ãàëóà.
Ïðèìåðû: òàáëèöû ñëîæåíèÿ è óìíîæåíèÿ â ïîëå

F3 è ôàêòîðêîëüöå Z/(4) �

F3 :

+ 0 1 2
0 0 1 2
1 1 2 0
2 2 0 1

× 0 1 2
0 0 0 0
1 0 1 2
2 0 2 1

Z/(4):

+ 0 1 2 3
0 0 1 2 3
1 1 2 3 0
2 2 3 0 1
3 3 0 1 2

× 0 1 2 3
0 0 0 0 0
1 0 1 2 3
2 0 2 0 2
3 0 3 2 1

Â ôàêòîðêîëüöå Z/(4) ∼= Z2 : 2× 2 = 0 (!)
Îäíàêî ïîëå èç 4-õ ýëåìåíòîâ ñóùåñòâóåò...

Õàðàêòåðèñòèêà ïîëÿ. Ïóñòü K � ïðîèçâîëüíîå
ïîëå. Áóäåì ñêëàäûâàòü åãî åäèíèöû: 1 + 1 = 2, 1 +
1 + 1 = 3, . . ..

Â êîíå÷íîì ïîëå âñåãäà íàéä¼òñÿ ïåðâîå k òàêîå,
÷òî

1 + . . .+ 1︸ ︷︷ ︸
p åäèíèö

= 0.

Ýòî çíà÷åíèå p � ïîðÿäîê àääèòèâíîé ãðóïïû ïîëÿ
K íàçûâàþò õàðàêòåðèñòèêîé ïîëÿ, ñèìâîëè÷åñêè
char K.

ßñíî, ÷òî char K � ïðîñòîå ÷èñëî: èíà÷å, åñëè
char K = u · v, òî ïîëó÷èì (u · 1) · v = 0, ò. å. íà-
ëè÷èå â K äåëèòåëåé íóëÿ.
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Åñëè âñå ñóììû âèäà 1+. . .+1 ðàçëè÷íû, òî ïîëà-
ãàþò char K = 0 (à íå ∞). ×èñëîâûå ïîëÿ Q, R, C �
íóëåâîé õàðàêòåðèñòèêè.
{0, 1, . . . , char K − 1} ∼= Zchar K � ìèíèìàëüíîå

ïîäïîëå ëþáîãî ïîëÿ K ïîëîæèòåëüíîé õàðàêòåðèñ-
òèêè.

Ñóùåñòâóþò è áåñêîíå÷íûå ïîëÿ ïîëîæèòåëü-
íîé õàðàêòåðèñòèêè. Òàêèì áóäåò, íàïðèìåð, ïî-
ëå K(x) ðàöèîíàëüíûõ ôóíêöèé íàä êîíå÷íîì ïî-
ëåì K, ýëåìåíòàìè êîòîðîãî ÿâëÿþòñÿ �äðîáè�
P/Q (åñëè Q 6= 0), ãäå P è Q � ìíîãî÷ëåíû îò ôîð-
ìàëüíîé ïåðåìåííîé x ñ êîýôôèöèåíòàìè èç K. Íà
ìíîæåñòâå äàííûõ �äðîáåé� ââîäÿòñÿ îòíîøåíèå ýê-
âèâàëåíòíîñòè, îïåðàöèè ñëîæåíèÿ, óìíîæåíèÿ è äå-
ëåíèÿ, àíàëîãè÷íî êàê ýòî äåëàåòñÿ äëÿ ðàöèîíàëü-
íûõ ÷èñåë â ôîðìå ïðîñòûõ äðîáåé.

Â êîíå÷íîì ïîëå âîçìîæíî ñèëüíîå óïðîùåíèå âû-
÷èñëåíèÿ ñòåïåíåé ñóìì.

::::::::
Ëåììà 2.1 (òîæäåñòâî Ôðîáåíèóñà). Â ïîëå õàðàêòå-
ðèñòèêè p > 0 âûïîëíåíî òîæäåñòâî

(a+ b)p = ap + bp.

Äîêàçàòåëüñòâî. Â ëþáîì êîììóòàòèâíîì êîëüöå âåð-
íà ôîðìóëà äëÿ ñòåïåíè áèíîìà

(a+ b)p = ap + C1
pa

p−1b+ . . .+ Cp−1
p abp−1︸ ︷︷ ︸

=0

+bp,

â êîòîðîé ïðè i = 1, . . . , p− 1 ÷èñëèòåëü êîýôôèöè-
åíòà C i

p = p!
i!(p−i)! äåëèòñÿ íà p, à çíàìåíàòåëü � íåò,

îòêóäà C i
p ≡p 0. �
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:::::::::::::
Ñëåäñòâèå. Â ïîëå õàðàêòåðèñòèêè p > 0 äëÿ ëþáîãî
íàòóðàëüíîãî n ñïðàâåäëèâî

(a+ b)p
n

= ap
n

+ bp
n

.

Ìóëüòèïëèêàòèâíàÿ ãðóïïà è ïðèìèòèâíûé
ýëåìåíò êîíå÷íîãî ïîëÿ. Îáîçíà÷èì F∗q = Fq r
{0} ìóëüòèïëèêàòèâíóþ ãðóïïó q-ýëåìåíòíîãî ïîëÿ
Ãàëóà Fq.

::::::::::::::::
Óòâåðæäåíèå 2.1. F∗q � öèêëè÷åñêàÿ ïî óìíîæåíèþ
ãðóïïà ïîðÿäêà q − 1.

Ïîðîæäàþùèå ýëåìåíòû ìóëüòèïëèêàòèâíîé
ãðóïïû ïîëÿ íàçûâàþò åãî ïðèìèòèâíûìè ýëåìåí-
òàìè. Åñëè α � ïðèìèòèâíûé ýëåìåíò ïîëÿ Fq, òî
ordα = q − 1 è ñïðàâåäëèâî ïðåäñòàâëåíèå

Fq =
{
0, α, α2, . . . , αq−2, αq−1 = 1︸ ︷︷ ︸

F∗p

}
.

Ðàññìîòðèì ïîëå F11. Åãî ìóëüòèïëèêàòèâíàÿ
ãðóïïà åñòü F∗11

∼= 〈 { 1, 2 . . . , 10 }, ·, 1 〉 è îíà èìå-
åò ϕ(10) = 4 ïðèìèòèâíûõ ýëåìåíòà.

Ïîïðîáóåì èõ íàéòè. Ïðîâåðÿåì ýëåìåíò 2:

k 1 2 3 4 5 6 7 8 9 10

2k 2 4 8 5 10 9 7 3 6 1

� ò. å. ýëåìåíò 2 � ïðèìèòèâíûé. Ïðîâåðÿåì 3:

k 1 2 3 4 5

3k 3 9 5 4 1
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� òî åñòü ord 3 = 5 6= 10 è 3 � íå ïðèìèòèâíûé, è
ò. ä.

Êàê óñêîðèòü ïðîöåññ?
Åñëè ïðèìàðíîå ðàçëîæåíèå ÷èñëà p− 1

� èçâåñòíî ⇒ ýëåìåíò α ∈ F∗p ïðèìèòèâåí åñëè
è òîëüêî åñëè

α
p−1
q 6= 1 äëÿ êàæäîãî ïðîñòîãî q | (p− 1).

Ïðèìåðû: 1) p = 11 (íàø ñëó÷àé), p− 1 = 10 = 2 · 5,
ïðîâåðÿåì ñòåïåíè q èç ìíîæåñòâà {2, 5}:

22 = 4 6= 1, 25 = 10 6= 1 ⇒ 2 � ïðèìèòèâíûé,

32 = 9 6= 1, 35 = 1 ⇒ 3 � íå ïðèìèòèâíûé.

2) Äëÿ GF (37) p − 1 = 36 = 22 · 32. Íàõîäèì:
36
2 = 18, 36

3 = 12; ïîýòîìó äëÿ âûÿñíåíèÿ, ÿâëÿåòñÿ ëè
ýëåìåíò α ïðèìèòèâíûì, íóæíî ïðîâåðèòü íå áîëåå
äâóõ ðàâåíñòâ: α12 = 1 è α18 = 1.

� íåèçâåñòíî ⇒ ýôôåêòèâíîãî àëãîðèòìà íå
íàéäåíî; èñïîëüçóþò òàáëèöû, âåðîÿòíîñòíûå àëãî-
ðèòìû...

Åñëè íàéäåí îäèí ïðèìèòèâíûé ýëåìåíò α ïîëÿ
Fp, òî ëþáîé äðóãîé åãî ïðèìèòèâíûé ýëåìåíò ìîæåò
áûòü ïîëó÷åí êàê ñòåïåíü αk, ãäå k � âçàèìíî ïðîñòî
ñ p− 1. Â íàøåì ïðèìåðå 2 � ïðèìèòèâíûé ýëåìåíò
F11, k ∈ { 1, 3, 7, 9 } � âçàèìíî ïðîñòûå ñ 10, ïîëó-
÷èì, ÷òî 6, 7 è 8 � òàêæå ïðèìèòèâíûå ýëåìåíòû F11:

21 = 2, 23 = 8, 27 = 7, 29 = 6.
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Äåëåíèå â êîëüöå ìíîãî÷ëåíîâ. Êîðíè ìíîãî-
÷ëåíîâ. Ïîñêîëüêó êîëüöî ìíîãî÷ëåíîâ íàä ïîëåì
åâêëèäîâî, òî ìíîãî÷ëåíû ìîæíî äåëèòü äðóã íà äðó-
ãà ñ îñòàòêîì.

Ïðèìåð 2.1. Â êîëüöå Z2[x] ðàçäåëèì ¾óãîëêîì¿
f(x) = x7 + x4 + x2 + 1 íà g(x) = x3 + x + 1 ñ îñ-
òàòêîì (ñì. ðèñ. 2.1):

Ðèñ. 2.1. Äåëåíèå ìíîãî÷ëåíîâ ¾óãîëêîì¿

Ïîëó÷èëè ÷àñòíîå x4 + x2 + 1 è îñòàòîê x.

Êîðíåì ìíîãî÷ëåíà f(x) èç êîëüöà ìíîãî÷ëåíîâ
K[x] íàä ïîëåì K íàçûâàåòñÿ òàêîé ýëåìåíò a ∈ K,
÷òî f(a) = 0. Â ýòîì ñëó÷àå áèíîì x− a äåëèò f(x):
êîëüöî K[x] åâêëèäîâî, ïðè äåëåíèè f(x) íà x − a
ïîëó÷àåì f(x) = (x−a)q(x)+ r, r-êîíñòàíòà, ÷òî ïðè
ïîäñòàíîâêå x = a äà¼ò 0 = f(a) = 0 · q(a) + r, ò. å.
r = 0.

Íåïðèâîäèìûå ìíîãî÷ëåíû. Ìíîãî÷ëåí íàä íå-
êîòîðîì ïîëåì íàçûâàåòñÿ íåïðèâîäèìûì èëè íåðàç-
ëîæèìûì, åñëè îí íå ÿâëÿåòñÿ ïðîèçâåäåíèåì äâóõ
ìíîãî÷ëåíîâ íåíóëåâîé ñòåïåíè.
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Ïîñêîëüêó åâêëèäîâû êîëüöà ôàêòîðèàëüíû, ëþ-
áîé ìíîãî÷ëåí íàä ëþáûì ïîëåì îäíîçíà÷íî ñ òî÷-
íîñòüþ äî ïåðåñòàíîâîê ðàçëàãàåòñÿ â ïðîèçâåäåíèå
íåïðèâîäèìûõ èëè ñàì ÿâëÿåòñÿ òàêîâûì.

Â êîëüöå ìíîãî÷ëåíîâ íàä:

Q � ñóùåñòâóþò íåïðèâîäèìûå ìíîãî÷ëåíû ïðîèç-
âîëüíîé ñòåïåíè;

R � íåïðèâîäèìû ëèíåéíûå ìíîãî÷ëåíû è êâàäðàò-
íûå ñ îòðèöàòåëüíûì äèñêðèìèíàíòîì;

C � íåïðèâîäèìû òîëüêî ëèíåéíûå ìíîãî÷ëåíû.

Äàëåå íàñ áóäóò èíòåðåñîâàòü íåïðèâîäèìûå ìíî-
ãî÷ëåíû â êîëüöàõ Fp[x] (íàä ïðîñòûìè ïîëÿìè Ãà-
ëóà), ò. å. âèäà

anx
n+ an−1x

n−1+ . . .+ a1x+ a0, ai ∈ Fp, i = 0, n− 1.

Íåïðèâîäèìûå ìíîãî÷ëåíû èç F2[x] ñòåïåíåé 2 . . . 5.

Âòîðàÿ ñòåïåíü: x2 + ax+ b.
ßñíî, ÷òî b = 1, èíà÷å x2+ax = x(x+a) ⇒ èùåì

íåïðèâîäèìûé ìíîãî÷ëåí â âèäå x2 + ax+ 1.
Åñëè a = 0, òî x2 + 1 = (x + 1)2; ïîýòîìó a = 1

è ïîëó÷àåì åäèíñòâåííûé íåïðèâîäèìûé ìíîãî÷ëåí
ñòåïåíè 2 íàä F2: x

2 + x+ 1.

Òðåòüÿ ñòåïåíü: x3 + ax2 + bx+ 1.
Èñêëþ÷àÿ, êàê ñäåëàíî ðàíåå, äåëèìîñòü íà x+1,

ïîëó÷àåì óñëîâèå a+ b = 1, òî åñòü

ëèáî a = 0, b = 1, ëèáî a = 1, b = 0.
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Ïðîâåðêîé óñòàíàâëèâàåì, ÷òî îáà ýòè âàðèàíòà äàþò
íåïðèâîäèìûå ìíîãî÷ëåíû

x3 + x2 + 1 è x3 + x+ 1.

×åòâ¼ðòàÿ ñòåïåíü: x4 + ax3 + bx2 + cx+ 1.
Èñêëþ÷åíèå äåëèìîñòè íà x+ 1 ïðèâîäèò ê óñëîâèþ
a + b + c = 1, òî åñòü îñòàþòñÿ ê ðàññìîòðåíèþ 4
âàðèàíòà, êîòîðûå äàþò 3 íåïðèâîäèìûõ ìíîãî÷ëåíà:

a b c ìíîãî÷ëåí

0 0 1 x4 + x+ 1
0 1 0 x4 + x2 + 1 = (x2 + x+ 1)2 � ïðèâîäèìûé
1 0 0 x4 + x3 + 1
1 1 1 x4 + x3 + x2 + x+ 1

Ïÿòàÿ ñòåïåíü: x5 + ax4 + bx3 + cx2 + dx+ 1.
Èñêëþ÷åíèå äåëèìîñòè íà x+ 1 ïðèâîäèò ê óñëîâèþ
a+ b+ c+d = 1 � 8 âàðèàíòîâ. Äàëåå íåîáõîäèìî èñ-
êëþ÷èòü äåëèìîñòü íà ìíîãî÷ëåíû 2 è 3-é ñòåïåíåé;
èõ îäèí è äâà ñîîòâåòñòâåííî è èõ ïðîèçâåäåíèÿ äàþò
äâà ìíîãî÷ëåíà. Ïðèâåä¼ì 6 íåïðèâîäèìûõ ìíîãî÷ëå-
íîâ 5-é ñòåïåíè:

x5 + x2 + 1, x5 + x3 + 1,

x5 + x3 + x2 + x+ 1, x5 + x4 + x2 + x+ 1,

x5 + x4 + x3 + x+ 1, x5 + x4 + x3 + x2 + 1.

::::::::::
Òåîðåìà 2.1 (î ñóùåñòâîâàíèè íåïðèâîäèìûõ ìíîãî÷ëå-
íîâ). Äëÿ ëþáûõ ïðîñòîãî p è íàòóðàëüíîãî n â Fp[x]
ñóùåñòâóåò íåïðèâîäèìûé ìíîãî÷ëåí ñòåïåíè n.
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� äîêàæåì ïîçæå.

Èòàê, â êîëüöàõ Fp[x] åñòü íåïðèâîäèìûå ìíîãî-
÷ëåíû ëþáîé ñòåïåíè, íî êàê èõ íàéòè?

Äëÿ ýòîãî íåò ýôôåêòèâíûõ àëãîðèòìîâ; èçâåñò-
íûå íåïðèâîäèìûå ìíîãî÷ëåíû ïðèâîäÿò â òàáëèöàõ.

Ðàñøèðåíèÿ ïðîñòûõ ïîëåé. Ñ ïîìîùüþ íåïðè-
âîäèìûõ ìíîãî÷ëåíîâ ìîæíî ñòðîèòü íîâûå êîíå÷-
íûå ïîëÿ � ðàñøèðåíèÿ ïðîñòûõ ïîëåé àíàëîãè÷íî
ïîñòðîåíèþ ñàìîãî ïðîñòîãî ïîëÿ:

1) âûáèðàÿ ïðîñòîå p, ôèêñèðóåì ïîëå Fp è ðàñ-
ñìàòðèâàåì êîëüöî Fp[x] ìíîãî÷ëåíîâ íàä Fp;

2) âûáèðàåì íàòóðàëüíîå n è íåïðèâîäèìûé ìíî-
ãî÷ëåí íàä Fp �

a(x) = anx
n + . . .+ a1x+ a0 ∈ Fp[x], an 6= 0;

3) èäåàë (a(x)) ïîðîæäàåò ôàêòîðêîëüöî

Fp[x]/(a(x)), ýëåìåíòû êîòîðîãî ñóòü ñîâîêóï-

íîñòè r(x) ìíîãî÷ëåíîâ, äàþùèõ ïðè äåëåíèè
íà a(x) îñòàòîê r(x); ìíîæåñòâî âñåõ òàêèõ
îñòàòêîâ {r(x)} åñòü ñîâîêóïíîñòü âñåõ ìíîãî-
÷ëåíîâ èç Fp[x] ñòåïåíåé îò 0 äî n− 1.

::::::::::::::::
Óòâåðæäåíèå 2.2. Ìíîæåñòâî

{
r(x)

}
ÿâëÿåòñÿ ïî-

ëåì Ãàëóà GF (pn) îòíîñèòåëüíî ñëîæåíèÿ è óìíî-
æåíèÿ âû÷åòîâ.

Äåéñòâèòåëüíî, êîëüöî ìíîãî÷ëåíîâ Fp[x] åâêëè-
äîâî, ìíîãî÷ëåí a(x) íåïðèâîäèì, ñëåäîâàòåëüíî èä-
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åàë (a(x)) � ìàêñèìàëüíûé è
{
r(x)

}
� ïîëå. Äàí-

íîå ïîëå îáîçíà÷àþò Fnp è íàçûâàþò ðàñøèðåíèåì n-é
ñòåïåíè ïðîñòîãî ïîëÿ Fp.

Ïðèìåð 2.2. Ïîñòðîèì ïîëå F2
3. Äëÿ ýòîãî âûáåðåì

â F3[x] íåïðèâîäèìûé ìíîãî÷ëåí: ïóñòü ýòî áóäåò
x2 + 1. Òîãäà èñêîìîå ïîëå 9-ýëåìåíòíîå ïîëå åñòü

F2
3
∼= F3[x]/

(
x2 + 1

)
=

=
{
0, 1, 2, x, x+ 1, x+ 2, 2x, 2x+ 1, 2x+ 2

}
.

Ìîæíî ñîñòàâèòü òàáëèöû ñëîæåíèÿ è óìíîæåíèÿ
â ýòîì ïîëå ñ ó÷¼òîì x2 = 1 ≡3 2. Íàïðèìåð:

x+ 1 + x+ 2 =2x, x · 2x =1,

2x+ 1 + x =1, 2x+ 1 · x =x+ 1, è ò. ä.

×åðòó íàä ýëåìåíòàìè ïîëÿ Fp[x]/(a(x)) îáû÷íî íå
ñòàâÿò è íàçûâàþò èõ ïðîñòî ¾ìíîãî÷ëåíàìè¿. Íî íà-
äî ïîìíèòü, ÷òî ýòî ñóòü áåñêîíå÷íûå ñîâîêóïíîñòè
ìíîãî÷ëåíîâ, äàþùèõ ïðè äåëåíèè íà a(x) îäèí è òîò
æå äàííûé îñòàòîê.

Ïðèìèòèâíûå ìíîãî÷ëåíû. Â ïðèìåðå 2.2 ïî-
ñòðîåíî ïîëå F = F3[x]/

(
x2 + 1

)
. Îïðåäåëèì â

F ∗ ïîðÿäîê êîðíÿ x íåïðèâîäèìîãî ìíîãî÷ëåíà
a(x) =

(
x2 + 1

)
: èìååì x2 = 1 ≡3 2 è x4 = 4 ≡3 1,

ò. å. ord x = 4 6= 32−1 = 8. Ýòî îçíà÷àåò, ÷òî x íå ÿâ-
ëÿåòñÿ ïðèìèòèâíûì ýëåìåíòîì ïîñòðîåííîãî ïîëÿ.

Êîãäà æå êîðåíü x íåïðèâîäèìîãî ìíîãî÷ëåíà
a(x) ∈ Fp[x], deg a(x) = n áóäåò ïðèìèòèâíûì ýëå-
ìåíòîì ïîëÿ Fp[x]/(a(x))?
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ßñíî, ÷òî â ïîíÿòèÿõ ïîñòðîåííîãî ïîëÿ äëÿ ýòîãî
íóæíî, ÷òîáû ord x = pn − 1.

Â ïîíÿòèÿõ Fp[x] ýòî ýêâèâàëåíòíî òðåáîâàíèþ,
÷òîáû ìíîãî÷ëåí a(x) áûë ïðèìèòèâíûì äëÿ x, ò. å.
êîãäà t = pn− 1 � íàèìåíüøèé ïîêàçàòåëü, ïðè êîòî-
ðîì a(x) äåëèò áèíîì xt − 1.

Íàïðèìåð, íåïðèâîäèìûé íàä F2 ìíîãî÷ëåí x
3 +

x+ 1 ïðèìèòèâåí:

x2
3−1 − 1 = x7 + 1 = (x3 + x+ 1) · (x4 + x2 + x+ 1)

è ëåãêî ïîêàçàòü, ÷òî (xt + 1) 6
...
(
x3 + x+ 1

)
íè ïðè

êàêîì 4 6 t < 7.
Òàêæå è ordx = 7:(
F2[x]/

(
x3 + x+ 1

))∗
=
{
x0 = 1, x1, x2, x3 = x+ 1,

x4 = x2 + x, x5 = x2 + x+ 1, x6 = x2 + 1
}

� âñå ìíîãî÷ëåíû èç F2[x] ñòåïåíè íå âûøå 2.
Âûøå ïîêàçàíî, ÷òî ìíîãî÷ëåí

(
x2 + 1

)
íå ïðèìè-

òèâåí: îí äåëèò, íàïðèìåð, áèíîì x4−1, ò. å. t = 2 6= 8.

2.2 Âû÷èñëåíèÿ â êîíå÷íûõ êîëüöàõ

è ïîëÿõ

Àëãîðèòì Åâêëèäà � ïðèìåíÿþò äëÿ íàõîæäå-
íèÿ ÍÎÄ(a, b) íàòóðàëüíûõ ÷èñåë a è b (ðàññìàòðè-
âàåì ïðîñòåéøèé ñëó÷àé � âû÷èñëåíèÿ â êîëüöå Z).

Ïîñêîëüêó îáùèé äåëèòåëü ïàðû ÷èñåë (a, b) îñòà-
¼òñÿ èì è äëÿ ïàðû (a− kb, b), a− kb > 0, òî âìåñòî
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a− kb ìîæíî âçÿòü îñòàòîê îò äåëåíèÿ íàöåëî a íà b,
è çàòåì, ïåðåñòàâèâ ÷èñëà â ïàðå, ïîâòîðèòü ïðîöåäó-
ðó; îíà çàêîí÷èòñÿ, ò. ê. ÷èñëà â ïàðå óìåíüøàþòñÿ,
íî îñòàþòñÿ íåîòðèöàòåëüíûìè. Â ðåçóëüòàòå îáðàçó-
åòñÿ ïàðà (r, 0), è ÿñíî, ÷òî ÍÎÄ(a, b) = r.

Àëãîðèòì Åâêëèäà2) íàõîæäåíèÿ ÍÎÄ (a, b),

a > b, a, b ∈ N:
1) âû÷èñëèòü r � îñòàòîê îò äåëåíèÿ a íà b:

a = bq + r, 0 6 r < b;

2) åñëè r = 0, òî b � èñêîìîå çíà÷åíèå;

3) èíà÷å çàìåíèòü ïàðó ÷èñåë (a, b) ïàðîé (b, r) è
ïåðåéòè ê øàãó 1.

Ïðèìåð 2.3. Íàéä¼ì ÍÎÄ (252, 105) ïî àëãîðèòìó Åâ-
êëèäà.

(1) 252 = 105 · 2 + 42 ⇒ (105, 42);

(2) 105 = 42 · 2 + 21 ⇒ (42, 21);

(3) 42 = 21 · 2 + 0 ⇒ ÍÎÄ (252, 105) = 21.

ßñíî, ÷òî ÍÎÄ (a, b, c) = ÍÎÄ (a, (ÍÎÄ (b, c)).

::::::::::::::::
Óòâåðæäåíèå 2.3 (ñîîòíîøåíèå Áåçó3)). Äëÿ ëþáûõ íà-
òóðàëüíûõ a, b è d = ÍÎÄ (a, b) íàéäóòñÿ öåëûå êî-
ýôôèöèåíòû Áåçó x, y òàêèå, ÷òî d = ax+ by.

2) äâàæäû îïèñàí â ¾Íà÷àëàõ¿ Åâêëèäà, íî íå áûë èì îòêðûò (óïîìè-
íàåòñÿ â ¾Òîïèêå¿ Àðèñòîòåëÿ)

3)Îòêðûòî Êëîäîì Ãàñïàðîì Áàøå çà 106 ëåò äî ðîæäåíèÿ Ýòüåíà Áå-
çó. Îíëàéí-êàëüêóëÿòîð êîýôôèöèåíòîâ ñîîòíîøåíèÿ Áåçó äîñòóïåí ïî
àäðåñó http://wims.unice.fr/wims/wims.cgi.
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Äîêàçàòåëüñòâî. Ïî àëãîðèòìó Åâêëèäà
d = ÍÎÄ (a, b) åñòü îñòàòîê îò äåëåíèÿ íåêîòîðûõ
÷èñåë, êîòîðûå â ñâîþ î÷åðåäü ñóòü òîæå îñòàòêè îò-
äåëåíèÿ è ò. ä., òàê, ÷òî ïðîöåññ çàêàí÷èâàåòñÿ íà
÷èñëàõ a è b. Ó÷èòûâàÿ, ÷òî îñòàòîê îò äåëåíèÿ ÷èñ-
ëà u íà v ïðåäñòàâëÿåòñÿ â âèäå u+ (−q)v, ïîëó÷àåì
ïðåäñòàâëåíèå d = ax+ by, ãäå öåëûå êîýôôèöèåíòû
x è y � öåëûå. �

Çàìå÷àíèå. Êîýôôèöèåíòû Áåçó ìîãóò áûòü âûáðàíû
íåîäíîçíà÷íî, íàïðèìåð

ÍÎÄ (12, 30) = 6 = 3 ·12+(−1) ·30 = (−2) ·12+1 ·30.

Ðàñøèðåííûé àëãîðèòì Åâêëèäà íàõîäèò ïî
äâóì íàòóðàëüíûì ÷èñëàì a è b, a > b, èõ íàòóðàëü-
íûé ÍÎÄ d è äâà öåëûõ x, y êîýôôèöèåíòà Áåçó òà-
êèõ, ÷òî |x| < |b/d|, |y| < |a/d|.

Ðàñøèðåííûé àëãîðèòì Åâêëèäà ðåøåíèÿ ñîîò-

íîøåíèÿ Áåçó ax+ by = d, a > b â êîëüöå Z.

0. Çàäàäèì ìàòðèöó E =

(
1 0
0 1

)
è r = b.

1. Ïåðåâû÷èñëèì r êàê îñòàòîê îò äåëåíèÿ ÷èñëà
a íà b: a = bq + r, 0 6 r < b.

2. Åñëè r = 0, òî âòîðîé ñòîëáåö ìàòðèöû E äàåò
âåêòîð ( x y )T ðåøåíèé çàäàííîãî ñîîòíîøå-
íèÿ, à d åñòü ïîñëåäíåå íåíóëåâîå çíà÷åíèå r.

3. Èíà÷å çàìåíèì ìàòðèöó E ìàòðèöåé

E ×
(

0 1
1 q

)
.
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4. Çàìåíèì ïàðó ÷èñåë (a, b) ïàðîé (b, r) è ïåðåé-
äåì ê øàãó 1.

Ïðèìåð 2.4. Ðàñøèðåííûì àëãîðèòìîì Åâêëèäà íàé-
ä¼ì íàòóðàëüíîå d è öåëûå x è y òàêèå, ÷òî

d = ÍÎÄ (252, 105) = 252x+ 105y.

(0) Îïðåäåëèì ìàòðèöó E =

(
1 0
0 1

)
è ïîëîæèì

r = 105.

(1) Ïåðåâû÷èñëÿåì r = 252− 105 · 2 = 42 6= 0.

(2) Çàìåíÿåì ìàòðèöó E ìàòðèöåé

E ×
(

0 1
1 2

)
=

(
0 1
1 2

)
.

(3) Çàìåíÿåì ïàðó ÷èñåë (252, 105) ïàðîé (105, 42)
è ïåðåéäåì ê øàãó 1.

(4) Âû÷èñëÿåì r = 252− 105 · 2 = 21 6= 0.

(5) Çàìåíÿåì ìàòðèöó E ìàòðèöåé(
0 1
1 2

)
×
(

0 1
1 2

)
=

(
1 2
2 5

)
.

(6) Çàìåíÿì ïàðó ÷èñåë (252, 105) ïàðîé (42, 21) è
ïåðåéä¼ì ê øàãó 1.

(7) Âû÷èñëÿåì r = 42− 21 · 2 = 0. Çíà÷åíèÿ x = 2
è y = 5 íàéäåíû, êàê è d = 21.

Àëãîðèòì Åâêëèäà è åãî ðàñøèðåííàÿ âåðñèÿ îñ-
òàþòñÿ ñïðàâåäëèâûìè â ëþáîì åâêëèäîâîì êîëüöå.
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Ïðèìåð 2.5. Â ïîëå Z/(101) ðåøèòü óðàâíåíèå

4y = 1.

Ïîñêîëüêó 101y ≡101 0, âìåñòî äàííîãî ñîîòíî-
øåíèÿ ìîæíî ðàñøèðåííûì àëãîðèòìîì Åâêëèäà ðå-
øàòü â Z ñîîòíîøåíèå

101x+ 4y = 1,

à çàòåì, ïðè íåîáõîäèìîñòè, âûðàçèòü y ýëåìåíòîì èç
ïîëÿ Z/(101). Òîãäà â ðåçóëüòàòå ðàáîòû àëãîðèòìà
ïîëó÷èì

4 1 = y = 25 ≡101 76 ∈ Z/(101) è x = 1.

Àëãîðèòì Åâêëèäà è åãî ðàñøèðåííàÿ âåðñèÿ îñ-
òàþòñÿ ñïðàâåäëèâûìè â ëþáîì åâêëèäîâîì êîëüöå,
÷òî ïîçâîëÿåò ðåøèòü îòíîñèòåëüíî y(x) ñîîòíîøå-
íèÿ âèäà

b(x) · y(x) = d(x) (mod a(x)). (2.1)

ãäå a(x), b(x), y(x), d(x) � ìíîãî÷ëåíû íàä Fp, èçâåñò-
íû òîëüêî a(x) è b(x), deg a(x) > deg b(x).

Äëÿ ýòîãî ðåøàåì â êîëüöå Fp[x] ñîîòíîøåíèå Áåçó

a(x) · χ(x) + b(x) · y(x) = d(x), (2.2)

à çàòåì, ïðè íåîáõîäèìîñòè, âûðàæàåì y(x) ýëåìåí-
òîì êîëüöà Fp[x]/(a(x)).

Åñëè a(x) � íåïðèâîäèìûé íàä Fp[x] ìíîãî÷ëåí,
òî ðåøåíèå ðàñøèðåííûì àëãîðèòìîì Åâêëèäà ñîîò-
íîøåíèÿ (2.2) ïîçâîëÿåò âû÷èñëèòü îáðàòíûé ê y(x)
ýëåìåíò â ïîëå Fp[x]/(a(x)).

Äëÿ ýòîãî óäîáíà ñëåäóþùàÿ ôîðìà àëãîðèòìà.
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Ðàñøèðåííûé àëãîðèòì Åâêëèäà íàõîæäåíèÿ â

ïîëå Fp[x]/(a(x)) ýëåìåíòà y(x), îáðàòíîãî ê b(x),
deg a(x) > deg b(x).

Øàã 0. Çàäà¼ì íà÷àëüíûå çíà÷åíèÿ:
r 2(x) = a(x), r 1(x) = b(x),
y 2(x) = 0, y 1(x) = 1.

Øàã 1. Äåëèì r 2(x) íà r 1(x) è íàõîäèì ÷àñòíîå
q0(x) è îñòàòîê r0(x):

r 2(x) = r 1(x)q0(x) + r0(x),

ïîëàãàåì y0(x) = q0(x).
Ïðè deg r0(x) > 0 ïåðåõîäèì ê ñëåäóþùåìó øà-
ãó; èíà÷å � ê Øàãó n+ 1.

Øàã i > 1. Äåëèì ri−3(x) íà ri−2(x), íàõîäèì ÷àñòíîå
qi−1(x) è îñòàòîê ri−1(x):

ri−3(x) = ri−2(x)qi−1(x) + ri−1(x),

âû÷èñëÿåì

yi−1(x) = yi−3(x)− yi−2(x)qi−1(x).

Ïðè deg ri−1(x) > 0 ïðîäîëæàåì èòåðàöèè.

Øàã n. Äåëèì rn−3(x) íà rn−2(x), íàõîäèì ÷àñòíîå
qn−1(x), îñòàòîê rn−1(x):

rn−3(x) = rn−2(x)qn−1(x) + rn−1(x),

âû÷èñëÿåì

yn−1(x) = yn−3(x)− yn−2(x)qn−1(x).
Ïðè deg rn−1(x) = 0, òî åñòü r0(x) = c � êîí-
ñòàíòà � êîíåö èòåðàöèé.
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Øàã n+ 1. Íîðìèðîâêà ðåçóëüòàòà: ïðè c 6= 1 ïîëà-
ãàåì y(x) = c 1 ·yn−1(x) è y(x) = yn−1(x), èíà÷å.

Ïðèìåð 2.6. Íàéä¼ì (x2 + x+ 3) 1 â ïîëå

F7[x]/
(
x4 + x3 + x2 + 3

)
.

Äëÿ ýòîãî ðàñøèðåííûì àëãîðèòìîì Åâêëèäà ðå-
øèì ñîîòíîøåíèå Áåçó

(x4 + x3 + x2 + 3) · χ(x) + (x2 + x+ 3) · y(x) = 1.

Øàã 0: r 2(x) = x4 + x3 + x2 + 3,
r 1(x) = x2 + x+ 3,
y 2(x) = 0, y 1(x) = 1.

Øàã 1: r 2(x) = r 1(x)q0(x) + r0(x),
q0(x) = x2 + 5,
r0(x) = 2x+ 2, deg r0(x) = 1,
y0(x) = q0(x) = −x2 − 5.

Øàã 2: r 1(x) = r 0(x)q1(x) + r1(x),
q1(x) = 4x,
r1(x) = 3, deg r1(x) = 0,
y1(x) = y 1(x)− y 0(x)q1(x) =

= 1 + 4x(x2 + 5) = 4x3 + 6x+ 1.

Øàã 3: Îñòàòîê r1(x) = 3 6= 1, ïîýòîìó

âû÷èñëÿåì ýëåìåíò 3 1 ≡7 5 è
äîìíîæàåì íà íåãî y1 : 5y1(x) = y(x) =

= 5(4x3 + 6x+ 1) ≡7 6x3 + 2x+ 5.
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2.3 Àëãåáðà âåêòîðîâ íàä êîíå÷íûì

ïîëåì

Âåêòîðíîå ïðîñòðàíñòâî

Îïðåäåëåíèå 2.1. Àáñòðàêòíûì âåêòîðíûì ïðîñò-
ðàíñòâîì íàä ïîëåì K = { 1, α, β, . . . } íàçûâàåòñÿ
àëãåáðàè÷åñêàÿ ñèñòåìà 〈V, K; +, · 〉, ãäå

� V = { 0, v, . . . } � ìíîæåñòâî âåêòîðîâ, ÿâëÿþ-
ùååñÿ êîììóòàòèâíîé ãðóïïîé ïî ñëîæåíèþ (+)
ñ íóëåâûì ýëåìåíòîì 0;

� · � áèíàðíàÿ îïåðàöèÿ óìíîæåíèÿ ýëåìåíòà
(¾÷èñë�à¿) èç K íà âåêòîð èç V : K × V ·→ V ,

ïðè÷¼ì îïåðàöèè + è · óäîâëåòâîðÿþò ñëåäóþùèì àê-
ñèîìàì:

1) α·(v1+v2) = α·v1+α·v2, (α1+α2)·v = α1·v+α2·v;
2) α · (β · v) = (αβ) · v;
3) 1 · v = v.

Ïðèìåð 2.7. Ïóñòü V = Kn � ìíîæåñòâî êîíå÷-
íûõ ïîñëåäîâàòåëüíîñòåé äëèíû n ýëåìåíòîâ ïîëÿ K.
Ñëîæåíèå è óìíîæåíèå ýëåìåíòîâ èç V íà ÷èñëî èç
K îïðåäåëèì ïîêîìïîíåíòíî.

Ïîëó÷èâøàÿñÿ ñòðóêòóðà åñòü âåêòîðíîå ïðîñò-
ðàíñòâî, êîòîðîå íàçûâàþò n-ìåðíûì êîîðäèíàòíûì
ïðîñòðàíñòâîì íàä ïîëåìK. ßñíî, ÷òî åñëèK � êî-
íå÷íîå ïîëå, òî V ñîäåðæèò |K|n ýëåìåíòîâ.

::::::::::
Òåîðåìà 2.2. Ïîëå GF (q) õàðàêòåðèñòèêè p åñòü
âåêòîðíîå ïðîñòðàíñòâî íàä GF (p).
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Äîêàçàòåëüñòâî. Ïîëå V = GF (q) � êîììóòàòèâíàÿ
ãðóïïà ïî ñëîæåíèþ ñ íóë¼ì 0, óìíîæåíèå ýëåìåíòîâ
K = GF (p) íà ýëåìåíòû V ìîæíî çàìåíÿòü ïåðåìíî-
æåíèåì ýëåìåíòîâ GF (q), ïîñêîëüêó K èçîìîðôíî
åãî ïðîñòîìó ïîäïîëþ, à àêñèîìû âåêòîðíîãî ïðîñò-
ðàíñòâà, î÷åâèäíî, âûïîëíÿþòñÿ â ïîëå GF (q). �

:::::::::::::
Ñëåäñòâèÿ. 1. Ïîëå Ãàëóà GF (q) õàðàêòåðèñòèêè p
ñîñòîèò èç pn ýëåìåíòîâ, ò. å. q = pn, n ∈ N.

2. Äëÿ êàæäûõ ïðîñòîãî p è íàòóðàëüíîãî n ñó-
ùåñòâóåò ðîâíî ñ òî÷íîñòüþ äî èçîìîðôèçìà ïîëå
Ãàëóà.

Äåéñòâèòåëüíî, ñâÿæåì íóëè äâóõ ïîëåé èç pn

îòîáðàæåíèåì èçîìîðôèçìà, òîãäà èõ ìóëüòèïëèêà-
òèâíûå ãðóïïû òàêæå èçîìîðôíû, êàê êîíå÷íûå öèê-
ëè÷åñêèå ãðóïïû îäèíàêîâîãî ïîðÿäêà.

Ïðåäñòàâëåíèå ýëåìåíòîâ êîíå÷íûõ ïîëåé.
Ïîëå GF (pn) = Fnp , n ∈ N ìîæíî ðàññìàòðèâàòü

� êàê ôàêòîðêîëüöî Fp[x]/
(
a(x)

)
âû÷åòîâ Fp[x] ïî

èäåàëó íåêîòîðîãî íåïðèâîäèìîãî ìíîãî÷ëåíà
a(x) ñòåïåíè n,

� èëè êàê n-ìåðíîå êîîðäèíàòíîå ïðîñòðàíñòâî
íàä Fp.

Ñëåäóþùàÿ òåîðåìà óêàçûâàåò íà áàçèñ ïîëÿ
GF (pn) êàê âåêòîðíîãî ïðîñòðàíñòâà.

::::::::::
Òåîðåìà 2.3. Áàçèñ Fnp îáðàçóþò n ýëåìåíòîâ 1, x,

. . ., xn−1.
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Äîêàçàòåëüñòâî. Âî-ïåðâûõ, ëþáîé ýëåìåíò Fnp ïðåä-
ñòàâèì â âèäå ëèíåéíîé êîìáèíàöèè óêàçàííûõ âåê-
òîðîâ:

b0 + b1x+ . . .+ bn−1xn−1 = b01+ b1x+ . . .+ bn−1xn−1.

Âî-âòîðûõ, Fnp
∼= Fp[x]/(a(x)) äëÿ íåêîòîðîãî íå-

ïðèâîäèìîãî ìíîãî÷ëåíà a(x) ñòåïåíè n. Ïîýòîìó åñ-
ëè

c(x) = c01 + c1x+ . . .+ cn−1xn−1 = 0,

òî ýòî îçíà÷àåò, ÷òî ìíîãî÷ëåí c(x) ñòåïåíè n− 1 äå-
ëèòñÿ áåç îñòàòêà íà a(x), ÷òî âîçìîæíî ëèøü åñëè
ïðè c(x) ≡ 0, ò. å. c0 = . . . = cn−1 = 0, à ýòî îçíà÷àåò,
÷òî ñèñòåìà âåêòîðîâ 1, x, . . ., xn−1 ëèíåéíî íåçàâè-
ñèìà. �

Ïðèâåä¼ì â êà÷åñòâå ïðèìåðà òàáëèöó íåíóëåâûõ
ýëåìåíòîâ ïîëÿ F4

2 = F2[x]/
(
x4 + x+ 1

)
, çàïèñàííûõ

ìíîãî÷ëåíàìè îò ïîðîæäàþùåãî ïðèìèòèâíîãî ýëå-
ìåíòà x = α. Ìíîãî÷ëåíû áóäåì çàïèñûâàòü â ïî-
ðÿäêå âîçðàñòàíèÿ ñòåïåíåé ôîðìàëüíîé ïåðåìåííîé.

ñòåïåíü α α4 = α + 1 1 x x2 x3

α ( 0 1 0 0 )

α2 ( 0 0 1 0 )

α3 ( 0 0 0 1 )

α4 = 1 + α ( 1 1 0 0 )

α5 = α + α2 ( 0 1 1 0 )

α6 = α2 + α3 ( 0 0 1 1 )

α7 = α3 + α4 = α3 + α + 1 ( 1 1 0 1 )

α8 = (1 + α)2 = 1 + α2 ( 1 0 1 0 )
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α9 = α + α3 ( 0 1 0 1 )

α10 = (α + α2)2 = α2 + α4 = 1 + α + α2 ( 1 1 1 0 )

α11 = α + α2 + α3 ( 0 1 1 1 )

α12 = 1 + α + α2 + α3 ( 1 1 1 1 )

α13 = 1 + α2 + α3 ( 1 0 1 1 )

α14 = 1 + α3 ( 1 0 0 1 )

α15 = 1 ( 1 0 0 0 )

Ïóñòü òåïåðü òðåáóåòñÿ íàéòè (x3 + x + 1) · (x2 +
x + 1). Èñïîëüçóÿ òàáëèöó ýòî ñäåëàòü çíà÷èòåëüíî
ëåã÷å, ÷åì ïðÿìûì ïåðåìíîæåíèåì ìíîãî÷ëåíîâ:

(x3 + x+ 1)(x2 + x+ 1) = α7α10 = α17 α15=1
= α2 = x2.

Çàìå÷àíèå. Ïîñòðîåíèå ïîëÿ ñ ïîìîùüþ âû÷åòîâ ïî
ìîäóëþ íåêîòîðîãî íåïðèâîäèìîãî ìíîãî÷ëåíà è àíà-
ëîãè äîêàçàííûõ òåîðåì ñïðàâåäëèâû íå òîëüêî â ñëó-
÷àå êîíå÷íûõ ïîëåé.

Íàïðèìåð:
1) ðàññìîòðèì ïîëå äåéñòâèòåëüíûõ ÷èñåë R è

êîëüöî ìíîãî÷ëåíîâ R[x] íàä íèì;

2) â êîëüöå R[x] âîçüì¼ì íåïðèâîäèìûé ìíîãî÷ëåí
x2 + 1;

3) ïîñòðîèì ïîëå F êàê ôàêòîðêîëüöî

F = R[x]/
(
x2 + 1

)
;

4) áàçèñ F êàê âåêòîðíîãî ïðîñòðàíñòâà åñòü{
1, x

}
è êàæäûé ýëåìåíò z ∈ F ïðåäñòàâèì

â âèäå z = a1 + bx, a, b ∈ R.
Ïîëå F èçîìîðôíî ïîëþ êîìïëåêñíûõ ÷èñåë C.
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::::::::
Ëåììà 2.2. Ïîëå Fmp åñòü ïîäïîëå Fnp , åñëè è òîëüêî
åñëè m | n.

Äîêàçàòåëüñòâî. Ïóñòü ïîëå K1 = Fmp � ïîäïîëå ïî-
ëÿ K2 = Fnp . Ðàññóæäàÿ êàê ïðè äîêàçàòåëüñòâå òåî-
ðåìû 2.2, óáåæäàåìñÿ, ÷òî K2 ìîæíî ðàññìàòðèâàòü,
êàê âåêòîðíîå ïðîñòðàíñòâî íåêîòîðîé ðàçìåðíîñòè d
íàä ïîëåì K1. À ýòî çíà÷èò, ÷òî K2 èìååò |K1|d = pn

ýëåìåíòîâ, òî åñòü pn = (pm)d, ÷òî è îçíà÷àåò m | n.
Îáðàòíîå ñëåäóåò èç ñóùåñòâîâàíèÿ è åäèíñòâåí-

íîñòè ñ òî÷íîñòüþ äî èçîìîðôèçìà ïîëåé Ãàëóà îäè-
íàêîâîé ìîùíîñòè. �

2.4 Êîðíè ìíîãî÷ëåíîâ íàä êîíå÷íûì

ïîëåì

Ìèíèìàëüíûé ìíîãî÷ëåí. Ðàññìîòðèì ýëåìåíò
β íåêîòîðîãî êîíå÷íîãî ïîëÿ õàðàêòåðèñòèêè p è áó-
äåì èíòåðåñîâàòüñÿ ìíîãî÷ëåíàìè íàä Fp, äëÿ êîòî-
ðûõ îí ÿâëÿåòñÿ êîðíåì.

Îïðåäåëåíèå 2.2. Ìèíèìàëüíûì ìíîãî÷ëåíîì (ì. ì.)

ýëåìåíòà β ∈ Fnp íàçûâàåòñÿ íîðìèðîâàííûé ìíîãî-
÷ëåí mβ(x) íàä Fp íàèìåíüøåé ñòåïåíè, äëÿ êîòîðîãî
β ÿâëÿåòñÿ êîðíåì.

Ñðàçó çàìåòèì, ÷òî ìèíèìàëüíûé ìíîãî÷ëåí
äëÿ x ìîæíî ïîëó÷èòü èç ïîðîæäàþùåãî ïî-
ëå íåïðèâîäèìîãî. Äëÿ ýòîãî ðàññìîòðèì ïîëå
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F = Fp[x]/(a(x)) ∼= Fnp , ïîðîæäàåìîå íåïðèâîäèìûì
ìíîãî÷ëåíîì

a(x) = a0 + a1x+ . . .+ anx
n

è óáåäèìñÿ, ÷òî ìíîãî÷ëåí a 1
n a(x) � ìèíèìàëüíûé

äëÿ ýëåìåíòà x = ( 0, 1, 0, . . . , 0 ) ∈ F .
Âî-ïåðâûõ, x � êîðåíü a(x), ò. ê.

a0 + a1x+ . . .+ an(x)
n = a0 + a1x+ . . .+ anxn = 0,

à çíà÷èò è êîðåíü a 1
n a(x).

Âî-âòîðûõ, åñëè ñóùåñòâóåò ìíîãî÷ëåí b(x) ñòåïå-
íè m < n òàêîé, ÷òî

b(x) = b0 + b1x+ . . .+ bn−1(x)
m = 0 ,

òî ïîä÷¼ðêíóòîå ðàâåíñòâî îçíà÷àåò ëèíåéíóþ çàâè-
ñèìîñòü ìåæäó ýëåìåíòàìè áàçèñà 1, x, . . ., xn−1 ïîëÿ
F , ÷òî íåâîçìîæíî.

ßñíî, ÷òî ïðèìèòèâíûé ìíîãî÷ëåí ÿâëÿåòñÿ ì. ì.
äëÿ ïðèìèòèâíîãî ýëåìåíòà ïîëÿ.

Ñâîéñòâà ìèíèìàëüíûõ ìíîãî÷ëåíîâ. Ïîêà-
æåì, ÷òî ì. ì. äëÿ êàæäîãî ýëåìåíòà êîíå÷íîãî ïîëÿ:
(à) ñóùåñòâóåò, (á) íåðàçëîæèì è (â) åäèíñòâåíåí.

::::::::::::::::
Óòâåðæäåíèå 2.4. Äëÿ êàæäîãî ýëåìåíòà β ïîëÿ Fnp
ñóùåñòâóåò ì. ì. è åãî ñòåïåíü íå ïðåâîñõîäèò n.

Äîêàçàòåëüñòâî. Ðàññìîòðèì ýëåìåíòû 1, β, β2, . . ., βn

ïîëÿ Fnp . Èõ n+1 øòóê, à ðàçìåðíîñòü Fnp êàê âåêòîð-
íîãî ïðîñòðàíñòâà ðàâíà n. Ñëåäîâàòåëüíî, ýòè ýëå-
ìåíòû ëèíåéíî çàâèñèìû, òî åñòü ñóùåñòâóþò òàêèå
íå âñå ðàâíûå 0 êîýôôèöèåíòû c0, . . . , cn, ÷òî
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c0 + c1β + . . .+ cnβn = 0.

Ïîýòîìó β � êîðåíü ìíîãî÷ëåíà c(x) = c0+c1x+. . .+
cnx

n. M. ì. äëÿ β áóäåò íåêîòîðûé íîðìèðîâàííûé
íåðàçëîæèìûé äåëèòåëü c(x). �

::::::::::::::::
Óòâåðæäåíèå 2.5. Ìèíèìàëüíûå ìíîãî÷ëåíû íåðàçëî-
æèìû.

Äîêàçàòåëüñòâî. Ïóñòü mβ(x) � ì. ì. äëÿ β è
mβ(x) = m1(x) ·m2(x), 1 < degm1(x), degm1(x).

Òîãäà èç mβ(β) = 0 ñëåäóåò, ÷òî ëèáî m1(β) = 0,
ëèáî m2(β) = 0, íî ñòåïåíè ýòèõ ìíîãî÷ëåíîâ ñòðîãî
ìåíüøå ñòåïåíè mβ(x), è ïîýòîìó β íå ìîæåò áûòü èõ
êîðíåì. �

::::::::::::::::
Óòâåðæäåíèå 2.6. Ïóñòü mβ(x) � ì. ì. äëÿ ýëåìåí-
òà β â íåêîòîðîãî ïîëÿ Ãàëóà, à f(x) � ìíîãî÷ëåí
èìåþùèé β ñâîèì êîðíåì. Òîãäà mβ(x) | f(x).

Äîêàçàòåëüñòâî. Ðàçäåëèì f(x) íà mβ(x) ñ îñòàòêîì:

f(x) = u(x) ·mβ(x) + v(x), 0 6 deg v < degmβ(x).

Ïîäñòàâëÿÿ â ýòî ðàâåíñòâî β âìåñòî x, ïîëó÷àåì

0 = f(β) = u(β) ·mβ(β)︸ ︷︷ ︸
=0

+v(β) = v(β),

òî åñòü β � êîðåíü v(x), ÷òî ïðîòèâîðå÷èò ìèíèìàëü-
íîñòè mβ(x) è ïîýòîìó v(x) ≡ 0. �
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:::::::::::::
Ñëåäñòâèå. Äëÿ êàæäîãî ýëåìåíòà ïîëÿ ñóùåñòâóåò
íå áîëåå îäíîãî ì.ì.

Äåéñòâèòåëüíî, åñëè ìèíèìàëüíûõ ìíîãî÷ëåíîâ
äâà, òî îíè äîëæíû âçàèìíî äåëèòü äðóã äðóãà, à çíà-
÷èò, ðàçëè÷àòüñÿ íà îáðàòèìûé ìíîæèòåëü-êîíñòàí-
òó. Ïîñêîëüêó ì. ì. íîðìèðîâàí, ýòà êîíñòàíòà ðàâíà
1, ò. å. ýòè ìíîãî÷ëåíû ñîâïàäàþò.

Ñâîéñòâà ìíîãî÷ëåíîâ íàä êîíå÷íûì ïîëåì.
Ïîëåì ðàçëîæåíèÿ (ðàñøèðåíèÿ) ìíîãî÷ëåíà f(x)

íàä Fp íàçûâàþò íàèìåíüøåå ïî n ðàñøèðåíèå Fnp
ïðîñòîãî ïîëÿ Fp, â êîòîðîì f(x) ðàçëàãàåòñÿ â ïðî-
èçâåäåíèå ëèíåéíûõ ìíîæèòåëåé.

ßñíî, ÷òî â ïîëå ðàçëîæåíèÿ ëåæàò âñå êîðíè äàí-
íîãî ìíîãî÷ëåíà.

::::::::::
Òåîðåìà 2.4. Ëþáîé ýëåìåíò ïîëÿ GF (q) óäîâëåòâî-
ðÿåò ðàâåíñòâó xq − x = 0.

Äîêàçàòåëüñòâî. Ìóëüòèïëèêàòèâíàÿ ãðóïïà ïîëÿ
GF (q) èìååò ïîðÿäîê q−1, è ïîýòîìó êàæäûé å¼ ýëå-
ìåíò óäîâëåòâîðÿåò ðàâåíñòâó xq−1 = 1. Ñëåäîâàòåëü-
íî, êàæäûé ýëåìåíò ïîëÿ, âêëþ÷àÿ 0, óäîâëåòâîðÿåò
ðàâåíñòâó x(xq − 1) = xq − x = 0. �

Äëÿ q = pn èìååì ñëåäóþùèå

:::::::::::::
Ñëåäñòâèÿ. 1) Êàæäûé ýëåìåíò ïîëÿ Fnp , íå èñ-

êëþ÷àÿ 0, åñòü êîðåíü áèíîìà xp
n − x.

2) Êàæäûé íåíóëåâîé ýëåìåíò ïîëÿ Fnp åñòü êî-

ðåíü áèíîìà xp
n−1−1 = 0, ïîýòîìó â ýòîì ïîëå

ñïðàâåäëèâî ïðåäñòàâëåíèå
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xp
n−1 − 1 = (x− β1) · . . . · (x− βpn−1),

ãäå { β1, . . . , βpn−1 } � âñå ýëåìåíòû (Fnp)
∗.

Ýòî îçíà÷àåò, ÷òî Fnp � ïîëå ðàçëîæåíèÿ áè-

íîìà xp
n−1 − 1.

3) Äëÿ ñëó÷àÿ n = 1 äîêàçàíà òåîðåìà Ôåðìà: ëþ-
áîé ýëåìåíò a ∈ Fp, âçàèìíî ïðîñòîé ñ p, óäî-
âëåòâîðÿåò ñðàâíåíèþ

ap−1 = 1 (mod p).

::::::::::
Òåîðåìà 2.5 (î äåëèìîñòè áèíîìîâ). Â êîëüöå ìíîãî-
÷ëåíîâ

(xm − 1)
... (xn − 1) ⇔ m

... n.

Äîêàçàòåëüñòâî. Ââåä¼ì îáîçíà÷åíèå xn = y, òîãäà
xn − 1 = y − 1 è äàëåå k ∈ N.

� Åñëè m
... n, òî m = kn è èìååì

xm−1 = yk−1 = (y−1)·(yk−1+yk−2+. . .+y+1).

� Åñëè m 6
... n, òî m = kn+ r, 1 6 r < n è èìååì

xm − 1 = xryk − 1 = xr(yk − 1︸ ︷︷ ︸
äåëèòñÿ

íà y−1

) + xr − 1︸ ︷︷ ︸
íå äåëèòñÿ

íà y−1

.

�

Òåîðåìà äà¼ò âîçìîæíîñòü ðàñêëàäûâàòü áèíîìû
xn − 1 ïðè ñîñòàâíûõ n íà (âîçìîæíî ðàçëîæèìûå
äàëåå) ìíîãî÷ëåíû íàä Fp.
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Ïðèìåð 2.8. Ìíîãî÷ëåí x15 + 1 íàä F2 (ãäå −1 = +1)
äåëèòñÿ íà x3 + 1 è íà x5 + 1:

x15 + 1 = (x3 + 1)(x12 + x9 + x6 + x3 + 1) =

= (x5 + 1)(x10 + x5 + 1).

Âîçìîæíîñòü ðàñêëàäûâàòü áèíîìû ñïåöèàëüíîãî
âèäà íà íåïðèâîäèìûå äà¼ò ñëåäóþùàÿ

::::::::::
Òåîðåìà 2.6. Âñå íåïðèâîäèìûå ìíîãî÷ëåíû n-é ñòå-
ïåíè íàä Fp äåëÿò áèíîì xp

n − x.

Äîêàçàòåëüñòâî.

n = 1. Óáåæäàåìñÿ, ÷òî (x− a) | (xp− x), ãäå a ∈ Fp:
ïîñêîëüêó ap = a, îáà áèíîìà èìåþò êîðåíü a.

n > 1. Âûáèðàåì íåïðèâîäèìûé íîðìèðîâàííûé
ìíîãî÷ëåí f(x) ñòåïåíè n èç Fp[n] è ñòðîèì ïî-
ëå Fp[x]/

(
f(x)

)
.

Â í¼ì x � êîðåíü è ñâîåãî ì. ì. f(x), è, ïî òåî-
ðåìå 2.4, áèíîìà xp

n−1 − 1. Ïî ñâîéñòâàì ì. ì.
(óòâåðæäåíèå 2.6) xp

n−1 − 1 äåëèòñÿ íà f(x). �

Ïðèìåð 2.9. Âîçâðàùàåìñÿ ê ðàçëîæåíèþ áèíîìà
x15 + 1 ∈ F2[x].

Ïîñêîëüêó 15 = 24 − 1, âñå íåïðèâîäèìûå ìíîãî-
÷ëåíû 4-é ñòåïåíè íàä F2 áóäóò äåëèòåëÿìè x

16−x è,
ñëåäîâàòåëüíî, x15 + 1. Òàêèõ ìíîãî÷ëåíîâ òðè:

x4 + x+ 1, x4 + x3 + 1 è x4 + x3 + x2 + x+ 1.

Òàêèì îáðàçîì,

x15+1 = (x4+x+1)(x4+x3+1)(x4+x3+x2+x+1)(x3+1).
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Äàëåå çàìå÷àåì, ÷òî 3 = 22 − 1, è ïîýòîìó âñå íå-
ïðèâîäèìûå ìíîãî÷ëåíû 2-é ñòåïåíè íàä F2 áóäóò äå-
ëèòåëÿìè x4 − x è, ñëåäîâàòåëüíî, x3 + 1. Íî òàêîé
ìíîãî÷ëåí òîëüêî îäèí: x2 + x+ 1.

Ïîýòîìó îêîí÷àòåëüíî ïîëó÷àåì ðàçëîæåíèå x15+
1 íà íåðàçëîæèìûå íàä F2 ìíîãî÷ëåíû:

x15 + 1 = (x+ 1)(x2 + x+ 1)×
× (x4+x+1)(x4+x3+1)(x4+x3+x2+x+1).

::::::::::
Òåîðåìà 2.7. Ëþáîé íåïðèâîäèìûé ìíîãî÷ëåí, äåëÿ-
ùèé áèíîì xp

n − x, èìååò ñòåïåíü, íå âûøå n.

Äîêàçàòåëüñòâî. Ïóñòü f � íåïðèâîäèìûé ìíîãî÷ëåí
ñòåïåíè k, êîòîðûé ÿâëÿåòñÿ äåëèòåëåì áèíîìà xp

n −
x. Òîãäà Fp[x]/(f) = F � ïîëå, êîòîðîå ðàññìîòðèì
êàê âåêòîðíîå ïðîñòðàíñòâî íàä Fp ñ áàçèñîì 1, x, . . .,

xk−1.
Ïîñêîëüêó áèíîì xp

n − x, äåëèòñÿ íà f , òî

xp
n − x = 0. (∗)

Ñ äðóãîé ñòîðîíû, ëþáîé ýëåìåíò β ∈ F âûðàæà-
åòñÿ ÷åðåç áàçèñ:

β =
k−1∑
i=0

aix
i.

Âîçâîäèì îáå ÷àñòè ýòîãî ðàâåíñòâà â ñòåïåíü pn.
Èç òîæäåñòâà Ôðîáåíèóñà (ñì. ëåììó 2.1 íà ñ. 28) è
αp

n

= α äëÿ ëþáîãî α ∈ F ïîëó÷èì
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βp
n

=

(
k−1∑
i=0

aix
i

)pn

=
k−1∑
i=0

aix
i = β,

òî åñòü β � êîðåíü (∗).
Íî ó (∗) íå áîëåå pn ðàçëè÷íûõ êîðíåé, à â ïîñòðî-

åííîì ïîëå F èìååòñÿ pk ýëåìåíòîâ. Ïîýòîìó pn > pk

è n > k. �

Êîðíè íåïðèâîäèìîãî ìíîãî÷ëåíà

::::::::::
Òåîðåìà 2.8 (î êîðíÿõ íåïðèâîäèìîãî ìíîãî÷ëåíà).
Ïóñòü β ∈ Fnp � êîðåíü íåïðèâîäèìîãî ìíîãî÷ëåíà

f(x) ∈ Fp[x]. Òîãäà β, βp, βp
2

, . . ., βp
n−1

âñå ðàçëè÷íû
è èñ÷åðïûâàþò ñïèñîê âñåõ n åãî êîðíåé.

Äîêàçàòåëüñòâî. Ïðè n = 1, óòâåðæäåíèå òåîðåìû
òðèâèàëüíî è äàëåå ñ÷èòàåì, ÷òî n > 1.

Èç òîæäåñòâà Ôðîáåíèóñà ñëåäóåò, ÷òî

f(β) = 0 ⇔ (f(β))p = 0 ⇔ f(βp) = 0,

è β, βp, . . . , βp
n−1

� êîðíè ìíîãî÷ëåíà f(x).
Ïîêàæåì, ÷òî âñå óêàçàííûå êîðíè ðàçëè÷íû, è

òîãäà (ìíîãî÷ëåí ñòåïåíè n èìååò íå áîëåå ðàçëè÷íûõ
n êîðíåé) ìîæíî óòâåðæäàòü, ÷òî íàéäåíû âñå êîðíè
ìíîãî÷ëåíà f(x).

Ïðåäïîëîæèì, ÷òî βp
l

= βp
k

, 0 6 l < k 6 n − 1,
íî òîãäà βp

k−l
= 1, à ýòî çíà÷èò, ÷òî ïðè n > 1 ñðåäè

êîðíåé β, βp, βp
2

, . . ., βp
n−1

íàõîäèòñÿ 1 ∈ Fp. Â ñâîþ
î÷åðåäü, ýòî îçíà÷àåò, ÷òî f(x) äåëèòñÿ íà x− 1 (ñì.
ñ. 31), ò. å. ìíîãî÷ëåí f(x) ðàçëîæèì. �
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Ïîýòîìó åñëè èçâåñòåí êàêîé-ëèáî îäèí êîðåíü íå-
ïðèâîäèìîãî ìíîãî÷ëåíà, âñå îñòàëüíûå ìîæíî ïîëó-
÷èòü ïîñëåäîâàòåëüíî âîçâîäÿ åãî â ñòåïåíè p.

Êîðíè β, βp, βp
2

, . . . , βp
n−1

íîðìèðîâàííîãî íå-
ïðèâîäèìîãî ìíîãî÷ëåíà f(x) ñòåïåíè n íàçûâàþò ñî-
ïðÿæ¼ííûìè.

:::::::::::::
Ñëåäñòâèå. Åñëè ìíîãî÷ëåí f(x) ∈ Fp[x] ñòåïåíè n
íåïðèâîäèì, òî Fp[x]/(f(x)) � åãî ïîëå ðàçëîæåíèÿ,

â êîòîðîì îí èìååò êîðíè x, xp, xp
2

, . . . , xp
n−1
.

Åñëè â ïîëå Fkp
∼= Fp[x]/(ϕ(x)), degϕ(x) = k < n

ìíîãî÷ëåí f(x) èìååò êîðåíü β, òî ϕ(x) | f(x). Ïîýòî-
ìó ìíîãî÷ëåí f(x) èìååò ñâîèì ïîëåì ðàçëîæåíèåì
ïîëå Fp[x]/(f(x)). Äàëåå ïðèìåíÿåì òåîðåìó 2.8.

Ïðèìåð 2.10. 1. Íàéä¼ì êîðíè íåïðèâîäèìîãî íàä
F2 ìíîãî÷ëåíà

f(x) = x4 + x3 + 1.

Ýòè êîðíè áóäóò ýëåìåíòàìè ïîëÿ F2[x]/(f(x)),
îäèí èç íèõ ïîëó÷àåì íåìåäëåííî � ýòî x, à îñòàëü-
íûå 3 ñóòü x2, x4 = x3 + 1 è

x8 = x6 + 1 = (x5 + x2) + 1 = x4 + x+ x2 + 1 =

= x3 + 1 + x2 + x+ 1 = x3 + x2 + x.

2. Çàäà÷à: íàéòè âñå êîðíè ìíîãî÷ëåíà

f(x) = x4 + 2x3 + x2 + x+ 1 ∈ F3[x]

â ìèíèìàëüíîì ðàñøèðåíèè ïîëÿ F3.
Ïåðåáèðàÿ ýëåìåíòû F3 = {0, 1, 2}, íàõîäèì, ÷òî

1 � êîðåíü f(x), ïîýòîìó ìíîãî÷ëåí f(x) ïðèâîäèì:
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x4 + 2x3 + x2 + x+ 1 = (x− 1)(x3 + x+ 2).

Äàëåå íàõîäèì, ÷òî 2 � êîðåíü ÷àñòíîãî x3 + x+ 2 è
ñïðàâåäëèâî ðàçëîæåíèå

x3 + x+ 2 = (x− 2)(x2 + 2x+ 2).

Ìíîãî÷ëåí ϕ(x) = x2+2x+2 íàä F3 íåïðèâîäèì. Ïî-
ýòîìó îïðåäåëÿåì ïîëå åãî ðàçëîæåíèÿ F3[x]/(ϕ(x)),
â êîòîðîì ϕ(x) èìååò êîðíè x è x3.

Â ýòîì ïîëå x2 = −2x − 2 = x + 1 è x3 = x(x +
1) = x2 + x = 2x+ 1.

Îòâåò: ïîëå F3[x]/
(
x2 + 2x+ 2

)
= F2

3 ÿâëÿåòñÿ ìè-
íèìàëüíîì ïîëåì õàðàêòåðèñòèêè 3, â êîòîðîì ìíî-
ãî÷ëåí f(x) = x4 +2x3 + x2 + x+1 èìååò êîðíè. Îíè
ñóòü 1, 2, x è 2x+ 1.

Íàõîæäåíèå ìèíèìàëüíûõ ìíîãî÷ëåíîâ. Äëÿ
íàõîæäåíèÿ ì. ì. mβ(x) ýëåìåíòà β ∈ Fp[x]/(a(x))

âû÷èñëÿåì ñîïðÿæ¼ííûå ýëåìåíòû βp, βp
2

, . . ., ïîêà
íà íåêîòîðîì øàãå d îêàæåòñÿ, ÷òî

1) βp
d

= β, òîãäà

mβ(x) = (x− β) · (x− βp) · . . . ·
(
x− βpd−1

)
.

2) βp
d

= x, òîãäà mβ(x) åñòü ìíîãî÷ëåí a(x) ïîñëå
íîðìèðîâêè, êàê è äëÿ ñëó÷àÿ β = x.

Ïðèìåð 2.11. Íàéä¼ì ìèíèìàëüíûå ìíîãî÷ëåíû äëÿ
ýëåìåíòîâ x2 + x è x+ 1 ïîëÿ F2[x]/

(
x4 + x+ 1

)
.

Â ýòîì ïîëå x4 = x+ 1.
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1. β = x2 + x. Âû÷èñëÿåì ýëåìåíòû, ñîïðÿæ¼í-

íûå ñ β:

β2 =(x2 + x)2 = x4 + x2 = x2 + x+ 1,

β4 =(x2 + x+ 1)2 = x4 + x2 + 1 = x+ 6 1 + x2+ 6 1 =

=x2 + x = β.

Òàêèì îáðàçîì mβ(x) � êâàäðàòíûé ìíîãî÷ëåí è

mβ(x) = (x− β)(x− β2) = x2 + (β2 + β)x+ β3.

Âû÷èñëÿåì êîýôôèöèåíòû ìíîãî÷ëåíà:

β2 + β = (x2 + x+ 1) + (x2 + x) = 1,

β3 = (x2 + x+ 1)(x2 + x) = . . . = (x+ 1) + x = 1,

è îêîí÷àòåëüíî mβ(x) = x2 + x+ 14).

2. β = x+ 1. Ýëåìåíòû, ñîïðÿæ¼ííûå ñ β:

β2 = x2 + 1, β4 = x4 + 1 = x+ 1 + 1 = x,

ïîýòîìó mβ(x) = x4 + x+ 1.

Ñóùåñòâîâàíèå äëÿ âñåõ n íåïðèâîäèìûõ ìíî-
ãî÷ëåíîâ íàä Fp è ïîëåé GF (p

n). Ñèìâîëîì ((n))
îáîçíà÷èì ÷èñëî íîðìèðîâàííûõ íåïðèâîäèìûõ ìíî-
ãî÷ëåíîâ ñòåïåíè n èç Fp[x].

::::::::
Ëåììà 2.3.

∑
d|n

d · ((d)) = pn.

4) Çàìåòèì, ÷òî â äàííîì ñëó÷àå âû÷èñëåíèé êîýôôèöèåíòîâ ìîæíî
áûëî íå ïðîâîäèòü, ïîñêîëüêó x2 + x+ 1 � åäèíñòâåííûé íåïðèâîäèìûé
íàä F2 ìíîãî÷ëåí 2-é ñòåïåíè.
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:::::::::::::
Ñëåäñòâèÿ. 1. Ñóùåñòâîâàíèå íåïðèâîäèìûõ ìíîãî-
÷ëåíîâ ëþáîé ñòåïåíè. Ïðîñòàÿ îöåíêà (p > 2, n > 2)

n · ((n)) = pn −
∑

k|n, k<n

k · ((k)) >

> pn − pn−1 − . . .− p− 1 = pn − pn − 1

p− 1
> 0 .

âëå÷¼ò ((n)) > 0, òî åñòü äëÿ ëþáûõ ïðîñòîãî p è íà-
òóðàëüíîãî n íàä ïîëåì Fp ñóùåñòâóåò õîòÿ áû îäèí
íåïðèâîäèìûé íîðìèðîâàííûé ìíîãî÷ëåí ñòåïåíè n.

2. Äëÿ ëþáîãî n ñóùåñòâóåò ïîëå GF (pn) êàê
ôàêòîðêîëüöà ïî èäåàëó, îáðàçîâàííîìó íåïðèâîäè-
ìûì ìíîãî÷ëåíîì.

Ïðèâåä¼ì åù¼ îäíó ôîðìóëó äëÿ ((n)).
Ôóíêöèÿ Ì¼áèóñà µ(n) îïðåäåëÿåòñÿ äëÿ âñåõ

n ∈ N: µ(1) = 1 è äëÿ n > 1 �

µ(n) =


1, åñëè ïðèìàðíîå ðàçëîæåíèå n ñîñòîèò

èç ÷¼òíîãî ÷èñëà ðàçëè÷íûõ ïðîñòûõ;
1, åñëè ïðèìàðíîå ðàçëîæåíèå n ñîñòîèò

èç íå÷¼òíîãî ÷èñëà ðàçëè÷íûõ ïðîñòûõ;
0, åñëè n íå ñâîáîäíî îò êâàäðàòîâ.

Íàïðèìåð, µ(p) = 1, åñëè p � ïðîñòîå,
µ(6) = µ(2 · 3) = 1, µ(4) = 0, µ(30) = µ(2 · 3 · 5) = 1.

::::::::::
Òåîðåìà 2.9 (ôîðìóëà Ãàóññà).

((n)) =
1

n

∑
d|n

µ(d) p
n
d .
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Íàïðèìåð:

p = 2, ((4)) = 1
4 [µ(1)︸︷︷︸

=1

·24 + µ(2)︸︷︷︸
=−1

·22 + µ(4)︸︷︷︸
=0

·2 ] = 3;

p = 2, ((5)) = 1
5

[
µ(1) · 25 + µ(5) · 2

]
= 1

5 [32− 2] = 6;

p = 3, ((6)) = 1
6

[
µ(1) · 36 + µ(2) · 33 + µ(3) · 32+

+µ(6) · 3] = 116.

2.5 Öèêëè÷åñêèå ïîäïðîñòðàíñòâà êî-

ëåö âû÷åòîâ

Èäåàëû â êîëüöàõ êëàññîâ âû÷åòîâ. Äàëåå áó-
äåì ðàññìàòðèâàòü êîëüöî ìíîãî÷ëåíîâR = Fp[x]/(f)
ïî ìîäóëþ ãëàâíîãî èäåàëà (f) âîçìîæíî ïðèâîäèìî-
ãî ìíîãî÷ëåíà f íàä Fp.

Åñëè f íåïðèâîäèì, òî R � ïîëå, ÷òî óæå ðàññìîò-
ðåíî. Íî â ëþáîì ñëó÷àå R � âåêòîðíîå ïðîñòðàíñòâî
íàä Fp, ñîâîêóïíîñòü âñåõ ìíîãî÷ëåíîâ ñòåïåíè ìåíü-
øåé deg f .

::::::::::
Òåîðåìà 2.10. Ïóñòü f, ϕ ∈ Fp[x], ϕ | f , à ϕ � íåïðè-
âîäèìûé íîðìèðîâàííûé ìíîãî÷ëåí. Òîãäà

1) ñîâîêóïíîñòü âñåõ ìíîãî÷ëåíîâ, êðàòíûõ ϕ,
îáðàçóåò èäåàë (ϕ) â êîëüöå R = Fp[x]/(f);

2) ϕ � åäèíñòâåííûé â (ϕ) íîðìèðîâàííûé ìíî-
ãî÷ëåí ìèíèìàëüíîé ñòåïåíè;

3) èäåàë (ϕ) � âåêòîðíîå ïîäïðîñòðàíñòâî â R
ðàçìåðíîñòè deg f − degϕ.
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Äîêàçàòåëüñòâî. u, v, ϕ ∈ Fp[x], k = degϕ 6 deg f ,

ϕ = a0 + a1x+ . . .+ ak−1x
k−1 + xk, f = ψϕ.

1. Ïðîâåðèì, ÷òî (ϕ) � èäåàë â êîëüöå Fp[x]/(f).
Âî-ïåðâûõ,{
g ∈ (ϕ)
h ∈ Fp[x]/(f), h ⊆ g

⇔
{
g = uϕ
h = vg = vuϕ

⇒

⇒ h ∈ (ϕ).

È, âî-âòîðûõ,

g, h ∈ (ϕ) ⇔
{
g = uϕ
h = vϕ

⇒ g + h = (u+ v)ϕ ∈ (ϕ).

2. Ïîêàæåì, ÷òî â (ϕ) íåò äðóãèõ, êðîìå

ϕ = a0 + a1x+ . . .+ ak−1x
k−1 + xk

íîðìèðîâàííûõ ìíîãî÷ëåíîâ ñòåïåíè, ìåíüøåé
k = degϕ.

Ïóñòü g = b0 + b1x+ . . .+ xm. Òîãäà

g ∈ (ϕ) ⇔ g = uϕ ⇒ deg g = m > degϕ = k.

3. Áåç äîêàçàòåëüñòâà. �

Ïðèìåð 2.12. Ðàññìîòðèì äâà ìíîãî÷ëåíà íàä F2: ïðè-
âîäèìûé f = x4 − 1 è åãî íåïðèâîäèìûé äåëèòåëü
ϕ = x+ 1.

Â êîëüöå R = F2[x]/
(
x4 − 1

)
âñå êðàòíûå ϕ ìíî-

ãî÷ëåíû èìåþò âèä(
ax2 + bx+ c

)
(x+1) = ax3+(a+ b)x2+(b+ c)x+ c,

a, b, c ∈ {0, 1} è îáðàçóþò èäåàë â í¼ì.



2.5. Öèêëè÷åñêèå ïîäïðîñòðàíñòâà êîëåö 61

Ïðèâåä¼ì ýëåìåíòû ýòîãî èäåàëà:

a b c ýëåìåíòû (ϕ)
0 0 0 0
0 0 1 x+ 1
0 1 0 x2 + x
0 1 1 x2 + 1
1 0 0 x3 + x2

1 0 1 x3 + x2 + x+ 1
1 1 0 x3 + x
1 1 1 x3 + 1

Ëåãêî ïðîâåðÿåì, ÷òî äëÿ ýëåìåíòîâ g è h ýòîãî èäå-
àëà ìíîãî÷ëåíû g + h è g · h

(
mod (x4 − 1)

)
òàêæå

åìó ïðèíàäëåæàò. Òàêæå âèäèì, ÷òî ϕ = x + 1 �
åäèíñòâåííûé â R ìíîãî÷ëåí ìíîãî÷ëåí ìèíèìàëü-
íîé ñòåïåíè è, î÷åâèäíî, èäåàë (x+1) åñòü âåêòîðíîå
ïðîñòðàíñòâî ðàçìåðíîñòè deg f − degϕ = 4− 1 = 3.

Öèêëè÷åñêîå ïðîñòðàíñòâî.

Îïðåäåëåíèå 2.3. Ïîäïðîñòðàíñòâî êîîðäèíàòíîãî ëè-
íåéíîãî ïðîñòðàíñòâà F n íàä ïîëåì F n íàçûâàåòñÿ
öèêëè÷åñêèì, åñëè âìåñòå ñ íàáîðîì (a0, . . . , an−1)
îíî ñîäåðæèò åãî öèêëè÷åñêèé ñäâèã âïðàâî (òî åñòü
(an−1, a0, . . . , an−2), à ñëåäîâàòåëüíî è âñå öèêëè÷åñ-
êèå ñäâèãè íà ïðîèçâîëüíîå ÷èñëî ïîçèöèé âëåâî è
âïðàâî).

Êîíêðåòíî, â êîëüöå Fp[x]/(x
n − 1), ðàññìàòðèâà-

åìîì êàê âåêòîðíîå ïðîñòðàíñòâî èìååòñÿ åñòåñòâåí-
íûé áàçèñ 1, x, . . . , xn−1.
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Öèêëè÷åñêèé ñäâèã êîîðäèíàò â ýòîì áàçèñå ðàâ-
íîñèëåí óìíîæåíèþ íà x:

a0 + a1x+ . . .+ an−2xn−2 + an−1xn−1 · x =

= a0x+ a1x2 + . . .+ an−2xn−1 + an−1 xn︸︷︷︸
=1

=

= an−1 + a0x+ a1x2 + . . .+ an−2xn−1 .

::::::::::
Òåîðåìà 2.11. Â êîëüöå êëàññîâ âû÷åòîâ ïî ìîäóëþ
ìíîãî÷ëåíà xn−1 ïîäïðîñòðàíñòâî ÿâëÿåòñÿ öèêëè-
÷åñêèì åñëè è òîëüêî åñëè îíî èäåàë.

Äîêàçàòåëüñòâî. Åñëè ïîäïðîñòðàíñòâî I � èäåàë, òî
îíî çàìêíóòî îòíîñèòåëüíî óìíîæåíèÿ íà x, à ýòî
óìíîæåíèå è åñòü öèêëè÷åñêèé ñäâèã. Ñëåäîâàòåëüíî,
ïîäïðîñòðàíñòâî I öèêëè÷åñêîå.

Îáðàòíî, ïóñòü I � öèêëè÷åñêîå ïîäïðîñòðàíñòâî
êîëüöà Fp/(x

n−1) è g ∈ I. Òîãäà öèêëè÷åñêèå ñäâèãè
g ·x, g ·x2, . . . òàêæå ïðèíàäëåæàò I. Çíà÷èò, g · f ∈ I
äëÿ ëþáîãî ìíîãî÷ëåíà f , ïîýòîìó I � èäåàë. �

×èñëî è ñòåïåíè íåïðèâîäèìûõ äåëèòåëåé
áèíîìà xn − 1. Ðàññìîòðèì ðàçëîæåíèå áèíîìà
xn − 1 ∈ Fp[x] â ïðîèçâåäåíèå íåïðèâîäèìûõ ìíîãî-
÷ëåíîâ.

Ïîñêîëüêó â ïîëå õàðàêòåðèñòèêè p ñïðàâåäëèâî
xkp−1 = (xk−1)p, òî â ñëó÷àå n = kp êîðíÿìè áèíîìà
xn − 1 áóäóò âñå êîðíè xk − 1, íî p-é êðàòíîñòè. Ýòî
â ñâîþ î÷åðåäü ïðèâåä¼ò ê òîìó, ÷òî åñëè íåïðèâîäè-
ìûé ïîëèíîì f(x) äåëèò áèíîì xn− 1, òî åãî äåëèò è
(f(x))p.
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Ïîýòîìó äàëåå áóäåì ñ÷èòàòü, ÷òî n 6= kp è ïîýòî-
ìó áèíîì xn− 1 ðàçëàãàåòñÿ â ïðîèçâåäåíèå k íåïðè-
âîäèìûõ ìíîãî÷ëåíîâ f1(x), . . ., fk(x):

xn − 1 = f1(x) · . . . · fk(x),
êîòîðûå âñå ðàçëè÷íû. Ïóñòü ýòè ìíîãî÷ëåíû èìåþò
ñòåïåíè d1, . . . , dk ñîîòâåòñòâåííî.

Ëåãêî âèäåòü, ÷òî n åãî êîðíåé îáðàçóþò öèêëè÷å-
ñêóþ ïîäãðóïïó êîðíåé èç 1 ñòåïåíè n â ìóëüòèïëè-
êàòèâíîé ãðóïïå ñâîåãî ïîëÿ ðàçëîæåíèÿ. Åñëè β �
êîðåíü íåïðèâîäèìîãî ìíîãî÷ëåíà f(x) ñòåïåíè d, òî

βp, βp
2

, . . . βp
d−1

� òàêæå åãî êîðíè. Îòñþäà ñëåäóåò,
÷òî âåëè÷èíû k è d1, . . . , dk ìîæíî íàéòè, ðàçáèâ ýëå-
ìåíòû Z/nZ íà îðáèòû îòîáðàæåíèÿ t 7→ pt(mod n).

Ïðèìåð 2.13. 1. Âåðí¼ìñÿ ê ðàçëîæåíèþ áèíîìà x15+
1 íàä F2. Îòíîñèòåëüíî óìíîæåíèÿ íà 2 âû÷åòû ïî
ìîäóëþ 15 ðàçáèâàþòñÿ íà ñëåäóþùèå îðáèòû:

{ 0 }, { 1, 2, 4, 8 }, { 3, 6, 12, 9 }, { 5, 10 },
{ 7, 14, 13, 11 }

Ïîýòîìó x15 + 1 ðàçëàãàåòñÿ â ïðîèçâåäåíèå îäíîãî
íåïðèâîäèìîãî ìíîãî÷ëåíà ñòåïåíè 1, îäíîãî íåïðè-
âîäèìîãî ìíîãî÷ëåíà ñòåïåíè 2 è òðåõ íåïðèâîäèìûõ
ìíîãî÷ëåíîâ ñòåïåíè 4. Êîíêðåòíî ðàçëîæåíèå áûëî
íàéäåíî ðàíåå (ñì. ñ. 53).

2. Ðàññìîòðèì ðàçëîæåíèå ìíîãî÷ëåíà x23−1 íàä
F2. Îòíîñèòåëüíî óìíîæåíèÿ íà 2 âû÷åòû ïî ìîäóëþ
23 ðàçáèâàþòñÿ íà òðè îðáèòû:

{ 0 }, { 1, 2, 4, 8, 16, 9, 18, 13, 3, 6, 12 },
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{ 5, 10, 20, 17, 11, 22, 21, 19, 15, 7, 14 }

Ïîýòîìó x23 − 1 ðàçëàãàåòñÿ â ïðîèçâåäåíèå îäíîãî
ëèíåéíîãî ìíîãî÷ëåíà è äâóõ íåïðèâîäèìûõ ìíîãî-
÷ëåíîâ 11-é ñòåïåíè.

Ìîæíî ïîêàçàòü, ÷òî ïîëå ðàçëîæåíèÿ áèíîìà
xn − 1 ∈ Fp[x] ïðè âçàèìíî ïðîñòûõ n è p åñòü Fmp ,
ãäå m � ìàêñèìàëüíàÿ ñòåïåíü íåïðèâîäèìîãî ìíî-
ãî÷ëåíà, åãî äåëÿùåãî: m = max {d1, . . . , dk}5). Ýòî
ñëåäóåò èç òîãî, ÷òî çíà÷åíèå n êàê ïîðÿäîê ãðóïïû
êîðíåé èç 1, äîëæíî äåëèòü ïîðÿäîê ìóëüòèïëèêàòèâ-
íîé ãðóïïû ïîëÿ ðàçëîæåíèÿ.

2.6 Çàäà÷è

2.1. Íàéòè

à) 3 1 (mod 5);

á) 9 1 (mod 14);

â) 1 1 (mod 118);

ã) 3 · 4 1 (mod 7);

ä) (−3) 1 (mod 7);

å) 6 2 (mod 11);

æ) 3 3 (mod 8).

2.2. Ðåøèòå ñðàâíåíèå

à) 7x = 11 (mod 25);

5) íåòðóäíî âèäåòü, ÷òî m åñòü ÷èñëî ýëåìåíòîâ â îðáèòå, ïîðîæäàåìîé
âû÷åòîì 1.
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á) 9x = 3 (mod 10);

â) 6x+ 2 = 3 (mod 7);

ã) 6x+ 2 = 3 (mod 9);

ä) 6x+ 2 = 4 (mod 9);

å) 6x+ 1 = 4 (mod 9).

2.3. Â ïîëå F = F2
2 âû÷èñëèòü ïðîèçâåäåíèå

P =
3∏
i=1

(x− βi),

ãäå β1, β2, β3 � âñå íåíóëåâûå ýëåìåíòû ïîëÿ.

2.4. Íàéòè ñóììó íåíóëåâûõ ýëåìåíòîâ ïîëÿ Fp.

2.5 (Òåîðåìà Âèëüñîíà). Äîêàçàòü, ÷òî

(p− 1)! ≡p −1, p � ïðîñòîå.

2.6. Ïîñòðîèòü ïîëå èç 4-õ ýëåìåíòîâ.

2.7. Â êîëüöå Z2[x] íàéòè

ÍÎÄ
(
x5 + x2 + x+ 1, x3 + x2 + x+ 1

)
.

2.8. Â ðàñøèðåíèè F ïðîñòîãî ïîëÿ F2, ïîñòðîåííîãî
ñ ïîìîùüþ îáðàçóþùåãî ïîëèíîìà

a(x) = x3 + x+ 1

1) ïîñòðîèòü òàáëèöó ñîîòâåòñòâèé ìåæäó ïîëè-
íîìèàëüíûì è ñòåïåííûì ïðåäñòàâëåíèåì åãî
íåíóëåâûõ ýëåìåíòîâ;

2) ïîñòðîèòü òàáëèöó óìíîæåíèÿ ýëåìåíòîâ;

3) äëÿ êàæäîãî ýëåìåíòà ïîëÿ óêàçàòü îáðàòíûå;
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4) íàéòè ïîðîæäàþùèå ýëåìåíòû ïîëÿ;

5) íàéòè ìèíèìàëüíûå ìíîãî÷ëåíû âñåõ ýëåìåíòîâ
ïîëÿ.

2.9. Ïåðå÷èñëèòü âñå ïîäïîëÿ ïîëÿ GF
(
230
)
.

2.10. Ìíîãî÷ëåí f(x) = x5 + x3 + x2 + 1 ∈ F2[x]
ðàçëîæèòü íà íåïðèâîäèìûå ìíîæèòåëè.

2.11. Ìíîãî÷ëåí f(x) = x3 + 2x2 + 4x + 1 ∈ F5[x]
ðàçëîæèòü íà íåïðèâîäèìûå ìíîæèòåëè.

2.12. Ìíîãî÷ëåí f(x) = x4 + x3 + x + 2 ∈ F3[x] ðàç-
ëîæèòü íà íåïðèâîäèìûå ìíîæèòåëè.

2.13. Ìíîãî÷ëåí

f(x) = x4 + 3x3 + 2x2 + x+ 4 ∈ F5[x]

ðàçëîæèòü íà íåïðèâîäèìûå ìíîæèòåëè.

2.14. Ðàçëîæèòü íà íåïðèâîäèìûå ìíîæèòåëè âñå
íîðìèðîâàííûå ìíîãî÷ëåíû 3-é ñòåïåíè èç F2[x].

2.15. Íàéòè âñå íîðìèðîâàííûå íåïðèâîäèìûå ìíî-
ãî÷ëåíû 2-é ñòåïåíè íàä GF (3).

2.16. Íàéòè âñå íîðìèðîâàííûå ìíîãî÷ëåíû òðåòüåé
ñòåïåíè, íåïðèâîäèìûå íàä GF (3).

2.17. Îïðåäåëèòü, ÿâëÿåòñÿ ëè:

1) Ìíîãî÷ëåí a(x) = x2 + 2x+ 4 ∈ F5[x] � íåïðè-
âîäèìûì?
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2) Ýëåìåíò 4x2 + 2 � êîðíåì a(x) â ôàêòîðêîëü-
öå/ïîëå F5[x]/

(
x3 + 2x+ 4

)
?

2.18. 1) Ïðîâåðèòü, ÷òî ôàêòîðêîëüöî
F = F7[x]/

(
x2 + x− 1

)
ÿâëÿåòñÿ ïîëåì.

2) Â F íàéòè îáðàòíûé ýëåìåíò ê 1− x.

2.19. Íàéòè ïîðÿäîê ýëåìåíòà β = x + x2 â ìóëüòè-
ïëèêàòèâíîé ãðóïïå

1) ïîëÿ F1 = F2[x]/
(
x4 + x+ 1

)
;

2) ïîëÿ F2 = F2[x]/
(
x4 + x3 + 1

)
.

2.20. Îïðåäåëèòü, ÿâëÿåòñÿ ëè íåïðèâîäèìûé ìíîãî-
÷ëåí f(x) = x6 + x3 + 1 ∈ F2[x] ïðèìèòèâíûì?

2.21. Íàéòè êîëè÷åñòâî íîðìèðîâàííûõ íåïðèâîäè-
ìûõ ìíîãî÷ëåíîâ

1) ñòåïåíè 7 íàä ïîëåì F2;

2) ñòåïåíè 6 íàä ïîëåì F5.

2.22. Äëÿ ïîëÿ F = F3[x]/
(
−2x2 + x+ 2

)
ïîñòðîèòü

òàáëèöó ñîîòâåòñòâèé ìåæäó ïîëèíîìèàëüíûì è ñòå-
ïåííûì ïðåäñòàâëåíèåì åãî íåíóëåâûõ ýëåìåíòîâ.

Ñ å¼ ïîìîùüþ âû÷èñëèòü âûðàæåíèå

S =
1

2x+ 1
− 2(2x)7

(x)9(x+ 2)
.

2.23. Äëÿ ïîëÿ F = F3[x]/
(
x2 + 1

) ∼= F2
3 ïîñòðîèòü

òàáëèöó ñîîòâåòñòâèé ìåæäó ïîëèíîìèàëüíûì è ñòå-
ïåííûì ïðåäñòàâëåíèåì äëÿ âñåõ íåíóëåâûõ ýëåìåíò-
îâ ïîëÿ.
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2.24. Â ôàêòîðêîëüöå R = F3[x]/
(
x4 + 1

)
íàéòè âñå

ýëåìåíòû ãëàâíîãî èäåàëà
(
x2 + x+ 2

)
.

2.25. Â ïîëå F = F5[x]/
(
x2 + 3x+ 3

)
íàéòè îáðàòíóþ

ê ìàòðèöå

M =

(
3x+ 4 x+ 2
x+ 3 3x+ 2

)
.

2.26. Ðàçëîæèòü íà íåïðèâîäèìûå ìíîæèòåëè ìíîãî-
÷ëåí

f(x) = x11 + x9 + x8 + x4 + x3 + x2 + 1 ∈ F2[x].

2.27. Íàéòè ïîëå õàðàêòåðèñòèêè 3, â êîòîðîì ìíî-
ãî÷ëåí f(x) = x3 + x + 2 ∈ F3[x] ðàñêëàäûâàåòñÿ íà
ëèíåéíûå ìíîæèòåëè è íàéòè â í¼ì âñå êîðíè äàííî-
ãî ìíîãî÷ëåíà.

2.28. Íàéòè ì. ì. äëÿ âñåõ ýëåìåíòîâ β ïîëÿ

F = F2[x]/
(
x4 + x+ 1

)
.

2.29. Íàéòè ìèíèìàëüíûé ìíîãî÷ëåí ýëåìåíòà α3,
ãäå α � ïðèìèòèâíûé ýëåìåíò ïîëÿ

F = F5[x]/
(
x2 + x+ 2

)
.

2.30. Ïðèìèòèâåí ëè ýëåìåíò x â ïîëÿõ

1) F2[x]/
(
x3 + x+ 1

)
= F1?

2) F2[x]/
(
x4 + x3 + x2 + x+ 1

)
= F2?

2.31. Íàéòè êîðíè ìíîãî÷ëåíà

f(x) = x3 + 3x2 + 4x+ 4 ∈ F5[x].
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2.32. ßâëÿåòñÿ ëè ìíîãî÷ëåí

f(x) = x2 + x+ 2 ∈ F5[x]

ïðèìèòèâíûì?

2.33. Äëÿ áèíîìà x40−1 ∈ F5[x] îïðåäåëèòü êîëè÷åñò-
âî è ñòåïåíè íåïðèâîäèìûõ ñîìíîæèòåëåé. Â êàêîì
ìèíèìàëüíîì ïîëå ðàñøèðåíèÿ F5[x] äàííûé áèíîì
ðàñêëàäûâàåòñÿ íà ëèíåéíûå ìíîæèòåëè?

2.34. Íàéòè êîðíè f(x) = x2 + x+ 1 = 0, åñëè

(1) f(x) ∈ F2[x]; (2) f(x) ∈ F3[x]; (3) f(x) ∈ F5[x].

2.35. Ðåøèòü óðàâíåíèå

f(x) = 2x4 + x3 + 4x2 + 4 = 0, ãäå f(x) ∈ F5[x].

2.36. Ðåøèòü óðàâíåíèå

f(x) = x8 + x4 + x2 + x+ 1 = 0, ãäå f(x) ∈ F2[x].

2.37. Íàéòè êîðåíü ìíîãî÷ëåíà

f(x) = x4 + 2x+ 2 ∈ F3[x].

2.38. Ðåøèòü óðàâíåíèå f(x) = x5 + x2 + 1 = 0 äëÿ
f(x) ∈ F2[x].
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Ãëàâà 3

Êîäû, èñïðàâëÿþùèå
îøèáêè

3.1 Áëîêîâîå êîäèðîâàíèå: îñíîâíûå

ïîíÿòèÿ

Çàäà÷à ïîìåõîóñòîé÷èâîãî êîäèðîâàíèÿ. Ïî
êàíàëó ñ øóìîì ïðîõîäèò ïîòîê áèòîâîé èíôîðìà-
öèè, âñëåäñòâèå ÷åãî âîçíèêàþò îøèáêè (âàðèàíò:
õðàíèìàÿ èíôîðìàöèÿ èñêàæàåòñÿ).

� Ìîäåëü îøèáîê: áèòû ñëó÷àéíî, íåçàâèñèìî è
ñ ðàâíûìè âåðîÿòíîñòÿìè ìîãóò îêàçàòüñÿ èí-
âåðòèðîâàííûìè, âñòàâêè/âûïàäåíèÿ áèòîâ íåò
(èìååì ò. í. äâîè÷íûé ñèììåòðè÷íûé êàíàë).

� Çàäà÷à: îáåñïå÷èòü àâòîìàòè÷åñêîå èñïðàâëå-
íèå îøèáîê.

Ïîäõîä ê ðåøåíèþ (îäèí èç âîçìîæíûõ!):

1) âõîäíîé ïîòîê èíôîðìàöèè ðàçáèòü íà ñîîáùå-
íèÿ � íåïåðåñåêàþùèåñÿ áëîêè ôèêñèðîâàííîé
äëèíû k;

2) êàæäûé áëîê êîäèðîâàòü (ìîäèôèöèðîâàòü) �
à) íåçàâèñèìî îò äðóãèõ � áëîêîâîå êîäèðîâà-
íèå;
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á) â çàâèñèìîñòè îò ïðåäûäóùèõ � ñâ¼ðòî÷íîå
èëè ïîòîêîâîå êîäèðîâàíèå (òóðáî-êîäû).

Äàëåå ðàññìàòðèâàåì òîëüêî áëîêîâîå êîäèðîâàíèå:

� çàäàí ïîëíûé íàáîð ñîîáùåíèé S1, . . . , S2k ,
äëèíû k êàæäîå, êîòîðûå íóæíî ïåðåäàòü ïî
êàíàëó ñâÿçè ñ øóìîì;

� äëÿ îáåñïå÷åíèÿ ïîìåõîçàùèù¼ííîñòè âìåñòî
ýòèõ ñîîáùåíèé ïåðåäàþò êîäîâûå ñëîâà, êàæ-
äîå äëèíû n = k +m, m > 0.

� êîä � èíúåêòèâíîå îòîáðàæåíèå ϕ : Bk → Bn.

� ìíîæåñòâî C êîäîâûõ ñëîâ � îáëàñòü çíà÷åíèé
Imϕ êîäà. ×àñòî C îáîçíà÷àåò è ñàì êîä.

� R = k/n � ñêîðîñòü, m/n � èçáûòî÷íîñòü êî-
äà.

×åì ìåíüøå èçáûòî÷íîñòü è ÷åì áîëüøå ÷èñëî
îøèáîê, êîòîðûå ìîæåò èñïðàâèòü êîä, òåì îí ëó÷øå.
Îäíàêî ýòè òðåáîâàíèÿ ïðîòèâîðå÷èâû è îäíî äîñòè-
ãàåòñÿ çà ñ÷¼ò äðóãîãî.

Êîäîâîå ðàññòîÿíèå.

Îïðåäåëåíèå 3.1. Ìèíèìàëüíîå õåìèíãîâî ðàññòîÿíèå
ìåæäó ïàðàìè ñëîâà êîäà C íàçûâàåòñÿ åãî êîäîâûì
ðàññòîÿíèåì, ñèìâîëè÷åñêè d(C) èëè ïðîñòî d.

ßñíî, ÷òî êîä C ìîæåò èñïðàâèòü íå ìåíåå r îøè-
áîê, åñëè øàðû ðàäèóñîâ r ñ öåíòðàìè â êîäîâûõ ñëî-
âàõ íåïåðåñåêàþòñÿ. Äåéñòâèòåëüíî, åñëè â âåêòîðå α̃
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èñêàæåíî íå áîëåå r áèò, òî íàáîð îñòàíåòñÿ â øàðå
Sr(α̃) è èñêîìîå êîäîâîå ñëîâî � öåíòð øàðà, áëèæàé-
øèé ê ïîëó÷åííîìó íàáîðó.

Ñëåäîâàòåëüíî, ó êîäà, èñïðàâëÿþùåãî r îøèáîê,
êîäîâîå ðàññòîÿíèå d äîëæíî áûòü íå ìåíåå 2r + 1.

Îïðåäåëåíèå êîäîâîãî ðàññòîÿíèÿ ïðîèçâîëüíîãî
êîäà C êðàéíå òðóäî¼ìêàÿ çàäà÷à: ïîêàçàíî, ÷òî îíà
NP -òóäíà. Â îáùåì ñëó÷àå äëÿ íàõîæäåíèÿ d(C) òðå-
áóåòñÿ ïåðåáðàòü âñå (2k(2k− 1))/2 ïàð êîäîâûõ ñëîâ,
÷òî ïðàêòè÷åñêè íåâîçìîæíî óæå íà÷èíàÿ ñ k = 50.
Ïîýòîìó âàæíîé çàäà÷åé ÿâëÿåòñÿ ïîñòðîåíèå êîäîâ
ñ çàäàííûì êîäîâûì ðàññòîÿíèåì.

Áëîêîâîå êîäèðîâàíèå è äåêîäèðîâàíèå
Áëîêîâîå êîäèðîâàíèå � âçàèìíî-îäíîçíà÷íîå

ïðåîáðàçîâàíèå ñîîáùåíèé â êîäîâûå ñëîâà áîëüøåé
äëèíû.

Äåêîäèðîâàíèå � âîññòàíîâëåíèå ñîîáùåíèÿ ïî
ïðèíÿòîìó, âîçìîæíî èñêàæ¼ííîìó, ñëîâó.

Ïðèìåð 3.1. Èíôîðìàöèÿ ðàçáèâàåòñÿ íà áëîêè ïî
k = 1 áèò, òî åñòü ïåðåäàþòñÿ äâà ñîîáùåíèÿ: S0 = 0
è S1 = 1.

Êîä-ïîâòîðåíèå a 7→ a . . . a︸ ︷︷ ︸
2r+1 ðàç

, î÷åâèäíî, èñïðà-

âèò r îøèáîê. Ïðîñòåéøèé âàðèàíò � óòðàèâàíèå:
0 7→ 000, 1 7→ 111. ßñíî, îäíàêî, ÷òî òàêîå êîäè-
ðîâàíèå êðàéíå íåýôôåêòèâíî.

Ýòîò è äðóãèå òðèâèàëüíûå n-êîäû ñ k = 0, èëè
n = k íå ðàññìàòðèâàåì.
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Êîäèðîâàíèå. Âñå âåêòîðû äàëåå ìû áóäåì ñ÷èòàòü
âåêòîð-ñòîëáöàìè; ÷àñòî èñïîëüçóþò âåêòîðû-ñòðî-
êè � áóäüòå âíèìàòåëüíû!

Îáîçíà÷åíèÿ:

� ñîîáùåíèå � âåêòîð

u =

 u1
· · ·
uk

 ∈ {0, 1}k;
� êîäîâîå ñëîâî � âåêòîð v ∈ {0, 1}n;
� ìíîæåñòâî âñåõ êîäîâûõ ñëîâ � (n, k)-êîä, èëè,
ñ êîäîâûì ðàññòîÿíèåì � (n, k, d)-êîä1).

Áëîêîâîå êîäèðîâàíèå âñåãäà ìîæíî îñóùåñòâèòü
ñ èñïîëüçîâàíèåì òàáëèöû ðàçìåðà 2k×n. Îäíàêî òà-
êîå ¾òàáëè÷íîå¿ êîäèðîâàíèå âåñüìà íåýôôåêòèâíî:
çíà÷åíèÿ n è k ìîãóò äîñòèãàòü ñîòåí òûñÿ÷.

Ïðè ïåðåäà÷å ïî êàíàëó ñ øóìîì êîäîâîå ñëîâî v
ïðåâðàùàåòñÿ â ïðèíÿòîå ñëîâî w òîé æå äëèíû n,

v → w = v + e,

ãäå e ∈ {0, 1}n � âåêòîð îøèáîê, ñîäåðæàùèé 1 â òåõ
è òîëüêî òåõ áèòàõ, â êîòîðûõ ïðîèçîøëè îøèáêè.

Äåêîäèðîâàíèå (n, k, d)-êîäà îáû÷íî çíà÷èòåëüíî
ñëîæíåå êîäèðîâàíèÿ. Îíî îñíîâàíî íà ðàçáèåíèè
åäèíè÷íîãî êóáà Bn íà k îáëàñòåé, ñîäåðæàùèõ øà-
ðû ðàäèóñà r = b (d− 1)/2 c ñ öåíòðàìè â êîäîâûõ
ñëîâàõ è ïðåäïîëîæåíèè, ÷òî ïðîèçîøëî 6 r îøèáîê.

1) åñëè íàäî óêàçàòü, ÷òî êîä äâîè÷íûé, ïèøóò (n, k, d)2-êîä
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Äåêîäèðîâàíèå áëîêîâîãî (n, k, d)-êîäà ïðîâîäèò-
ñÿ â äâà ýòàïà:

1-é ýòàï: Îïðåäåëåíèå êîäîâîãî ñëîâà v̂ êàê áëèæàé-
øåãî â ìåòðèêå Õýììèíãà ñëîâó ê w, ò. å. íà-
õîæäåíèå öåíòðà ñîîòâåòñòâóþùåãî øàðà (äåêî-
äèðîâàíèå â áëèæàéøåå êîäîâîå ñëîâî èëè ïî
ìàêñèìóìó ïðàâäîïîäîáèÿ). Åñëè ïðîèçîøëî íå
áîëåå r îøèáîê, òî v̂ = v.

2-é ýòàï: Óäàëåíèå èçáûòî÷íîñòè è âîññòàíîâëåíèå
èñõîäíîãî ñîîáùåíèÿ ïî íàéäåííîìó êîäîâîìó
ñëîâó.

ßñíî, ÷òî ïðè âûïîëíåíèè 1-ãî ýòàïà â îáùåì ñëó-
÷àå íàäî ïåðåáðàòü âñå 2n ñòðîê â (2n×k)-òàáëèöå êî-
äîâûõ ñëîâ. Ïîýòîìó äåêîäèðîâàíèå áëîêîâîãî (n, k)-
êîäà îáùåãî âèäà ÿâëÿåòñÿ êðàéíå ðåñóðñî¼ìêèì ïðî-
öåññîì, è èñïîëüçîâàíèå òàêèõ êîäîâ âîçìîæíî ëèøü
ïðè íåáîëüøèõ çíà÷åíèÿõ n è k.

Îäíàêî, ïðèíÿâ äîïîëíèòåëüíûå îãðàíè÷åíèÿ íà
ìíîæåñòâî êîäîâûõ ñëîâ, ìîæíî ïåðåéòè îò ýêñïîíåí-
öèàëüíûõ òðåáîâàíèé ïî ïàìÿòè è ïî ñëîæíîñòè àë-
ãîðèòìîâ êîäèðîâàíèÿ/äåêîäèðîâàíèÿ ê ëèíåéíûì.
Ýòè îãðàíè÷åíèÿ ïðèâîäÿò ê èñïîëüçîâàíèþ áëîêî-
âûõ êîäîâ ñïåöèàëüíîãî âèäà: ãðóïïîâûõ, à èç ãðóï-
ïîâûõ � öèêëè÷åñêèõ.

Ïëîòíàÿ óïàêîâêà øàðîâ â åäèíè÷íûé êóá.
×òîáû ïîñòðîèòü êîä ìèíèìàëüíîé èçáûòî÷íîñòè, èñ-
ïðàâëÿþùèé äàííîå êîëè÷åñòâî r îøèáîê, íóæíî âëî-
æèòü â åäèíè÷íûé êóá Bn ìàêñèìàëüíî âîçìîæíîå
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÷èñëî íåïåðåñåêàþùèõñÿ øàðîâ ðàäèóñà r � ýòî çà-
äà÷à ïëîòíîé óïàêîâêè.

Âîïðîñ: Ïðè êàêèõ n è r â êóáBn ìîæíî óëîæèòü íå-
ïåðåñåêàþùèåñÿ øàðû ðàäèóñà r ¾ïëîòíî¿, ¾áåç
çàçîðîâ¿?

Îòâåò: Òàêîå óäà¼òñÿ òîëüêî â äâóõ íåòðèâèàëüíûõ2)

ñëó÷àÿõ, êîãäà ïîëó÷àþòñÿ ñîâåðøåííûå èëè ýê-
ñòðåìàëüíûå êîäû:

1) n = 2m− 1, r = 1 � êîäû Õýììèíãà; ó íèõ
k = 2m − 1−m;

2) n = 23, r = 3 � êîä Ãîëåÿ; ê íåãî m = 11 è
k = 12.

::::::::::
Òåîðåìà 3.1 (Õýììèíãà). Ïðè 2r < n ìàêñèìàëüíîå
÷èñëî t êîäîâûõ ñëîâ íàõîäèòñÿ â ïðåäåëàõ

2n

C0
n + C1

n + . . .+ C2r
n

6 t 6
2n

C0
n + C1

n + . . .+ Cr
n︸ ︷︷ ︸

ãðàíèöà Õýììèíãà

.

Äîêàçàòåëüñòâî. Äëÿ ïîëó÷åíèÿ âåðõíåé îöåíêè ÷èñëà
íåïåðåñåêàþùèõñÿ øàðîâ ðàäèóñà r ðàçäåëèì îáú¼ì
áóëåâà êóáà íà îáú¼ì øàðà. Øàð ðàäèóñà r ñîäåðæèò:
öåíòð è âñå òî÷êè ñ îäíîé, äâóìÿ, ..., r èçìåíåííûìè
êîîðäèíàòàìè.

Äëÿ îöåíêè ñíèçó ïîñòðîèì íåãðóïïîâîé êîä:

1) áåðåì ïðîèçâîëüíóþ òî÷êó Bn è ñòðîèì âîêðóã
íå¼ øàð ðàäèóñà 2r;

2) äëÿ ãðóïïîâûõ êîäîâ, ñì. íèæå
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2) áåðåì ïðîèçâîëüíóþ òî÷êó âíå ïîñòðîåííîãî
øàðà è ñòðîèì âîêðóã íå¼ øàð ðàäèóñà 2r;

3) è ò. ä., êàæäàÿ íîâàÿ òî÷êà âûáèðàåòñÿ âíå ïîñ-
òðîåííûõ øàðîâ.

Â ðåçóëüòàòå øàðû ðàäèóñà 2r, âîçìîæíî, ïåðåñå-
êàþòñÿ, íî êàæäûé øàð çàíèìàåò v = C0

n+C
1
n+ . . .+

C2r
n òî÷åê, ïîýòîìó âñåõ øàðîâ íå ìåíåå 2n/v. Îäíà-

êî øàðû ðàäèóñà r ñ öåíòðàìè â âûáðàííûõ òî÷êàõ
íå ïåðåñåêàþòñÿ. �

Ïîñòðîèì êîíêðåòíûé èñïðàâëÿþùèé îäíó îøèá-
êó êîä Õýììèíãà äëèíû n = 2m − 1 è ïîêàæåì, ÷òî
äëÿ íåãî ãðàíèöà Õýììèíãà äîñòèãàåòñÿ.

Ðàññìîòðèì òàáëèöó, ïðèïèñàâ ñïðàâà ê åäèíè÷-
íîé ìàòðèöå ïîðÿäêà k = 2m − 1 − m âñå áèíàðíûå
íàáîðû äëèíû m, ñîäåðæàùèå íå ìåíåå äâóõ åäèíèö:

k=2m−(m+1)



100 . . . 000 1100 . . . 000
010 . . . 000 1010 . . . 000
001 . . . 000 1001 . . . 000

. . . . . .
000 . . . 001 1111 . . . 111︸ ︷︷ ︸
k=2m−(m+1)

︸ ︷︷ ︸
m

Ïðîñóììèðîâàâ âñå (âêëþ÷àÿ ïóñòóþ) ñîâîêóïíîñòè
ñòðîê òàáëèöû, ïîëó÷èì |C| = 2k ðàçëè÷íûõ êîäîâûõ
ñëîâ, è

2k = 22
m−m−1 =

22
m−1

2m
=

2n

1 + n︸ ︷︷ ︸
îáú¼ì øàðà

ðàäèóñà 1

.
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Íàéä¼ì êîäîâîå ðàññòîÿíèå ïîñòðîåííîãî êîäà:

� â êàæäîé ñòðîêå òàáëèöû � íå ìåíåå òð¼õ åäè-
íèö;

� åñëè ñëîæèòü

äâå ñòðîêè � â ëåâîé ÷àñòè áóäåò äâå åäèíèöû,
à â ïðàâîé � õîòÿ áû îäíà,

íå ìåíåå òð¼õ ñòðîê � â ëåâîé ÷àñòè áóäåò íå
ìåíåå òð¼õ åäèíèö.

Îòñþäà ñëåäóåò, ÷òî âñåãäà ρ(α̃, β̃) > 3 è øàðû åäè-
íè÷íîãî ðàäèóñà ñ öåíòðàìè â ïîëó÷åííûõ íàáîðàõ íå
ïåðåñåêàþòñÿ.

Ïðèìåð 3.2. Äëÿ m = 3 (n = 23 − 1 = 7) ñîñòàâèì
òàáëèöó

1 0 0 0 1 1 0
0 1 0 0 1 0 1
0 0 1 0 0 1 1
0 0 0 1 1 1 1

Ñêëàäûâàÿ ïî mod 2 âñå, âêëþ÷àÿ ïóñòóþ, ñîâîêóï-
íîñòè ñòðîê ïîëó÷åííîé òàáëèöû, ïîëó÷àåì 24 = 16
ñëîâ (7, 4, 3)-êîäà Õýììèíãà.

Êîä Ãîëåÿ � (23, 12, 7)-êîä. Ì.Ãîëåé îáíàðóæèë,
÷òî

C0
23 + C1

23 + C2
23 + C3

23︸ ︷︷ ︸
îáú¼ì øàðà ðàäèóñà 3

= 211.

Ýòî ïîçâîëèëî ïðåäïîëîæèòü, ÷òî ñóùåñòâóåò ñîäåð-
æàùèé 223/211 = 212 = 4096 êîäîâûõ ñëîâ ñîâåðøåí-
íûé (23, 12, 7)-êîä, èñïðàâëÿþùèé äî 3-õ îøèáîê, è
Ì.Ãîëåé â ñâîåé ñòàòüå óêàçàë òàêîé êîä.
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Äîêàçàíî, ÷òî äðóãèõ ïàð (n, r), óäîâëåòâîðÿþ-
ùèõ óñëîâèþ 2n/

(
C0
n + . . .+ Cr

n

)
� öåëîå, êðîìå êî-

äîâ Õýììèíãà è òðèâèàëüíûõ, íå ñóùåñòâóåò.

3.2 Ëèíåéíûå êîäû

Ëèíåéíûå êîäû: îïðåäåëåíèå, ñâîéñòâà. Á�îëü-
øàÿ ÷àñòü òåîðèè áëîêîâîãî êîäèðîâàíèÿ ïîñòðîåíà
íà ëèíåéíûõ êîäàõ, ïîçâîëÿþùèõ â ðÿäå ñëó÷àåâ ðåà-
ëèçîâûâàòü àëãîðèòìû êîäèðîâàíèÿ/äåêîäèðîâàíèÿ,
ïðèìëåìûå ïî ýôôåêòèâíîñòè. Â äâîè÷íîì ñëó÷àå èõ
íàçûâàþò ãðóïïîâûìè, ò. ê. îíè îáðàçóþò ãðóïïó îò-
íîñèòåëüíî îïåðàöèè ¾ñóììà ïî mod 2¿ (+).

Ëåãêî âèäåòü, ÷òî óñòîé÷èâàÿ îòíîñèòåëüíî îïå-
ðàöèè ñóììû ïî mod 2 ñîâîêóïíîñòü êîäîâûõ ñëîâ
C îáðàçóåò (êîììóòàòèâíóþ) ãðóïïó. Äåéñòâèòåëüíî,
ñâîéñòâàìè îïåðàöèè + îáåñïå÷èâàåòñÿ àññîöèàòèâ-
íîñòü, ñóùåñòâîâàíèå íóëÿ (α̃ + α̃ = 0̃ = (0, . . . , 0))
è ïðîòèâîïîëîæíûõ ýëåìåíòîâ ( α̃ = α̃) êîäà C.

Ëåãêî âèäåòü, ÷òî êîäîâîå ðàññòîÿíèå d ãðóïïîâî-
ãî êîäà ðàâíî

d = min
α̃ 6=β̃

ρ(α̃, β̃) = min
γ̃ 6=0̃
‖γ̃‖ ,

ãäå α̃, β̃è γ̃ � êîäîâûå ñëîâà èç C.
Äåéñòâèòåëüíî, äëÿ ïðîèçâîëüíûõ êîäîâûõ ñëîâ α̃

è β̃ âñåãäà ñóùåñòâóåò èõ ñóììà � êîäîâîå ñëîâî γ:

ρ(α̃, β̃) = ‖α̃ + β̃‖ = ‖γ̃‖ ,

ïðè÷åì γ̃ 6= 0̃ ïðè α̃ 6= β̃.
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Îòñþäà ïîëó÷àåì îöåíêó min
α̃ 6=β̃

ρ(α̃, β̃) > min
γ̃ 6=0̃
‖γ̃‖,

êîòîðàÿ äîñòèãàåòñÿ, íàïðèìåð, ïðè β̃ = 0̃.
Ïîýòîìó äëÿ âû÷èñëåíèÿ êîäîâîãî ðàññòîÿíèÿ

ãðóïïîâîãî êîäà íóæíî ïåðåáðàòü 2k−1 êîäîâûõ ñëîâ
(ýêñïîíåíöèàëüíàÿ ñëîæíîñòü).

Îïðåäåëåíèå 3.2. Áëîêîâûé (n, k)-êîä íàçûâàåòñÿ ëè-
íåéíûì, åñëè îí îáðàçóåò âåêòîðíîå ïîäïðîñòðàíñòâî
ðàçìåðíîñòè k êîîðäèíàòíîãî ïðîñòðàíñòâà Bn.

Ýòî îçíà÷àåò, ÷òî â ëèíåéíîì êîäå C:

1) ñóììà ëþáûõ êîäîâûõ ñëîâ � êîäîâîå ñëîâî, òî
åñòü ýòî ãðóïïîâîé êîä;

2) êîäîâîå ðàññòîÿíèå d(C) = min
γ̃∈Cr{0̃}

‖γ̃‖;

3) ñóùåñòâóåò áàçèñ { g0, g1, . . . , gk−1 } èç k âåê-
òîðîâ gi ∈ Bn, i = 0, . . . , k−1, ïîýòîìó ëþáîé
âåêòîð v ∈ C ìîæåò áûòü ïðåäñòàâëåí êàê

v =
k−1∑
i=0

ui gi, ui ∈ {0, 1}.

4) çíà÷åíèå k < n, âîîáùå ãîâîðÿ, ïðîèçâîëüíî.

Ïîðîæäàþùàÿ ìàòðèöà. Ñèñòåìàòè÷åñêîå êî-
äèðîâàíèå Ñîñòàâèì èç âåêòîðîâ áàçèñà êîäà ìàò-
ðèöóG = [ g0 g1 . . . gk−1 ] ðàçìåðà n×k. Å¼ íàçûâàþò
ïîðîæäàþùåé ìàòðèöåé ëèíåéíîãî êîäà C è äëÿ íå¼

v = Gu.
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ßñíî, ÷òî âñå êîäîâûå ñëîâà ñóòü ëèíåéíûå êîì-
áèíàöèè ñòîëáöîâ ïîðîæäàþùåé ìàòðèöû G, à ñàìà
îíà îïðåäåëåíà ñ òî÷íîñòüþ äî ýëåìåíòàðíûõ ïðå-
îáðàçîâàíèé ñòîëáöîâ (èõ ïåðåñòàíîâêàì è ñëîæåíèþ
ïî mod 2 äàííîãî ñòîëáöà ñ ëþáûì äðóãèì). Äàííûå
ïðåîáðàçîâàíèÿ ýêâèâàëåíòíû ïåðåõîäó ê äðóãîìó áà-
çèñó ýòîãî æå êîäà.

Ïóñòü ëèíåéíûé êîä çàäàí ïîðîæäàþùåé ìàòðè-
öåé Gn,k. Èç íå¼ ñ ïîìîùüþ ýëåìåíòàðíûõ ïðåîáðà-

çîâàíèé ñòîëáöîâ ìîæåò áûòü ïîëó÷åíà ìàòðèöà G̃, ó
êîòîðîé ïåðâûå k ñòðîê îáðàçóþò åäèíè÷íóþ ïîäìàò-
ðèöó Ik. Òîãäà ïðè êîäèðîâàíèè v = G̃u ïåðâûå k áèò
ñîîáùåíèÿ ïåðåéäóò â ïåðâûå áèòû êîäîâîãî ñëîâà.

Êîäèðîâàíèå, ïðè êîòîðîì èíôîðìàöèîííûå áè-
òû ïåðåõîäÿò â ôèêñèðîâàííûå ïîçèöèè êîäîâîãî ñëî-
âà, íàçûâàþò ñèñòåìàòè÷åñêèì èëè ðàçäåëèìûì.
Îñòàëüíûå (èçáûòî÷íûå) áèòû ñîîáùåíèÿ íàçûâàþò
ïðîâåðî÷íûìè. Ëþáîé ëèíåéíûé êîä ìîæíî ïðåîáðà-
çîâàòü â ýêâèâàëåíòíûé åìó ñèñòåìàòè÷åñêèé.

Ñèñòåìàòè÷åñêîå êîäèðîâàíèå äåëàåò òðèâèàëü-
íûì 2-é ýòàï äåêîäèðîâàíèÿ: èñõîäíîå ñîîáùåíèå åñòü
ðåçóëüòàò óäàëåíèÿ èç êîäîâîãî ñëîâà ïðîâåðî÷íûõ
áèò.

Ïðèìåð 3.2 (ïðîäîëæåíèå � (7, 4)-êîä Õýììèíãà).

Ðàíåå áûëà ïîëó÷åíà òàáëèöà, ñëîæåíèåì ðàçëè÷-
íûõ ãðóïï ñòðîê êîòîðîé ïîëó÷àþòñÿ âñå êîäîâûå
ñëîâà äàííîãî êîäà Õýììèíãà. Ïîðîæäàþùàÿ ìàòðè-
öà êîäà ïîëó÷àåòñÿ òðàíñïîíèðîâàíèåì ýòîé òàáëèöû:
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G7×4 =



1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
1 1 0 1
1 0 1 1
0 1 1 1


� ïîðîæäàþùàÿ ìàòðèöà
â ñèñòåìàòè÷åñêîé ôîðìå:
ïðè êîäèðîâàíèè èñõîäíûå
ñîîáùåíèÿ ïîìåùàþòñÿ â

ïåðâûå 4 áèòà êîäîâîãî ñëîâà

Èñòîðè÷åñêàÿ ñïðàâêà. Ïåðâîé ÝÂÌ, â êîòîðîé èñ-
ïîëüçîâàëñÿ êîä Õýììèíãà, áûëà IBM 7030, ïîñòðîåí-
íàÿ â 1960 ã., ÷åðåç 10 ëåò ïîñëå ïîÿâëåíèÿ êîäà Õýì-
ìèíãà. Äî ýòîãî ïðèìåíÿëñÿ ëèøü ïðîñòåéøèé ñïîñîá
ïîâûøåíèÿ íàäåæíîñòè � ïðîâåðêà íà ÷¼òíîñòü.

Îðòîãîíàëüíîå äîïîëíåíèå ê êîäó è ïðîâåðî÷-
íàÿ ìàòðèöà. Èòàê, ëèíåéíûé êîä C åñòü k-ìåðíîå
ïîäïðîñòðàíñòâî n-ìåðíîãî ëèíåéíîãî ïðîñòðàíñòâà
{0, 1}n = Bn. Ýëåìåíòû Bn, îðòîãîíàëüíûå êî âñåì
êîäîâûì ñëîâàì C, îáðàçóþò îðòîãîíàëüíîå ïîäïðîñ-
òðàíñòâî C⊥:

∀
C
v ∀

C⊥
w : vT ×w = 0.

Çàìå÷àíèÿ:

� dimBn = n = dimC︸ ︷︷ ︸
k

+ dimC⊥︸ ︷︷ ︸
n−k=m

;

� Bn � íå åñòü ïðÿìàÿ ñóììà ïîäïðîñòðàíñòâ C
è C⊥: ïðîèçâîëüíûé âåêòîð èç Bn ìîæåò ëèáî
íå ðàçëàãàòüñÿ, ëèáî ðàçëàãàòüñÿ íåîäíîçíà÷íî
â ñóììó âåêòîðîâ èç C è C⊥.
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Ïðè÷èíîé ýòèõ ¾ñòàðàííîñòåé¿ ÿâëÿåòñÿ òî, ÷òî
èç îðòîãîíàëüíîñòè ñèñòåìû âåêòîðîâ íàä Bn

íå ñëåäóåò èõ ëèíåéíîé íåçàâèñèìîñòè, êàê ýòî
èìååò ìåñòî â åâêëèäîâîì ïðîñòðàíñòâå.

Ïóñòü {h0, . . . , hm−1 } � áàçèñ C⊥, hi � âåêòîðû-
ñòîëáöû èç Bn, i = 0, . . . , m− 1. Òîãäà ìàòðèöà

Hm×n =


hT0
hT1
...

hTm−1


íàçûâàåòñÿ ïðîâåðî÷íîé ìàòðèöåé êîäà C.

ßñíî, ÷òî

� ∀v ∈ C : Hv = 0 � íóëåâîé m-ìåðíûé âåêòîð;

� HG = Om×k � íóëåâàÿ ìàòðèöà;

� ïðîâåðî÷íàÿ ìàòðèöà îïðåäåëåíà ñ òî÷íîñòüþ
äî ýëåìåíòàðíûõ ïðåîáðàçîâàíèé ñòðîê.

Ïóñòü Ik è Im � åäèíè÷íûå ìàòðèöû ïîðÿäêîâ k è
m ñîîòâåòñòâåííî. Òîãäà åñëè ïîðîæäàþùàÿ ìàòðèöà
èìååò âèä

G =

[
Ik

Pm×k

]
,

òî ìàòðèöà H =
[
Pm×k Im

]
áóäåò ïðîâåðî÷íîé.

Äåéñòâèòåëüíî, â ýòîì ñëó÷àå

Hv = HGu =
[
P I

]
×
[
I
P

]
u = (P + P )u = 0.
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Ïðîâåðî÷íóþ ìàòðèöó íàçûâàþò òàêæå ìàòðèöåé
ïðîâåðêè íà ÷¼òíîñòü, à ñòðîêè � ïðàâèëàìè ïðîâåð-
êè íà ÷¼òíîñòü.

Ïðèìåð 3.2 (ïðîäîëæåíèå � (7, 4)-êîä Õýììèíãà).
Äëÿ ïîñòðîåííîé ïîðîæäàþùåé ìàòðèöû G7×4 ïðî-
âåðî÷íîé áóäåò

H3×7 =

1 1 0 1 1 0 0
1 0 1 1 0 1 0
0 1 1 1 0 0 1


Ëåãêî âèäåòü, ÷òî ñòîëáöàìè ïðîâåðî÷íîé ìàòðè-

öû êîäà êîäà Õýììèíãà ÿâëÿþòñÿ âñå íåíóëåâûå âåê-
òîðû äëèíû m (â íàøåì ïðèìåðå m = 3).

Çàäàíèå ëèíåéíîãî êîäà. Ïðèìåð êîäèðîâà-
íèÿ. Ðåçþìèðóåì: ëèíåéíûé êîä C äëÿ ñîîáùåíèé
äëèíû k èìååò äëèíó n = k+m, m � ÷èñëî èçáûòî÷-
íûõ (ïðè ñèñòåìàòè÷åñêîì êîäèðîâàíèè � ïðîâåðî÷-
íûõ) ñèìâîëîâ, è çàäà¼òñÿ ëèáî ïîðîæäàþùåé ìàòðè-
öåé Hn×k, ëèáî ïðîâåðî÷íîé ìàòðèöåé Gm×n.

Ýòè ìàòðèöû îïðåäåëåíû ñ òî÷íîñòüþ äî ýëåìåí-
òàðíûõ ïðåîáðàçîâàíèé ñòîëáöîâ è ñòðîê ñîîòâåò-
ñòâåííî, ÷òî îòâå÷àåò âûáîðó ðàçëè÷íûõ áàçèñîâ â
ïðîñòðàíñòâàõ C è C⊥. Îäíàêî ôèêñèðîâàíèå ïîçè-
öèé èíôîðìàöèîííûõ áèò ïðè ñèñòåìàòè÷åñêîì êî-
äèðîâàíèè çàäà¼ò H è G îäíîçíà÷íî.

Óâåëè÷åíèå m âåä¼ò ê óâåëè÷åíèþ êîäîâîãî ðàñ-
ñòîÿíèÿ d (êàê êîíêðåòíî � î÷åíü òðóäíûé âîïðîñ)
è, ñëåäîâàòåëüíî, ê óâåëè÷åíèþ êîëè÷åñòâà îøèáîê,
êîòîðûå ìîæåò èñïðàâèòü êîä.
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Ïðèìåð 3.3 (êîäèðîâàíèÿ áëîêîâûì ëèíåéíûì êî-
äîì). Ïóñòü ëèíåéíûé (6, 3)-êîä çàäàí ïîðîæäàþùåé
ìàòðèöåé

G6×3 =


0 0 1
1 0 1
1 0 0
1 1 1
1 1 0
0 1 1

 .
Òðåáóåòñÿ:

1) ñ èñïîëüçîâàíèåì äàííîãî êîäà îñóùåñòâèòü
íåñèñòåìàòè÷åñêîå è ñèñòåìàòè÷åñêîå êîäèðîâà-
íèå âåêòîðîâ u1 = [0 1 1]T è u2 = [1 0 1]T ;

2) ïîñòðîèòü ïðîâåðî÷íóþ ìàòðèöó H;

3) îïðåäåëèòü êîäîâîå ðàññòîÿíèå d äàííîãî êîäà.

1. Íåñèñòåìàòè÷åñêîå êîäèðîâàíèå íàõîäèì íå-
ïîñðåäñòâåííî:

[vn1 v
n
2 ] = G×[u1u2 ] =


0 0 1
1 0 1
1 0 0
1 1 1
1 1 0
0 1 1

×
0 1
1 0
1 1

 =


1 1
1 0
0 1
0 0
1 1
0 1

.

Äëÿ ñèñòåìàòè÷åñêîãî êîäèðîâàíèÿ ñ ïîìîùüþ
ýëåìåíòàðíûõ ïðåîáðàçîâàíèé ñòîëáöîâ âûäåëèì â
ìàòðèöå G åäèíè÷íóþ ïîäìàòðèöó ïîðÿäêà 3 (íàä
ñòðåëêîé óêàçàíî ïðîâîäèìîå ïðåîáðàçîâàíèå):
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
0 0 1
1 0 1
1 0 0
1 1 1
1 1 0
0 1 1


(1)+(2) 7→ (1)−−−−−−−→


0 0 1
1 0 1
1 0 0
0 1 1
0 1 0
1 1 1

 = G̃.

Â ïîëó÷åííîé ìàòðèöå â ñòðîêàõ 3, 5 è 1 ñòîèò
åäèíè÷íàÿ ïîäìàòðèöà. Ýòî ïðèâåä¼ò ê òîìó, ÷òî áè-
òû ñîîáùåíèÿ ïîñëåäîâàòåëüíî ïåðåéäóò â 3, 5 è 1-é
áèòû êîäîâîãî ñëîâà.

Íàéä¼ì ñèñòåìàòè÷åñêîå êîäèðîâàíèå u1,u2:

[ v1 v2 ] = G̃×[ u1 u2 ] =


0 0 1
1 0 1
1 0 0
0 1 1
0 1 0
1 1 1

×
0 1
1 0
1 1

 =


1 1
1 0
0 1
0 1
1 0
0 0

.

2. Äëÿ ïîñòðîåíèÿ ïðîâåðî÷íîé ìàòðèöû H ñíà-
÷àëà ôîðìèðóåì ìàòðèöó P3×3 èç ñòðîê G̃, îòëè÷íûõ
îò ñòðîê åäèíè÷íîé ïîäìàòðèöû:

P3×3 =

1 0 1
0 1 1
1 1 1

 .
Äàëåå íóæíî

� ïîñëåäîâàòåëüíî ðàçìåñòèòü ñòîëáöû P ñîîò-
âåòñòâåííî â 3, 5 è 1-ì ñòîëáöàõ H,
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� îñòàëüíûå 2, 4 è 6-é ñòîëáöû H äîëæíû îáðà-
çîâûâàòü åäèíè÷íóþ ïîäìàòðèöó.

Â èòîãå ïîëó÷èì ïðîâåðî÷íóþ ìàòðèöó

H3×6 =

1 1 1 0 0 0
1 0 0 1 1 0
1 0 1 0 1 1

 .

Ïðåäëàãàåòñÿ ñàìîñòîÿòåëüíî ïðîâåðèòü, ÷òî
HG = HG̃ = 0 � íóëåâàÿ (3 × 3)-ìàòðèöà. è óäî-
ñòîâåðèòüñÿ, ÷òî â ðåçóëüòàòå êàê ñèñòåìàòè÷åñêîãî,
òàê è íåñèñòåìàòè÷åñêîãî êîäèðîâàíèé áûëè äåéñòâè-
òåëüíî íàéäåíû êîäîâûå ñëîâà, ïåðåìíîæàÿ H ïîñëå-
äîâàòåëüíî íà vn1 , v

n
2 , v1, v2 è ïîëó÷àÿ íóëåâûå âåê-

òîðû.

3. Íàéäåì êîäîâîå ðàññòîÿíèå d. Äëÿ ýòîãî çàêî-
äèðóåì âñå 23 = 8 ñîîáùåíèé è íàéäåì ìèíèìàëüíûé
íåíóëåâîé õýììèíãîâ âåñ êîäîâîãî ñëîâà:

C = [ v1 . . . v8 ] = G̃× [ u1 . . . u8 ] =

=


0 0 1
1 0 1
1 0 0
0 1 1
0 1 0
1 1 1

×
0 0 0 0 1 1 1 1
0 0 1 1 0 0 1 1
0 1 0 1 0 1 0 1

 =
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=


0 1 0 1 0 1 0 1
0 1 0 1 1 0 1 0
0 0 0 0 1 1 1 1
0 1 1 0 0 1 1 0
0 0 1 1 0 0 1 1
0 1 1 0 1 0 0 1

 .
u1, . . . , u8 � âñå 8
âîçìîæíûõ ñîîáùåíèé,
v1, . . . , v8 � âñå 8
âîçìîæíûõ êîäîâûõ ñëîâ.
Îêàçàëîñü d = 3.

3.3 Ñèíäðîìíîå äåêîäèðîâàíèå ëè-

íåéíûõ êîäîâ

Ñèíäðîì

Îïðåäåëåíèå 3.3. Ñèíäðîìîì ñëîâà w ∈ {0, 1}n, ïðè-
íÿòîãî ïðè ïåðåäà÷å ñîîáùåíèÿ, çàêîäèðîâàííîãî ëè-
íåéíûì (n, k)-êîäîì è, âîçìîæíî, ñîäåðæàùåãî îøèá-
êè, íàçîâ¼ì m-âåêòîð s = Hw, ãäå H � ïðîâåðî÷íàÿ
ìàòðèöà êîäà, m = n− k.

Ñâîéñòâà ñèíäðîìà:

� s = 0 ⇔ w � êîäîâîå ñëîâî, òî îøèáîê íåò.
Òî÷íåå, s = 0 îçíà÷àåò îòñóòñòâèå îøèáîê îïðå-
äåë¼ííîãî òèïà, à íå èõ îòñóòñòâèå âîîáùå; ýòî
çàìå÷àíèå îòíîñèòñÿ è ê äåêîäèðîâàíèþ âñåõ
ðàññìàòðèâàåìûõ çäåñü è äàëåå êîäîâ.

� s = Hw = H(v + e) = Hv︸︷︷︸
=0

+He = He.

Îòñþäà ñëåäóåò, ÷òî âåêòîð îøèáîê e óäîâëåòâîðÿåò
íåîäíîðîäíîé íåäîîïðåäåëåííîé ÑËÀÓ

He = s, (∗)
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à êîäîâûå ñëîâà ÿâëÿþòñÿ ðåøåíèÿìè ñîîòâåòñòâóþ-
ùåé îäíîðîäíîé ñèñòåìû

Hv = 0.

Òàêèì îáðàçîì, âåêòîð e ìîæåò áûòü ïðåäñòàâëåí
êàê ÷àñòíîå ðåøåíèå ê íåîäíîðîäíîé ñèñòåìû (∗) è
îáùåå ðåøåíèå v = Gu ñîîòâåòñòâóþùåé îäíîðîä-
íîé �

e = ê+Gu.

Îïðåäåëåíèå îøèáîê ïî ñèíäðîìó. Ïîñêîëüêó
è ïðèíÿòûé âåêòîð w, è ñîîòâåòñòâóþùèé åìó âåêòîð
îøèáîê e èìåþò îäèíàêîâûå ñèíäðîìû, ìîæíî ïîïû-
òàòüñÿ âîññòàíîâèòü íåèçâåñòíûé âåêòîð e, èñïîëüçóÿ
òîò ôàêò, ÷òî îí ÿâëÿåòñÿ ðåøåíèåì ñèñòåìû (∗).

Äëÿ ýòîãî íóæíî ñîñòàâèòü ñëîâàðü ñèíäðîìîâ �
òàáëèöó, ñòðîêè êîòîðîé ñîîòâåòñòâóþò âñåì âîçìîæ-
íûì ñèíäðîìàì s1, . . . , s2m, à êàæäàÿ ñòðîêà ñî-
äåðæèò íàèáîëåå âåðîÿòíûé âåêòîð îøèáîê, äàííî-
ìó ñèíäðîìó ñîîòâåòñòâóþùèé. Ýòîò âåêòîð äîëæåí
èìåòü íàèìåíüøèé âåñ ñðåäè âîçìîæíûõ ðåøåíèé
ñèñòåìû (∗) äëÿ äàííîãî s, è åãî íàçûâàþò ëèäåðîì
êëàññà âåêòîðîâ îøèáîê, èìåþùèõ îáùèé ñèíäðîì s.
Åñëè òàêèõ âåêòîðîâ ìèíèìàëüíîãî âåñà íåñêîëüêî,
òî â êà÷åñòâå ëèäåðà ìîæåò áûòü âûáðàí ëþáîé èç
íèõ.

Òàêèì îáðàçîì, äàííûé ìåòîä ïîòðåáóåò õðàíåíèÿ
ïðîâåðî÷íîé ìàòðèöû ðàçìåðàm×n, ñëîâàðÿ ñèíäðî-
ìîâ ðàçìåðà 2m×n, íî íå òðåáóåò íàõîæäåíèÿ âåêòî-
ðîâ îøèáîê ìèíèìàëüíîãî âåñà (îíè óæå íàéäåíû íà
ýòàïå ïðîåêòèðîâàíèÿ äåêîäèðóþùåãî óñòðîéñòâà).
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Îäíàêî â ëþáîì ñëó÷àå àëãîðèòì äåêîäèðîâàíèÿ
îñòà¼òñÿ ýêñïîíåíöèàëüíî òðóäî¼ìêèì è ïî ïàìÿòè, è
ïî ÷èñëó îïåðàöèé.

Äåêîäèðîâàíèå êîäà Õýììèíãà. Â ñëó÷àå êîäà
Õýììèíãà äåêîäèðîâàíèå ìîæíî ñóùåñòâåííî óïðîñ-
òèòü. Îñîáåííîñòüþ ïðîâåðî÷íîé ìàòðèöûHm×n êîäà
Õýììèíãà ÿâëÿåòñÿ òî, ÷òî å¼ ñòîëáöû ïðåäñòàâëÿþò
ñîáîé äâîè÷íûå êîäû ÷èñåë îò 1 äî n = 2m − 1.

Íàïðèìåð, â Ïðèìåðå 3.2 ïîëó÷åíà ìàòðèöà

H3×7 =

 1 1 0 1 1 0 0
1 0 1 1 0 1 0
0 1 1 1 0 0 1

 .
Õýììèíã ïðåäëîæèë èñïîëüçîâàòü êîäû, ó êîòî-

ðûõ ðàñïîëîæåíèå ñòîëáöîâ ïðîâåðî÷íîé ìàòðèöû H
áûëî òàêîå, ÷òîáû ñèíäðîì ÿâëÿëñÿ äâîè÷íûì ïðåä-
ñòàâëåíèåì ïîçèöèè îøèáêè â ïðèíÿòîì ñîîáùåíèè.

Äëÿ ýòîãî ñòîëáöû H äîëæíû áûòü äâîè÷íûìè
ïðåäñòàâëåíèÿìè ÷èñåë îò 1 äî 2m−1 ïîñëåäîâàòåëü-
íî. Òîãäà ëþáîé ñèíäðîì åñòü ñîîòâåòñòâóþùèé ñòîë-
áåö H, òî åñòü äâîè÷íîå ïðåäñòàâëåíèå ñâîåãî íîìåðà
= ïîçèöèÿ îøèáêè.

Çàìåòèì, ÷òî åäèíè÷íóþ ïîäìàòðèöó òàêîé ìàò-
ðèöû áóäóò îáðàçîâûâàòü ñòîëáöû 1, 2, . . ., 2m−1 ñ
íîìåðàìè, ÿâëÿþùèìèñÿ ñòåïåíüþ 2.

Ïðèìåð 3.4. Äëÿ ðàññìàòðèâàåìîãî (7, 4)-êîäà Õýì-
ìèíãà ïîëó÷àåì ìàòðèöó
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H̃3×7 =

 1 0 1 0 1 0 1
0 1 1 0 0 1 1
0 0 0 1 1 1 1

 .
Òîãäà ïîðîæäàþùàÿ ìàòðèöà åñòü

G7×4 =



1 1 0 1
1 0 1 1
1 0 0 0
0 1 1 1
0 1 0 0
0 0 1 0
0 0 0 1


.

Îíà ïîìåùàåò ñîîáùåíèå ïîñëåäîâàòåëüíî â 3, 5, 6 è
7-þ ïîçèöèè êîäîâîãî ñëîâà, à îñòàëüíûå áèòû ÿâëÿ-
þòñÿ ïðîâåðî÷íûìè.

Çàêîäèðóåì ýòèì êîäîì ñîîáùåíèå u = [ 0 1 0 1 ]T :

v = Gu = [ 0 1 0 0 1 0 1 ]T .

Ïóñòü ïðè ïåðåäà÷å îøèáêà ïðîèçîøëà â 5-ì áèòå, òî
åñòü ïîëó÷åíî ñëîâî w = [ 0 1 0 0 0 0 1 ]T . Òîãäà

ñèíäðîì s = H̃w = [ 1 0 1 ]T óêàçûâàåò ïîçèöèþ
îøèáêè.

3.4 Öèêëè÷åñêèå êîäû

Ïîëèíîìèàëüíîå ïðåäñòàâëåíèå ñëîâ. Óñòàíî-
âèì èçîìîðôíîå ñîîòâåòñòâèå áèíàðíûõ âåêòîðîâ è
èõ ïðåäñòàâëåíèÿìè ïîëèíîìàìè èç F2[x]:
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u = [ u0 u1 . . . uk−1 ]
T ↔

↔ u(x) = u0 + u1x+ . . .+ uk−1x
k−1,

v = [ v0 v1 . . . vn−1 ]
T ↔

↔ v(x) = v0 + v1x+ . . .+ vn−1x
n−1.

Îïðåäåëåíèå è ïîñòðîåíèå öèêëè÷åñêèõ êîäîâ

Îïðåäåëåíèå 3.4. Êîä íàçûâàåòñÿ öèêëè÷åñêèì (ñäâè-
ãîâûì), åñëè îí èíâàðèàíòåí îòíîñèòåëüíî öèêëè÷åñ-
êèõ ñäâèãîâ ñâîèõ êîäîâûõ ñëîâ.

Áûëî ïîêàçàíî, ÷òî â êîëüöå R = Fp[x]/(x
n − 1),

ðàññìàòðèâàåìîì êàê n-ìåðíîå öèêëè÷åñêîå âåê-
òîðíîå ïðîñòðàíñòâî íàä ïîëåì Fp, èìååòñÿ áàçèñ{
1, x, . . . , xn−1

}
è öèêëè÷åñêèé ñäâèã êîîðäèíàò â

ýòîì áàçèñå îñóùåñòâëÿåòñÿ óìíîæåíèåì íà x. Ïîä-
ïðîñòðàíñòâî I êîëüöà ýòîãî êîëüöà îñòàíåòñÿ öèêëè-
÷åñêèì åñëè è òîëüêî åñëè I � èäåàë R. Ïîñêîëüêó
R � ÊÃÈ, òî ëþáîé èäåàë â í¼ì ïîðîæäàåòñÿ íåêî-
òîðûì ïîëèíîìîì.

Ïîýòîìó ïîñòðîèòü öèêëè÷åñêèé (n, k)-êîä äëèíû
ìîæíî ñëåäóþùèì îáðàçîì3).

1. Çàäà¼ìñÿ íå÷¼òíûì (÷òîáû îáåñïå÷èòü âçàèì-
íóþ ïðîñòîòó ñ p = 2) çíà÷åíèåì n è âûáèðàåì
ëþáîé äåëèòåëü g(x) áèíîìà xn − 1.
Ìíîãî÷ëåí g(x) íàçûâàþò ïîðîæäàþùèì èëè
îáðàçóþùèì; deg g(x) = m, k = n−m.

3)Èçáûòî÷íûé öèêëè÷åñêèé êîä � àíãë. CRC, Cyclic Redundancy Code.
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2. Èäåàë (g(x)) êîëüöà R = Fp[x]/(x
n − 1), îáðàçó-

þùèé öèêëè÷åñêîå âåêòîðíîå ïîäïðîñòðàíñòâî
âR, ñîñòîèò èç âñåõ ìíîãî÷ëåíîâ âèäà f(x)·g(x),
deg f(x) 6 k.
Êîýôôèöèåíòû ìíîãî÷ëåíîâ èç ýòîãî èäåàëà áó-
äóò êîäîâûìè ñëîâàìè. Ïðè óäà÷íîì âûáîðå ïî-
ðîæäàþùåãî ïîëèíîìà ïîëó÷àåòñÿ êîä ñ ïðèåì-
ëåìûì çíà÷åíèåì d.

Èòàê, öèêëè÷åñêèé êîä ïîëíîñòüþ îïðåäåëÿåòñÿ
ñâîèì ïîðîæäàþùèì ìíîãî÷ëåíîì. Çàìåòèì, ÷òî ïîñ-
êîëüêó m = deg g(x), òî çíà÷åíèå k = n − m óæå
íå ïðîèçâîëüíî, êàê ó ëèíåéíûõ êîäîâ îáùåãî âèäà.
Îïðåäåëåíèå êîäîâîãî ðàññòîÿíèÿ öèêëè÷åñêîãî êî-
äà â îáùåì ñëó÷àå ÿâëÿåòñÿ ÷ðåçâû÷àéíî òðóäî¼ìêîé
çàäà÷åé.

Èç âñåõ ëèíåéíûõ (n, k)-êîäîâ áóäåì äàëåå ðàñ-
ñìàòðèâàòü èñêëþ÷èòåëüíî öèêëè÷åñêèå.

Ïðèìåð 3.5. Ïîñòðîèì öèêëè÷åñêèé êîä äëèíû
n = 23. Â ï. 2 ïðèìåðà 2.13 íàéäåíû ÷èñëî è ñòåïåíè
íåïðèâîäèìûõ ìíîãî÷ëåíîâ, ôàêòîðèçóþùèõ áèíîì
x23 − 1. Êîíêðåòíî ýòî ðàçëîæåíèå òàêîâî:

f(x) = (x+ 1)(x11 + x9 + x7 + x6 + x5 + x+ 1︸ ︷︷ ︸
g1(x)

)×

× (x11 + x10 + x6 + x5 + x4 + x2 + 1︸ ︷︷ ︸
g2(x)

).

Ïîñêîëüêó ñòåïåíè ïîëèíîìîâ g1(x) è g2(x) îêàçà-
ëèñü ðàâíûìè m = 11, äëÿ ïîñòðîåíèÿ (23, 12)-êîäà
ìîæåò áûòü âûáðàí ëþáîé èç íèõ.
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Ìîæíî ïîêàçàòü, ÷òî â îáîèõ ñëó÷àÿõ êîäîâîå ðàñ-
ñòîÿíèå îêàçûâàåòñÿ ðàâíûì 7. ßñíî, ÷òî ïîñòðîåí
êîä Ãîëåÿ.

Ïîñòðîåííàÿ â ïðèìåðå 3.2 òàáëèöà 4×7 äëÿ êîäà
Õýììèíãà íå ïîðîæäàåò öèêëè÷åñêîãî êîäà. Îäíàêî
åñëè ïåðåñòàâèòü 3-ýëåìåíòíûå îêîí÷àíèÿ íåêîòîðûõ
ñòðîê, òî ïîëó÷åííàÿ òàáëèöà (ñì. íèæå)

1 0 0 0 1 1 0
0 1 0 0 0 1 1
0 0 1 0 1 1 1
0 0 0 1 1 0 1

óæå ïîðîæäàåò öèêëè÷åñêèé êîä.

Êîäèðîâàíèå öèêëè÷åñêèìè êîäàìè. Ïóñòü îï-
ðåäåë¼í ïîðîæäàþùèé ïîëèíîì g(x), äåëÿùèé áèíîì
xn − 1, deg g(x) = m < n è çàäàþùèé êîä C.

Íåñèñòåìàòè÷åñêîå êîäèðîâàíèå îñóùåñòâëÿåòñÿ
ïóò¼ì óìíîæåíèÿ êîäèðóåìîãî ïîëèíîìà íà ïîðîæ-
äàþùèé:

u(x) 7→ v(x) = g(x)u(x).

Ñèñòåìàòè÷åñêîå êîäèðîâàíèå îñóùåñòâëÿåòñÿ
ïðèïèñûâàíèåì ê êîäîâîìó ñëîâó ñëåâà (â ìëàäøèå
ðàçðÿäû) îñòàòêà r(x) îò äåëåíèÿ xmu(x) íà g(x).

Äåéñòâèòåëüíî, óìíîæåíèå u(x) íà xm ïîìåùàåò
ñîîáùåíèå â ñòàðøèå ðàçðÿäû n-áèòíîãî ñëîâà. Ïîäå-
ëèì òåïåðü xmu(x) íà g(x) ñ îñòàòêîì:

xmu(x) = g(x)q(x) + r(x), deg r(x) < m,
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îòêóäà

v(x) = xmu(x) + r(x) = g(x)q(x) ∈ C ∈ {0, 1}n.

Ïðèìåð 3.6. 1. Ïîñòðîèì öèêëè÷åñêèé êîä äëèíû
n = 7.

Äëÿ ýòîãî íóæíî âûáðàòü êàêîé-ëèáî äåëèòåëü áè-
íîìà x7 − 1. Îïðåäåëèì ñíà÷àëà ÷èñëî è ñòåïåíè íå-
ïðèâîäèìûõ äåëèòåëåé äàííîãî áèíîìà, äëÿ ÷åãî ïðè-
ìåíèì ñïîñîá ðàçáèåíèÿ âû÷åòîâ ïî ìîäóëþ 7 íà îð-
áèòû îòíîñèòåëüíî óìíîæåíèÿ íà 2 (ñì. ñ. 62):

{ 0 }, { 1, 2, 4 }, { 3, 6, 5 }.

Ïóñòü òåïåðü α � êîðåíü áèíîìà x7 − 1 èç ïîëÿ
åãî ðàçëîæåíèÿ. Ñ ó÷¼òîì òåîðåìû 2.8 î êîðíÿõ íå-
ïðèâîäèìîãî ìíîãî÷ëåíà, ïðèõîäèì ê âûâîäó, ÷òî âñå
7 êîðíåé áèíîìà x7 − 1 ðàçáèâàþòñÿ íà êëàññû

C0 =
{
α0 = 1

}
, C1 =

{
α, α2, α4

}
, C2 =

{
α3, α6, α5

}
.

Òàêèì îáðàçîì, áèíîì x7 − 1 èìååò îäèí íåïðè-
âîäèìûé äåëèòåëü 1-é ñòåïåíè è äâà íåïðèâîäèìûõ
äåëèòåëÿ 3-é ñòåïåíè. Ïîñêîëüêó ëèíåéíûé äåëèòåëü,
î÷åâèäíî, åñòü x−1, à îñòàëüíûå äåëèòåëè åäèíñòâåí-
íû, ïîëó÷àåì ðàçëîæåíèå

x7 − 1 = x7 + 1 = (x+ 1)(x3 + x+ 1)(x3 + x2 + 1).

Â êà÷åñòâå ïîðîæäàþùåãî ïîëèíîìà g(x) ìîæíî
âûáðàòü ëþáîé èç âûøåóêàçàííûõ ïîëèíîìîâ 3-é ñòå-
ïåíè. Òîãäà m = 3, k = 4 è áóäåò ïîñòðîåí öèêëè÷åñ-
êèé (7, 4)-êîä4).

4)ßñíî, ýòî êîä Õýììèíãà. Ïðè âûáîðå g(x) = x + 1 ïîëó÷àåì êîä ñ
ïðîâåðêîé íà ÷¼òíîñòü, à ïðè âûáîðå, íàïðèìåð g(x) = (x+1)(x3+x+1) �
ò. í. ðàñøèðåííûé êîä Õýììèíãà.
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Îïðåäåëÿÿ êîä, âûáåðåì êîíêðåòíî

g(x) = x3 + x+ 1.

2. Çàêîäèðóåì íåñèñòåìàòè÷åñêèì è ñèñòåìàòè-
÷åñêèì êîäèðîâàíèåì ñîîáùåíèå

u = [ 0 0 1 1 ]T ↔ u(x) = x3 + x2.

Íåñèñòåìàòè÷åñêîå êîäèðîâàíèå.

v(x) = u(x)g(x) = (x3 + x2)(x3 + x+ 1) =

= x6 + x5 + x4 + x2 ↔ [ 0 0 1 0 1 1 1 ]T = v.

Ñèñòåìàòè÷åñêîå êîäèðîâàíèå.

Íàõîäèì r(x) =
{
x3u(x)
g(x)

}
:

x3(x3+ x2) = x6+ x5 = (x3+ x2+ x)(x3+ x+1)+ x,

ïîýòîìó

v(x) = x3u(x)+r(x) = x6+x5+x↔ [ 0 1 0 0 0 1 1
u

]T = v.

Äåêîäèðîâàíèå öèêëè÷åñêèõ êîäîâ

Îïðåäåëåíèå 3.5. Ñèíäðîìîì s(x) ñëîâà w(x), ïðèíÿ-
òîãî ïðè ïåðåäà÷å ñîîáùåíèÿ, çàêîäèðîâàííîãî öè-
êëè÷åñêèì êîäîì è, âîçìîæíî, ñîäåðæàùåãî îøèáêè,
íàçûâàþò îñòàòîê îò äåëåíèÿ w(x) íà ïîðîæäàþ-
ùèé êîä ìíîãî÷ëåí g(x).

Ñâîéñòâà ñèíäðîìà s(x):

� 0 6 deg s(x) < m;

� s(x) = 0 ⇔ w(x) � êîäîâîå ñëîâî;
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� s(x) ≡g(x) w(x) ≡g(x) v(x) + e(x) ≡g(x) e(x).

Ñõåìà ñèíäðîìíîãî äåêîäèðîâàíèÿ ñëîâà w(x):

1) âû÷èñëÿåòñÿ ñèíäðîì s(x);

2) äëÿ âñåõ 2k âîçìîæíûõ ñîîáùåíèé u(x) íàõîäÿò-
ñÿ ïîëèíîìû e(x) = s(x) + g(x)u(x);

3) èç âñåõ âîçìîæíûõ ïîëèíîìîâ îøèáîê âûáèðà-
åòñÿ ïîëèíîì e0(x) ñ ìèíèìàëüíûì ÷èñëîì ìî-
íîìîâ; åñëè òàêîâûõ íåñêîëüêî, òî âûáèðàþò
ëþáîé èç íèõ;

4) âîññòàíàâëèâàåòñÿ ïåðåäàííîå ñîîáùåíèå
u(x) = w(x) + e0(x).

Ïðèìåðû äåêîäèðîâàíèÿ öèêëè÷åñêèõ êîäîâ áó-
äóò äàíû ïðè ðàññìîòðåíèè Á×Õ-êîäîâ5).

3.5 Êîäû Á×Õ

Îïðåäåëåíèå è îñíîâíûå ñâîéñòâà Á×Õ-êîäîâ.
Êîäû Áîóçà-×îóäõóðè-Õîêâèíãåìà (BCH, Á×Õ) �
ïîäêëàññ öèêëè÷åñêèõ êîäîâ, èñïðàâëÿþùèõ íå ìåíåå
çàðàíåå çàäàííîãî ÷èñëà îøèáîê6).

5) Ñóùåñòâóþò è àëüòåðíàòèâíûå ìåòîäû äåêîäèðîâàíèÿ öèêëè÷åñêèõ
êîäîâ îáùåãî âèäà (äåêîäåðû Ìåããèòà, Êàñàìè-Ðóäîëüôà, ïîðîãîâûé, ìà-
æîðèòàðíûé, ...), âñå � òàêæå ýêñïîíåíöèàëüíîé ïî k òðóäî¼ìêîñòè.

6) ïðåäëîæåíû Ðàäæåì ×àíäðà Áîóçîì è Äâàéäæåíäðà Êàìàð Ðåé-×î-
óäõóðè â 1960 ã. íåçàâèñèìî îò îïóáëèêîâàííîé íà ãîä ðàíåå ðàáîòû Àëåê-
ñèñà Õîêâèíãåìà
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Öèêëîòîìè÷åñêèé êëàññ ýëåìåíòà ïîëÿ. Â òåî-
ðèè êîäèðîâàíèÿ ðàññìàòðèâàþò êîäû îáùåãî âèäà è
ââîäÿò ïîíÿòèå öèêëîòîìè÷åñêîãî êëàññà (èëè êëàññà
ñîïðÿæ¼ííîñòè), ýëåìåíòà α ïîëÿ Fkl2 íàä ñâîèì ïîä-
ïîëåì Fk2.

Äëÿ áèíàðíûõ êîäîâ k = 1, è ýòî ïîíÿòèå òåñ-
íî ñâÿçàíî ñ ïîíÿòèåì îðáèòû îòîáðàæåíèÿ t 7→ 2t
mod (2l − 1) ýëåìåíòîâ ìóëüòèïëèêàòèâíîé ãðóïïû
(ñì. ñ. 63) ïîëÿ Fl2, êîãäà îíî ÿâëÿåòñÿ ïîëåì ðàçëî-
æåíèÿ íåïðèâîäèìûõ íàä F2 ïîëèíîìîâ.

Îïðåäåëåíèå 3.6 (äëÿ ïîëÿ F2). Öèêëîòîìè÷åñêèì

êëàññîì ýëåìåíòà α 6= 0 ïîëÿ Fl2 íàä ñâîèì ïðîñòûì
ïîäïîëåì F2 íàçûâàåòñÿ ìíîæåñòâî âñåõ ðàçëè÷íûõ
ýëåìåíòîâ α, α2, α4, . . . èç Fl2.

Ñâîéñòâà öèêëîòîìè÷åñêèõ êëàññîâ.

1. Öèêëîòîìè÷åñêèå êëàññû C0, C1, . . . ðàçëè÷íûõ
ýëåìåíòîâ ëèáî ñîâïàäàþò, ëèáî íå ïåðåñåêàþò-
ñÿ, è â ñîâîêóïíîñòè îáðàçóþò ðàçáèåíèå ìóëü-
òèïëèêàòèâíîé ãðóïïû ïîëÿ Fl2, èëè, êàê ãîâî-
ðÿò, å¼ ðàçëîæåíèå íà êëàññû.

2. Åñëè α � ïðèìèòèâíûé ýëåìåíò ïîëÿ Fl2, òî åãî
öèêëîòîìè÷åñêèé êëàññ ñîäåðæèò ðîâíî l ýëå-
ìåíòîâ: ïîñêîëüêó α2l = 1, äàííûé êëàññ åñòü

C1 =
{
α, α2, α4, . . . , α2l−1

}
.

3. Ìèíèìàëüíûé ìíîãî÷ëåí íåêîòîðîãî ýëåìåíòà
öèêëîòîìè÷åñêîãî êëàññà ÿâëÿåòñÿ îáùèì äëÿ
âñåõ ýëåìåíòîâ ýòîãî êëàññà.
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Ïðèìåð 3.7. Ïóñòü l = 4 è α � ïðèìèòèâíûé ýëåìåíò
ïîëÿ F4

2 = F . Òîãäà α15 = 1 è ðàçëîæåíèå F ∗ íàä F2

íà öèêëîòîìè÷åñêèå êëàññû åñòü

C0 = { 1 }, C1 = {α, α2, α4, α8 }, C2 = {α3, α6, α12, α9 },
C3 = {α5, α10 }, C4 = {α7, α14, α13, α11 }.

Á×Õ-êîäû: îïðåäåëåíèå (ïðîñòåéøèé ñëó÷àé),
ñèíäðîìû. Ïóñòü âûáðàíû ïàðàìåòð l, îïðåäåëÿþ-
ùèé äëèíó êîäà n = 2l−1 è êîíñòðóêòèâíîå ðàññòî-
ÿíèå dc < n. Äàëåå ðàññìàòðèâàåòñÿ ïîëå Fl2 ðàçëîæå-
íèÿ áèíîìà xn−1 è íåêîòîðûé ïðèìèòèâíûé ýëåìåíò
α ýòîãî ïîëÿ.

Êîä Á×Õ åñòü öèêëè÷åñêèé (n, k, d)-êîä, â êîòî-
ðîì äåëÿùèé áèíîì xn − 1 ïîðîæäàþùèé ìíîãî÷ëåí
g(x) ÿâëÿåòñÿ ïîëèíîìîì ìèíèìàëüíîé ñòåïåíè, èìå-
þùèì êîðíÿìè íóëè êîäà α, α2, α3, . . . , αdc−1.

Äëÿ ïîñòðîåííîãî êîäà deg g(x) = m, k = n −m.
Ïðè ýòîì êîäîâîå ðàññòîÿíèå d îêàçûâàåòñÿ íå ìåíåå
âûáðàííîãî êîíñòðóêòèâíîãî ðàññòîÿíèÿ dc; ýòî âàæ-
íåéøåå ñâîéñòâî Á×Õ-êîäîâ.

Ïîñêîëüêó âñå êîäîâûå ñëîâà öèêëè÷åñêîãî êîäà
äåëÿòñÿ íà ïîëèíîì g(x) ñ êîðíÿìè â íóëÿõ êîäà, òî
îíè îäíîâðåìåííî è êîðíè ëþáîãî êîäîâîãî ñëîâà.

Îïðåäåëåíèå 3.7. Ñèíäðîìàìè ïîëèíîìà w(x), ïðèíÿ-
òîãî ïðè ïåðåäà÷å ñîîáùåíèÿ, çàêîäèðîâàííîãî Á×Õ-
êîäîì ñ íóëÿìè αi, è, âîçìîæíî, ñîäåðæàùåãî îøè-
áêè, íàçîâ¼ì íàáîð çíà÷åíèé w(x) â íóëÿõ êîäà:

si = w(αi), i = 1, d− 1.
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Äàëåå, ïîñêîëüêó

w(x) = v(x) + e(x), òî si = w(αi) = e(αi),

è âñå ñèíäðîìû ðàâíû íóëþ åñëè è òîëüêî åñëè w(x)�
êîäîâîå ñëîâî.

Àëãîðèòì ïîñòðîåíèÿ Á×Õ-êîäà. Á×Õ (n, k)-
êîä, êàê è ëþáîé öèêëè÷åñêèé, çàäà¼òñÿ ïîðîæäà-
þùèì ïîëèíîìîì g(x) � äåëèòåëåì áèíîìà xn − 1,
deg g(x) = m, k = n−m.

Äëÿ ïîñòðîåíèÿ êîäà Á×Õ íóæíî:

1) âûáðàòü âåëè÷èíó l, îïðåäåëÿþùóþ äëèíó êîäà
n = 2l − 1 è ñòåïåíü ðàñøèðåíèÿ ïðîñòîãî ïîëÿ
F2;

2) çàäàòü âåëè÷èíó êîíñòðóêòèâíîãî ðàññòîÿíèÿ
dc = 2r + 1 < n, åñëè íåîáõîäèìî èñïðàâëÿòü
äî r îøèáîê;

3) âûáðàâ íåïðèâîäèìûé ïîëèíîì a(x) ∈ F2[x] ñòå-
ïåíè l, îïðåäåëèòü ïîëå Fl2 = F2[x]/(a(x)) ñ ïðè-
ìèòèâíûì ýëåìåíòîì α;

4) íàéòè öèêëîòîìè÷åñêèå êëàññû ïîëÿ Fl2 íàä F2,
â êîòîðûå ïîïàäàþò dc−1 íóëåé êîäà α, α2, . . .,
α2r; ïóñòü òàêèõ êëàññîâ h;

5) íàéòè ìèíèìàëüíûå ìíîãî÷ëåíû g1(x), . . .,
gh(x) êàæäîãî öèêëîòîìè÷åñêîãî êëàññà;

6) âû÷èñëèòü ïîðîæäàþùèé ïîëèíîì êîäà

g(x) = g1(x) · g2(x) · . . . · gh(x).
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Ïðèìåð 3.8. Âûáåðåì l = 3 è ïîñòðîèì ðàçëè÷íûå
Á×Õ-êîäû äëèíû n = 23 − 1 = 7.

Âîçüì¼ì ìíîãî÷ëåí a(x) = x3 + x + 1 ∈ F2[x] è
îáðàçóåì ïîëå F = F2[x]/(a(x)) ∼= F3

2.
Ïîñêîëüêó ìíîãî÷ëåí a(x) � ïðèìèòèâíûé, òî

ýëåìåíò α = x ïðèìèòèâåí, è, êàê ïîêàçàíî â ï. 1
ïðèìåðà 3.6 íà ñ. 94, F ∗ ðàçáèâàåòñÿ íà ñëåäóþùèå
öèêëîòîìè÷åñêèå êëàññû íàä F2:

C0 = { 1 } , C1 =
{
α, α2, α4

}
, C2 =

{
α3, α6, α5

}
.

Äëÿ ïîñòðîåíèÿ êîäîâ, èñïðàâëÿþùèõ çàäàííîå
êîëè÷åñòâî îøèáîê, íåîáõîäèìî îïðåäåëèòü ñîîòâåò-
ñòâóþùèé ïîðîæäàþùèé ïîëèíîì.

1.Êîä Á×Õ äëèíû n = 7, èñïðàâëÿþùèé r = 1
îøèáêó.

Â ýòîì ñëó÷àå dc − 1 = 2r = 2 è íóëè êîäà α, α2

ïîïàäàþò â îäèí öèêëîòîìè÷åñêèé êëàññ C1.
Ìèíèìàëüíûé ìíîãî÷ëåí ýëåìåíòîâ ýòîãî

êëàññà � a(x), ïîýòîìó ïîðîæäàþùèé ïîëèíîì
g(x) = a(x), m = 3, k = 4 è â ðåçóëüòàòå ïîëó÷àåì
óæå èçâåñòíûé (7, 4, 3)-êîä Õýììèíãà.

2.Êîä Á×Õ äëèíû n = 7, èñïðàâëÿþùèé íå ìåíåå
r = 2 îøèáîê.

Òåïåðü 2r = 4. Íóëè ñòðîÿùåãîñÿ êîäà α, α2, α3,
α4 âõîäÿò â öèêëîòîìè÷åñêèå êëàññû C1 è C2, ïîýòîìó

g(x) = g1(x) · g2(x),
ãäå g1(x) è g2(x) � ì. ì. êëàññîâ C1 è C2.

Ì. ì. äëÿ C1 èçâåñòåí: g1(x) = a(x) = x3 + x+ 1.
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Íàéäåì ì. ì. äëÿ C2:

g2(x) =
(
x− α3

) (
x− α5

) (
x− α6

)
=

= x3+
(
α3 + α5 + α6

)
x2+

(
α8 + α9 + α11

)
x+α14.

Âû÷èñëèì êîýôôèöèåíòû g2(x):

α3 + α5 + α6 =(α + 1) + α2(α + 1) + (α + 1)2 =

=α + 1 + α3 + α2 + α2 + 1 =

=α + α3 = 1,

α8 + α9 + α11 =α2 + α + α4 = α2 + α + α(α + 1) = 0,

α14 =(α7)2 = 1 .

Òàêèì îáðàçîì g2(x) = x3 + x2 + 17) è

g(x) = g1(x) · g2(x) = (x3 + x+ 1)(x3 + x2 + 1) =

= x6 + x5 + x4 + x3 + x2 + x+ 1.

Ïîëó÷àåì m = deg g(x) = 6 è k = 1, òî åñòü ïî-
ñòðîåí òðèâèàëüíûé êîä ñ 7-êðàòíûì ïîâòîðåíèåì,
èñïðàâëÿþùèé 3 îøèáêè, íî åãî ñêîðîñòü R = 1/7.

Ïðèìåð 3.9. Ïîïûòàåìñÿ ïîñòðîèòü ëó÷øèé êîä äëÿ
èñïðàâëåíèÿ äâóõ îøèáîê, âçÿâ á�îëüøóþ åãî äëèíó:
âûáåðåì l = 4 è òîãäà äëèíà êîäà n = 24 − 1 = 15.

Ðàññìîòðèì ïîëå F = F2[x]/(a(x)) ∼= F4
2, îáðàçî-

âàííîå íåêîòîðûì íåïðèâîäèìûì ìíîãî÷ëåíîì a(x)
ñòåïåíè l = 4. Òîãäà F ∗ îòíîñèòåëüíî ñâîåãî ïðèìè-
òèâíîãî ýëåìåíòà α, êàê ïîêàçàíî â ï. 2 ïðèìåðà 3.7,
ðàçîáü¼òñÿ íà 5 öèêëîòîìè÷åñêèõ êëàññîâ íàä F2:

7) ÷òî ìîæíî áûëî ïîíÿòü ñðàçó: ýòî âòîðîé èç äâóõ íåïðèâîäèìûõ ìíî-
ãî÷ëåíîâ ñòåïåíè 3 èç F2[x]
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C0 = {1} , C1 =
{
α, α2, α4, α8

}
, C2 =

{
α3, α6, α12, α9

}
,

C3 =
{
α5, α10

}
, C4 =

{
α7, α14, α13, α11

}
.

Êîíêðåòíî â êà÷åñòâå ìíîãî÷ëåíà 4-é ñòåïåíè, îá-
ðàçóþùåãî ïîëå âîçüì¼ì ïðèìèòèâíûé ìíîãî÷ëåí

a(x) = x4 + x+ 1,

êîòîðûé îäíîâðåìåííî ÿâëÿåòñÿ ì. ì. äëÿ ïðèìèòèâ-
íîãî ýëåìåíòà α = x è âñåãî êëàññà C1.

1.Êîä Á×Õ äëèíû n = 15, èñïðàâëÿþùèé r = 2
îøèáêè.

Â ýòîì ñëó÷àå 2r = 4 è íóëè α, α2, α3, α4 êîí-
ñòðóèðóåìîãî êîäà ðàñïîëàãàþòñÿ â öèêëîòîìè÷åñêèõ
êëàññàõ C1 è C2.

Ì. ì. äëÿ ýëåìåíòîâ ýòèõ êëàññîâ ñóòü: ïåðâîãî �
g1(x) = a(x), âòîðîãî �

g2(x) = (x− α3)(x− α6)(x− α9)(x− α12) = . . .

. . . = x4 + x3 + x2 + x+ 1.

Òîãäà ïîðîæäàþùèé ïîëèíîì êîäà åñòü

g(x) = g1(x) · g2(x) = x8 + x7 + x6 + x4 + 1.

Ïîëó÷åíî m = 8, k = 7 è, êàê ìîæíî ïîêàçàòü,
d = dc = 5, òî åñòü ïîñòðîåí Á×Õ (15, 7, 5)-êîä ñî
ñêîðîñòüþ óæå R = 7/15 > 1/7.

2.Êîä Á×Õ äëèíû n = 15, èñïðàâëÿþùèé r = 3
îøèáêè.

Òåïåðü 2r = 6 è íóæíî íàéòè ïîëèíîì, ÿâëÿþùèé-
ñÿ ì. ì. äëÿ íóëåé α, α2, . . . , α6, êîòîðûå ïîïàäàþò â
öèêëîòîìè÷åñêèå êëàññû C1, C2 è C3.
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Ìèíèìàëüíûå ìíîãî÷ëåíû äëÿ α è α3 óæå íàéäå-
íû. Äàëåå, î÷åâèäíî g3(x) = x2+x+1, ïîñêîëüêó ýòî
åäèíñòâåííûé íåïðèâîäèìûé êâàäðàòíûé ìíîãî÷ëåí
íàä F2. Òîãäà ïîðîæäàþùèé ïîëèíîì åñòü

g(x) = g1(x) · g2(x) · g3(x) =

= x10 + x8 + x5 + x4 + x2 + x+ 1. (3.1)

Ïîëó÷åíî m = 10, k = 5 è ìîæíî ïîêàçàòü, ÷òî
d = dc = 7. Ýòîò (15, 5, 7)-êîä Á×Õ ïðè òîé æå äëèíå,
÷òî è ïðåäûäóùèé, èñïðàâëÿåò áîëüøå îøèáîê, íî
èìååò ìåíüøóþ ñêîðîñòü R = 1/3.

3.6 Äåêîäèðîâàíèå êîäîâ Á×Õ

Äåêîäèðîâàíèå êîäà Õýììèíãà êàê ëèíåéíîãî
êîäà ñ ïîìîùüþ ïðîâåðî÷íîé ìàòðèöû áûëî óæå ðàñ-
ñìîòðåíî â ðàçäåëå 3.3. Îïèøåì åù¼ îäèí ìåòîä äå-
êîäèðîâàíèÿ êîäîâ Õýììèíãà êàê êîäîâ Á×Õ.

Â ýòîì ñëó÷àå d = 3, è íóëÿìè êîäà ÿâëÿþòñÿ α è
α2, ãäå α � ïðèìèòèâíûé ýëåìåíò ïîëÿ Fn2 , n = 2l − 1.

Äëÿ äåêîäèðîâàíèÿ ïðèíÿòîãî ñëîâà w(x) âû÷èñ-
ëÿåì ñèíäðîì s1 = w(α) = s (ñèíäðîì s2 = w(α2)
íàì íå ïîòðåáóåòñÿ). Ïðè s = 0 ñ÷èòàåì, ÷òî îøèáîê
íå ïðîèçîøëî. Åñëè s 6= 0, òî îïðåäåëÿåì çíà÷åíèå j,
äëÿ êîòîðîãî αj = s è ñ÷èòàåì, ÷òî ïðîèçîøëà åäè-
íè÷íàÿ îøèáêà â j-ì ðàçðÿäå äëÿ j = 0, 1, . . . , n−1.

Ïðèìåð 3.10. Ðàññìàòðèâàåì (7, 4)-êîä Õýììèíãà, ïî-
ñòðîåííûé â ïðèìåðå 3.6 äëÿ öèêëè÷åñêèõ êîäîâ, ãäå
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áûë âûáðàí ïîðîæäàþùèé ïîëèíîì g(x) = x3+x+1
è íàéäåíî ñèñòåìàòè÷åñêîå êîäèðîâàíèå v(x) ñîîáùå-
íèÿ u(x) = x3 + x2 ↔ [ 0 0 1 1 ]T :

v(x) = x3u(x) + x ↔ [ 0 1 0 0 0 1 1
u

]T .

Ïóñòü ïðè ïåðåäà÷å êîäîâîãî ñëîâà v(x) ïðîèçî-
øëà îøèáêà â 5-é ïîçèöèè, òî åñòü ïðèíÿòî ñëîâî

[ 0 1 0 0 0 0 1 ]T ↔ w(x) = x6 + x.

Äëÿ äåêîäèðîâàíèÿ w(x) íàéäåì ñèíäðîì:

s = w(α) = α6 + α =
(
α3
)2

+ α = (α + 1)2 + α =

= α2 + 1 + α 6= 0 .

Îïðåäåëèì çíà÷åíèå j, äëÿ êîòîðîãî αj = s:

α0 = 1, α3 = α + 1,

α1 = α, α4 = α(α + 1) = α2 + α,

α2 = α2, α5 = α3 + α2 = α2 + α + 1 = s

è 5-ÿ ïîçèöèÿ îøèáêè îïðåäåëåíà âåðíî.

Äåêîäèðîâàíèå êîäîâ Á×Õ: îáùèé ñëó÷àé.
Ðàññìîòðèì (n, k, d)-êîä Á×Õ äëèíû n = 2l − 1 ïðè
ïîñòðîåíèè êîòîðîãî äëÿ îïðåäåëåíèÿ ïîðîæäàþùåãî
ïîëèíîìà èñïîëüçîâàëîñü ïîëå F = Fl2 = F2[x]/(a(x)),
deg a(x) = l è ïóñòü α � íóëü êîäà.

Ïóñòü ïðè ïåðåäà÷å êîäîâîãî ñëîâà ïðîèçîøëî
ν 6 r = b(d − 1)/2c îøèáîê â ïîçèöèÿõ j1, . . . , jν.
Òîãäà ïîëèíîì îøèáîê åñòü

e(x) = xj1 + xj2 + · · ·+ xjν .
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Âû÷èñëèì ñèíäðîìû ïðèíÿòîãî ïîëèíîìà w(x):
si = w(αi) = e(αi), i = 1, 2r. Åñëè âñå îíè ðàâíû
0, òî îøèáîê íå ïðîèçîøëî. Èíà÷å äëÿ 1 6 ν çàïè-
øåì ñ ó÷¼òîì (αi)j = (αj)i çíà÷åíèÿ ñèíäðîìîâ ÷åðåç
ñòåïåíè α:

s1 = αj1 + αj2 + . . . + αjν ,
s2 = (αj1)2 + (αj2)2 + . . . + (αjν)2,
. . . . . . . . . . . . . . . . . . . . . . . . . . . .
s2r = (αj1)2r + . . . + (αjν)2r.

Ýòó ñèñòåìó íàäî ðåøèòü îòíîñèòåëüíî íåèçâåñò-
íûõ ν, j1, . . . , jν.

Ââåä¼ì îáîçíà÷åíèÿ βi = αji, i = 1, . . . , ν; ýòè âå-
ëè÷èíû íàçûâàþò ëîêàòîðàìè îøèáîê.

Ïåðåïèøåì ïîëó÷åííóþ ñèñòåìó:
s1 = β1 + β2 + . . . + βν,
s2 = β2

1 + β2
2 + . . . + β2

ν ,
. . . . . . . . . . . . . . . . . . . . . . .
s2r = β2r

1 + β2r
2 + . . . + β2r

ν .

Îïðåäåëèì ïîëèíîì ëîêàòîðîâ îøèáîê

σ(x) =
ν∏
i=1

(1 + βix) = 1 + σ1x+ σ2x
2 + · · ·+ σνx

ν,

ñ÷èòàÿ ôîðìàëüíî σ0 = 1 è σi = 0 ïðè i > ν. Êîðíÿìè
ýòîãî ïîëèíîìà áóäóò âåëè÷èíû β 1

i = α ji, i = 1, ν.

Ñâÿçü ìåæäó êîýôôèöèåíòàìè ïîëèíîìà σ(x) è
ñàìèìè ëîêàòîðàìè îïðåäåëÿåò òåîðåìà Âèåòà:
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
σ1 = β1 + β2 + . . . + βν,
σ2 = β1β2 + β2β3 + β1β3 + . . . + βν−1βν,
. . . . . . . . . . . . . . . . . . . . . . . . . . . .
σν = β1β2 . . . βν.

Äâå ïîñëåäíèå ñèñòåìû çàäàþò âåëè÷èíû ñèíäðî-
ìîâ è êîýôôèöèåíòîâ ïîëèíîìà ëîêàòîðîâ îøèáîê
êàê çíà÷åíèÿ ñèììåòðè÷åñêèõ ïîëèíîìîâ: ïåðâàÿ �
ñòåïåííûõ ñóìì è âòîðàÿ � ýëåìåíòàðíûõ.

Ñîîòíîøåíèÿ ìåæäó ýòèìè äâóìÿ òèïàìè ñèììåò-
ðè÷åñêèõ ïîëèíîìîâ çàäàþòñÿ òîæäåñòâàìè Íüþ-
òîíà-Æèðàðà, ïîñëåäíèå 2r − ν èç êîòîðûõ íàøåì
ñëó÷àå çàïèñûâàþòñÿ êàê

sν+1 + σ1sν + · · ·+ σν−1s2 + σνs1 = 0,

sν+2 + σ1sν+1 + · · ·+ σν−1s3 + σνs2 = 0,

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

s2r + σ1s2r−1 + · · ·+ σν−1s2r−ν+1 + σνs2r−ν = 0.

(∗)

Äàííûå ðàâåíñòâà ïðåäñòàâëÿþò ñîáîé ÑËÀÓ îò-
íîñèòåëüíî σ1, . . . , σν. Ñòàíäàðòíûìè ìåòîäàìè ýòà
ñèñòåìà íå ìîæåò áûòü ðåøåíà, ïîñêîëüêó çíà÷åíèå ν
íåèçâåñòíî.

Àëãîðèòìû ðåøåíèÿ ñèñòåìû (∗) íàçûâàþò äåêî-
äåðàìè. Íàïðèìåð, äåêîäåð PGZ8) ñîñòîèò â ïîñëå-
äîâàòåëüíûõ ïîïûòêàõ ðåøåíèÿ äàííûõ ñîîòíîøåíèé
äëÿ ν = r, r−1, . . . äî òåõ ïîð, ïîêà ìàòðèöà î÷åðåä-
íîé ÑËÀÓ íå îêàæåòñÿ íåâûðîæäåííîé. Äàëåå áóäåò
ðàññìîòðåí äåêîäåð íà îñíîâå ðàñøèðåííîãî àëãîðèò-
ìà Åâêëèäà.

8) Peterson-Gorenstein-Zierler, Ïåòåðñîíà-Ãîðåíøòåéíà-Öèðëåðà
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Ðåçóëüòàòîì ðàáîòû äåêîäåðà ÿâëÿåòñÿ ïîëèíîì
ëîêàòîðîâ îøèáîê σ(x), ñòåïåíü êîòîðîãî åñòü ÷èñëî
ðåàëüíî ïðîèçîøåäøèõ îøèáîê ν = deg σ(x).

Ïîñëå íàõîæäåíèÿ σ(x) ìîæíî îòûñêàòü âñå ν åãî
êîðíåé α ji, à ïî íèì � ïîçèöèè îøèáîê ji, i = 1, ν.

Àëãîðèòì äåêîäèðîâàíèÿ (n, k, d)-êîäà Á×Õ

Ïóñòü n = 2l − 1, α � íóëü êîäà, ïðèìèòèâíûé
ýëåìåíò ïîëÿ F = F2[x]/ (a(x)) = Fl2, deg a(x) = l è
ïðèíÿòî ñëîâî w(x).

1. Íàéòè âñå ñèíäðîìû si = w(αi), i = 1, d− 1; åñ-
ëè âñå îíè ðàâíû 0, òî ñ÷èòàåì, ÷òî îøèáîê íåò,
v(x) = w(x) è ïåðåõîä ê ïóíêòó 6.

2. Èñïîëüçóÿ òîò èëè èíîé äåêîäåð, íàéòè ïîëè-
íîì ëîêàòîðîâ îøèáîê σ(x); ÷èñëî ïðîèçîøåä-
øèõ îøèáîê ν = deg σ(x).

3. Íàéòè âñå êîðíè σ(x), íàïðèìåð, ïåðåáîðîì ýëå-
ìåíòîâ F ∗; ïóñòü ýòè êîðíè ñóòü αk1, . . . , αkν .

4. Íàéòè ïîçèöèè îøèáîê ji ≡n ki, i = 1, ν.

5. Íàéòè ïîëèíîì îøèáîê e(x) = xj1 + . . . + xjν è
âîññòàíîâèòü êîäîâîå ñëîâî v(x) = w(x) + e(x).

6. Ïî v(x) âîññòàíîâèòü ñîîáùåíèå u(x).

Äåêîäåð íà îñíîâå ðàñøèðåííîãî àëãîðèòìà
Åâêëèäà. Îïðåäåëèì ñèíäðîìíûé ïîëèíîì

s(x) = 1 + s1x+ s2x
2 + . . .+ s2rx

2r,

ãäå si � ñèíäðîìû, i = 1, 2r è, ôîðìàëüíî, s0 = 1 è
si = 0 ïðè i > 2r.
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Ïåðåìíîæèâ ââåä¼ííûå ïîëèíîìû, ïîëó÷èì ïîëè-
íîì çíà÷åíèé îøèáîê :

s(x)σ(x) = 1 + λ1x+ λ2x
2 + . . .+ λ2r+νx

2r+ν.

Åãî êîýôôèöèåíòû îïðåäåëÿþòñÿ ñîîòíîøåíèåì äëÿ
ïðîèçâåäåíèÿ ìíîãî÷ëåíîâ �

λi =
i∑

j=0

σjsi−j, i = 1, 2r + ν.

Çàìå÷àåì, ÷òî çíà÷åíèÿ λi ïî äàííîé ôîðìóëå äëÿ
i = ν+1, . . . , 2r ñóòü ëåâûå ÷àñòè ñîîòíîøåíèé (∗), òî
åñòü âñå îíè ðàâíû 0. Çíà÷èò, ïîëèíîì çíà÷åíèé îøè-
áîê èìååò íóëåâóþ ¾ñðåäíþþ ÷àñòü¿. Îáîçíà÷èì åãî
íà÷àëüíóþ ÷àñòü λ(x), à èç çàêëþ÷èòåëüíîé âûíåñåì
çà ñêîáêó x2r+1:

s(x)σ(x) = 1 + λ1x+ λ2x
2 + . . .+ λνx

ν︸ ︷︷ ︸
λ(x)

+

+ x2r+1
(
λ2r+1 + . . .+ λ2r+νx

ν−1) , 1 6 ν 6 r.

Ýòî îçíà÷àåò, ÷òî

s(x)σ(x) = λ(x) (mod x2r+1).

Äàííîå ñîîòíîøåíèå íàçûâàþò êëþ÷åâûì óðàâíåíè-
åì. Åãî ðåøåíèå σ(x) ïðè ν 6 r åäèíñòâåííî.

Êëþ÷åâîå óðàâíåíèå èìååò âèä (2.1). Ýòî ïîçâîëÿ-
åò çàïèñàòü åãî â âèäå ñîîòíîøåíèÿ Áåçó

s(x)σ(x) + x2r+1b(x) = λ(x),

êîòîðîå ìîæåò áûòü ðåøåíî ðàñøèðåííûì àëãîðèò-
ìîì Åâêëèäà â ïîëå F (ñì. ñ. 41) ñ óñëîâèåì îñòàíîâà
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deg λ(x) 6 r, êîíêðåòíî � ¾ñòåïåíü ïîëó÷åííîãî îñòà-
òêà íå áîëåå r¿, è îïóñêàíèåì çàêëþ÷èòåëüíîãî øàãà
íîðìèðîâêè.

Ïðèìåð 3.11. Áóäåì èñïîëüçîâàòü Á×Õ (15, 5, 7)-êîä
ñ ïîëåì ðàçëîæåíèÿ F2[x]/

(
x4 + x+ 1

)
= F , ïîñòðî-

åííûé â ï. 2 ïðèìåðà 3.9. Ïðè âû÷èñëåíèÿõ áóäåì
ïîëüçîâàòüñÿ òàáëèöåé ñî ñ. 45.

Ïóñòü ïåðåäà¼òñÿ ñîîáùåíèå

u = [ 0 1 1 0 1 ]T ↔ u(x) = x4 + x2 + x .

Ïðè ñèñòåìàòè÷åñêîì êîäèðîâàíèè ïîðîæäàþùèì
ïîëèíîìîì (3.1) êîäîâîì ñëîâîì, êàê ìîæíî ïîêà-
çàòü, áóäåò

v = [ 0 1 1 1 1 0 0 0 1 0 0 1 1 0 1 ]T .

Ïðåäïîëîæèì, ÷òî ïðè ïåðåäà÷å îøèáêè ïðîèçî-
øëè â 0, 6 è 12-é ïîçèöèÿõ, òî åñòü ïðèíÿòî ñëîâî
(îøèáêè ïîä÷¼ðêíóòû)

w(x) = x14 + x11 + x8 + x6 + x4 + x3 + x2 + x+ 1 ↔

↔ [ 1 1 1 1 1 0 1 0 1 0 0 1 0 0 1 ]T = w.

1. Íàéä¼ì âñå 2r = 6 ñèíäðîìîâ:

s1 = w(α) = (α3 + 1︸ ︷︷ ︸
α14

) + (α3 + α2 + α︸ ︷︷ ︸
α11

) + (α2 + 1︸ ︷︷ ︸
α8

)+

+ (α3 + α2︸ ︷︷ ︸
α6

) + (α + 1︸ ︷︷ ︸
α4

) + α3 + α2 + α + 1 = α,

s2 = w(α2) = (w(α))2 = s21 = α2,

s3 = w(α3) = α42 + α33 + α24 + α18 + α12 + α9+
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+ α6 + α3 + 1 = . . . = α8,

s4 = w(α4) = s41 = α4,

s5 = w(α5) = α70 + α55 + α40 + α30 + α20 + α15+

+ α10 + α5 + 1 = . . . = 1,

s6 = w(α6) = s23 = α16 = α.

Òàêèì îáðàçîì, ñèíäðîìíûé ïîëèíîì åñòü

s(x) = αx6 + x5 + α4x4 + α8x3 + α2x2 + αx+ 1.

2. Ïî äåêîäåðó íà áàçå ðàñøèðåííîãî àëãîðèòìà
Åâêëèäà ðåøàåì îòíîñèòåëüíî σ(x) ñîîòíîøåíèå Áåçó

x7 b(x) + s(x)σ(x) = λ(x).

Øàã 0. r 2(x) = x7,
r 1(x) = s(x),
σ 2(x) = 0, σ 1(x) = 1.

Øàã 1. r 2(x) = r 1(x)q0(x) + r0(x),

q0(x) = α14x+ α13,
r0(x) = α8x5 + α12x4 + α11x3 + α13,

deg r0(x) = 5 > 3 = r,

σ0(x) = q0(x).

Øàã 2. r 1(x) = r0(x)q1(x) + r1(x),

q1(x) = α8x+ α2,

r1(x) = α14x4 + α3x3 + α2x2 + α11x,
deg r1(x) = 4 > 3 = r,

σ1(x) = σ 1(x) + σ0(x)q1(x) =

= α7x2 + α11x.
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Øàã 3. r0(x) = r1(x)q2(x) + r2(x),

q2(x) = α9x,
r2(x) = α5x+ α13,

deg r2(x) = 1 6 3 = r,

σ2(x) = σ0(x) + σ1(x)q2(x) =

= αx3 + α5x2 + α14x+ α13.
Ýòî ïîñëåäíèé øàã àëãîðèòìà, ò. ê. ñòåïåíü îñòàò-

êà r2(x) íå ïðåâîñõîäèò r. Òàêèì îáðàçîì, ïîëèíîì
ëîêàòîðîâ îøèáîê íàéäåí:

σ(x) = σ2(x) = αx3 + α5x2 + α14x+ α13,

è óñòàíîâëåíî ÷èñëî îøèáîê ν = deg σ(x) = 3.

3. Íàéä¼ì êîðíè σ(x) ïåðåáîðîì ýëåìåíòîâ F ∗.

σ(α) = α4 + α7 + 1 + α13 = α2,

σ(α2) = α7 + α9 + α + α13 = α3 + α2 + α,

σ(α3) = α10 + α11 + α2 + α13 = 0,

σ(α4) = α13 + α13 + α3 + α13 = α2 + 1,

σ(α5) = α + 1 + α4 + α13 = α13,

σ(α6) = α4 + α2 + α5 + α13 = α3 + α2,

σ(α7) = α7 + α4 + α6 + α13 = α3 + 1,

σ(α8) = α10 + α6 + α7 + α13 = α3 + α2 + 1,

σ(α9) = α13 + α8 + α8 + α13 = 0,

σ(α10) = α + α10 + α9 + α13 = α,

σ(α11) = α4 + α12 + α10 + α13 = α2 + α,

σ(α12) = α7 + α14 + α11 + α13 = 1,

σ(α13) = α10 + α + α12 + α13 = α2 + α + 1,
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σ(α14) = α13 + α3 + α13 + α13 = α2 + 1,

σ(α15) = α + α5 + α14 + α13 = 0.

4. Ïî íàéäåííûì êîðíÿì α3, α9, α15 âû÷èñëÿåì
ïîçèöèè îøèáîê:

j1 = 3 ≡15 12, j2 = 9 ≡15 6, j3 = 15 ≡15 0.

5. Òàêèì îáðàçîì ïîëèíîì îøèáîê

e(x) = x12 + x6 + 1

îïðåäåë¼í è ïåðåäàííîå êîäîâîå ñëîâî åñòü

v(x) = w(x)+e(x) ↔ [ 0 1 1 1 1 0 0 0 1 0 0 1 1 0 1
u

]T .

Ïðîâåðêà v(α) = v(α2) = . . . = v(α6) = 0 ãîâîðèò îò
òîì, ÷òî âîññòàíîâëåíèå âåðíîå (èëè æå ïðîèçîøëî
r � 3 îøèáîê, ÷òî ìàëîâåðîÿòíî).

6. Ïîñêîëüêó ïðèìåíÿëîñü ñèñòåìàòè÷åñêîå êîäè-
ðîâàíèå, èñõîäíîå ñîîáùåíèå u(x) âîññòàíàâëèâàåòñÿ
ýëåìåíòàðíî.

Ïîìåõîóñòîé÷èâîå êîäèðîâàíèå ïðèìåíÿåòñÿ:

� Äëÿ ïîëó÷åíèÿ íàäåæíîé ñâÿçè ëèáî ïðè ìà-
ëîì îòíîøåíèè ñèãíàë/øóì êàíàëà, ëèáî â ñèñ-
òåìàõ, êðèòè÷íûõ ê îøèáêàì (ÂÒ).

� Äëÿ çàùèòû äàííûõ âî âíóòðåííèõ è âíåøíèõ
ÇÓ: ëåíòû, SSD äèñêè, �ash-ïàìÿòü.

� Ïðè ñèíòåçå îòêàçîóñòîé÷èâûõ äèñêðåòíûõ
óïðàâëÿþùèõ óñòðîéñòâ (íàïðèìåð, ÁÈÑ).
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Ñïðàâêà. Â ñèñòåìàõ ïåðåäà÷è äàííûõ øèðîêî èñ-
ïîëüçóåòñÿ äâîè÷íûé (255, 231, 7)-êîä Á×Õ, äëÿ êî-
òîðîãî l = 8 è ñòåïåíü ïîðîæäàþùåãî êîä ìíîãî÷ëå-
íà g(x) åñòü m = 24. Ïðè ýòîì â îáùåì êîëè÷åñòâå
ñëîâ äëèíû 255 äîëÿ êîäîâûõ åñòü 2 24 ≈ 17 · 10 6,
à âñå øàðû ðàäèóñà 3 ñ öåíòðàìè â êîäîâûõ ñëîâàõ
çàíèìàþò ≈ 16,5% îáú¼ìà êóáà B255.

Â òå÷åíèè ìíîãèõ ëåò íå áûëî ñëó÷àÿ, ÷òîáû
îøèáêà ïåðåäà÷è ïðîøëà íåçàìå÷åííîé.

Çàìå÷àíèå. Èñïðàâëåíèå îøèáîê ìîæåò òðåáîâàòü-
ñÿ íå âñåãäà: ÷àñòî äîñòàòî÷íî ëèøü ïðîâåðèòü íàëè-
÷èå îøèáîê è ïðè íåîáõîäèìîñòè ïîâòîðèòü ïåðåäà÷ó
íóæíîå ÷èñëî ðàç. Â ýòèõ ñëó÷àÿõ ïðèìåíÿþòñÿ êîäû,
ïðåäíàçíà÷åííûå òîëüêî äëÿ îáíàðóæåíèÿ îøèáîê.

3.7 Çàäà÷è

3.1. Äëÿ ëèíåéíîãî êîäà, çàäàííîãî ñâîåé ïðîâåðî÷-
íîé ìàòðèöåé

H =

 0 0 1 0 1 1 1
0 1 0 1 1 1 0
1 0 1 1 1 0 0


òðåáóåòñÿ

1) ïîñòðîèòü ïîðîæäàþùóþ ìàòðèöó G êîäà äëÿ
ñèñòåìàòè÷åñêîãî êîäèðîâàíèÿ, ïðè êîòîðîì áè-
òû èñõîäíîãî ñîîáùåíèÿ ïåðåõîäÿò â ïîñëåäíèå
áèòû êîäîâîãî ñëîâà;
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2) íàéòè òàêîå êîäèðîâàíèå äëÿ ñîîáùåíèé

u1 = [ 1 1 0 1 ]T , u2 = [ 1 0 0 1 ]T .

3.2. Öèêëè÷åñêèé (9, 3)-êîä çàäàí ñâîèì ïîðîæäàþ-
ùèì ïîëèíîìîì

g(x) = x6 + x3 + 1.

Òðåáóåòñÿ îïðåäåëèòü åãî êîäîâîå ðàññòîÿíèå d, à
òàêæå îñóùåñòâèòü ñèñòåìàòè÷åñêîå êîäèðîâàíèå ïî-
ëèíîìà

u(x) = x2 + x ↔ [ 0 1 1 ]T .

3.3. Ðàññìîòðèì êîä Õýììèíãà ñèñòåìàòè÷åñêîãî êî-
äèðîâàíèÿ ñ ïîðîæäàþùèì ïðèìèòèâíûì ïîëèíîìîì
a(x) = x3 + x+ 1.

Òðåáóåòñÿ äåêîäèðîâàòü ïîëèíîìû

1) w1(x) = x6 + x2 + x,

2) w2(x) = x6 + x5 + x3 + x2 + x,

3) w3(x) = x6 + x3 + x2 + x.

3.4. Ïóñòü n = 5 è α � ïðèìèòèâíûé ýëåìåíò ïîëÿ
F5
2 = F . Íàéòè ðàçëîæåíèå F ∗ íàä F2.

3.5. Ïóñòü α � ïðèìèòèâíûé ýëåìåíò ïîëÿ
F4
2 = F2[x]/

(
x4 + x+ 1

)
. Äëÿ êîäà Á×Õ ñ íóëÿìè α,

α2, α3 è α4 è ïðèíÿòîãî ñëîâà

w(x) = x14 + x10 + x5 + x4.

íàéòè ïîëèíîì ëîêàòîðîâ îøèáîê σ(x).
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3.6. Ðàññìîòðèì êîä Á×Õ, íóëè êîòîðîãî îïðåäåëÿþ-
òñÿ ñòåïåíÿìè α, ãäå α � ïðèìèòèâíûé ýëåìåíò ïîëÿ
F4
2 = F2[x]/

(
x4 + x+ 1

)
.

Ïóñòü äëÿ íåêîòîðîãî ïðèíÿòîãî ñëîâà w(x) ïîëè-
íîì ëîêàòîðîâ îøèáîê åñòü

σ(x) = α2x2 + α6x+ 1.

Òðåáóåòñÿ îïðåäåëèòü ïîçèöèè îøèáîê â w(x).

3.7. Ïîñòðîèòü 31-ðàçðÿäíûé Á×Õ-êîä äëÿ èñïðàâ-
ëåíèÿ íå ìåíåå r = 3 îøèáîê.

3.8. Ðàññìîòðèì Á×Õ-êîä, íóëè êîòîðîãî åñòü ñòåïå-
íè ïðèìèòèâíîãî ýëåìåíòà α ïîëÿ
F = F2[x]/

(
x4 + x+ 1

)
.

Ïóñòü äëÿ íåêîòîðîãî ïðèíÿòîãî ñëîâà íàéäåí ïî-
ëèíîì ëîêàòîðîâ îøèáîê: σ(x) = α6x+ α15. Îïðåäå-
ëèòü ïîçèöèè îøèáîê â äàííîì ñëîâå.
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Ðåøåíèÿ çàäà÷

1. Ãðóïïû, êîëüöà, ïîëÿ

1.1. (1) Äà, (2) íåò (ïðîòèâîïîëîæíîãî ýëåìåíòà), (3)
íåò (óñòîé÷èâîñòè), (4) íåò (àññîöèàòèâíîñòè), (5) íåò
(îáðàòíîãî ó 0), (6) äà, (7) äà, (8) íåò (àññîöèàòèâíîñ-
òè), (9) äà, (10) íåò (îáðàòíûõ ó âñåõ), (11)�(16) äà.

1.2. Ëþáàÿ öèêëè÷åñêàÿ 6-ýëåìåíòíàÿ ãðóïïà èçî-
ìîðôíà Z6 = 〈 { 0, 1 . . . , 5 }, +, 0 〉.
ord 0 = 1;

1, 1 + 1 = 2, . . . = 6 · 1 = 0 ⇒ ord 1 = 6;

2, 2 + 2 = 4, 4 + 2 = 0 ⇒ ord 2 = 3;

3, 3 + 3 = 0 ⇒ ord 3 = 2;

4, 4 + 4 = 2, 2 + 4 = 0 ⇒ ord 4 = 3;

5, 5 + 5 = 4, 4 + 5 = 3, . . . , 6 · 5 = 0 ⇒ ord 5 = 6.

Ïîðîæäàþùèå ýëåìåíòû � 1 è 5, èõ ïîðÿäîê � 6.

1.3. Ëþáàÿ öèêëè÷åñêàÿ 24-ýëåìåíòíàÿ ãðóïïà èçî-
ìîðôíà Z24 = 〈 { 0, 1, . . . , 23 }, +, 0 〉.

1. Âñå ïîäãðóïïû öèêëè÷åñêîé ãðóïïû � öèêëè-
÷åñêèå. Ïîðîæäàþùèìè ýëåìåíòàìè ïîäãðóïï Z24 áó-
äóò äåëèòåëè m ïîðÿäêà ãðóïïû 24: òî åñòü m = 1, 2,
3, 4, 6, 8, 12, 24 ≡ 0.
Ïîðÿäîê ñîîòâåòñòâóþùåé ïîäãðóïïû � 24/m.

m = 1 : { 1, 2, . . . , 23, 0 } = 〈1〉 = C ∼= Z24;
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m = 2 : { 2, 4, 6, . . . , 22, 0 } = 〈2〉 ∼= Z12;

m = 3 : { 3, 6, 9, . . . , 21, 0 } = 〈3〉 ∼= Z8;

m = 4 : { 4, 8, 12, . . . , 20, 0 } = 〈4〉 ∼= Z6;

m = 6 : { 6, 12, 18, 0 } = 〈6〉 ∼= Z4;

m = 8 : { 8, 16, 0 } = 〈8〉 ∼= Z3;

m = 12 : { 12, 0 } = 〈12〉 ∼= Z2;

m = 24 : { 0 } = 〈0〉 ∼= E � åäèíè÷íàÿ.

2. Öèêëè÷åñêàÿ ãðóïïà Z24 èìååò ϕ(24) = ϕ(23 ·
3) = 22 · ϕ(2) · ϕ(3) = 4 · 1 · 2 = 8 ãåíåðàòîðîâ m,
âçàèìíî ïðîñòûõ ñ 24, òî åñòü m = 1, 5, 7, 11, 13, 17,
19, 23.

1.4. ϕ(n) = ϕ (pα1
1 ) · . . . · (pαkk ) =

= pα1−1
1 ϕ(p1) · . . . · pαk−1k ϕ(pk) =

= pα1−1
1 · . . . · pαk−1k ϕ(p1) · . . . · ϕ(pk) =

=
n

p1 · . . . · pk
(p1 − 1) · . . . · (pk − 1) =

= n ·
(
1− 1

p1

)
· . . . ·

(
1− 1

pk

)
.

1.5. (1) Êîëüöî (îáðàòíîé ìàòðèöû ìîæåò íå áûòü),
(2) êîëüöî (ìíîãî÷ëåíû a0 + a1x+ a2x

2 + . . .+ anx
n â

ñëó÷àå a0 = 0 íåîáðàòèìû), (3) êîëüöî (ìíîãî÷ëåíû
a0+a1x+a2x

2+. . .+anx
n â ñëó÷àå a0 = 0 íåîáðàòèìû.



148 Ðåøåíèÿ çàäà÷

1.6. Ïî äèñòðèáóòèâíîñòè

x·(y+z) = x·y+x·z ⇒ x·(0+0) = x·0 = x·0+x·0 ⇒
⇒ x · 0 = 0.

1.7. Íåò! Õîòÿ f(x+y) = 2(x+y) = 2x+2y = f(x)+
f(y), íî f(xy) = 2xy 6= (2x) · (2y) = f(x) · f(y).

1.8. Ìíîæåñòâî âåêòîðîâ V ñîäåðæèò íóëåâîé âåêòîð
0 è ÿâëÿåòñÿ, î÷åâèäíî, àáåëåâîé ãðóïïîé ïî ñëîæå-
íèþ, à îïåðàöèÿ × âåêòîðíîãî óìíîæåíèÿ ñâÿçàíà ñî
ñëîæåíèåì äèñòðèáóòèâíûìè çàêîíàìè

x× (y+z) = x×y+x×z, (y+z)×x = y×x+z×x.

Êîëüöî 〈V, +, ×, 0 〉 íåêîììóòàòèâíî: x × y 6=
y × x è íåàññîöèàòèâíî: x× (y × z) 6= (x× y)× z.

Îäíàêî â ðàññìàòðèâàåìîì êîëüöå âûïîëíÿþòñÿ
òîæäåñòâà, çàìåíÿþùèå, â íåêîòîðîì ñìûñëå êîììó-
òàòèâíîñòü è àññîöèàòèâíîñòü:

x× y = −y × x (àíòèêîììóòàòèâíîñòü),

(x× y)× z + (y × z)× x+

+(z × x)× y = 0 (òîæäåñòâî ßêîáè).

1.9. Â êîëüöå Z6 êëàññû âû÷åòîâ ïî èäåàëó
(3) = {0, 3} ñóòü

0 + (3) = 3 + (3) = (0, 3),

1 + (3) = 4 + (3) = (1, 4),

2 + (3) = 5 + (3) = (2, 5).

1.10. Íåò! Â Z2 : 1 + 1 = 0, à â Z5: 1 + 1 = 2, òî åñòü
îïåðàöèÿ ñëîæåíèÿ â Z5 íåóñòîé÷èâà ïðè ïåðåõîäå ê
ñâîåìó ïîäìíîæåñòâó {0, 1}.
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2. Êîíå÷íûå êîëüöà è ïîëÿ

2.1. Âû÷èñëÿòü x 1 â êîëüöàõ Zn ìîæíî èñïîëüçóÿ
ñîîòíîøåíèå Áåçó (ïîäáîðîì êîýôôèöèåíòîâ èëè ðàñ-
øèðåííûì àëãîðèòìîì Åâêëèäà). Â íåêîòîðûõ î÷å-
âèäíûõ ñëó÷àÿõ (íàïð. â ïóíêòå â) ) ìîæíî îáîéòèñü
áåç âû÷èñëåíèé.

à) 1 = 2 ·3−1 ·5, 2 ·3 = 1+1 ·5, 2 ·3 ≡5 1, 3
1 ≡5 2;

á) 1 = 2 · 14− 3 · 9, (−3) · 9 = 1− 2 · 14,
(−3) · 9 ≡14, 9

1 = −3 = 11 (mod 14);

â) x · 1 ≡ 1 ⇒ 1 1 = 1 ïî ëþáîìó ìîäóëþ;
1 1 ≡118 1;

ã) 1 = 2 · 4− 1 · 7, 2 · 4 = 1 + 1 · 7, 2 · 4 ≡7 1,
4 1 ≡7 2, 3 · 4 1 = 3 · 2 = 6 (mod 7);

ä) −3 ≡7 4, â ïóíêòå ã) âû÷èñëåíî 4
1 ≡7 2, çíà÷èò,

(−3) 1 = 4 1 = 2 (mod 7);

å) 1 = 2 · 6− 1 · 11, 2 · 6 = 1 + 1 · 11, 2 · 6 ≡11 1,
6 1 ≡11 2, 6

2 = (6 1)2 = 22 = 4 (mod 11);

æ) 1 = 3 · 3− 8, 3 · 3 = 1 + 8, 3 · 3 ≡8 1,
3 1 ≡8 3, 3

3 = (3 1)3 = 33 = 27 = 3 (mod 8).

2.2. à) x = 7 1 · 11 = 18 · 11 = 198 = 23 (mod 25);

á) x = 9 1 · 3 = (−1) 1 = 3 = −3 = 7 (mod 10);

â) 6x ≡7 1, x = 6 1 = −1 = 6 (mod 7);

ã) 6x ≡9 1 ðåøåíèé íåò: ýëåìåíò 6 íå îáðàòèì â
Z9;

ä) 6x ≡9 2; ðåøåíèé íåò: ñðàâíåíèå ìîæíî ñîêðà-
òèòü � 3x ≡9, íî ýëåìåíò 3 íå îáðàòèì â Z9;
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å) 6x ≡9 3. Òàêîå ðàâåíñòâî ìîæíî ñîêðàòèòü
íà 3 âìåñòå ñ ìîäóëåì: 2x ≡3 1, îòêóäà
x = 2 1 = 2 (mod 3). Ìíîæåñòâî ðåøåíèé �
{2, 5, 8} (mod 9).

2.3. Èìååì

F = F2[x]/(x
2 + x+ 1) = { 0, 1 = α3, α, α+ 1 = α2 },

ãäå α � ïîðîæäàþùèé ýëåìåíò ìóëüòèïëèêàòèâíîé
ãðóïïû F ∗. Ïîýòîìó

P =
3∏
i=1

(x− βi) = (x+ 1)(x+ α)(x+ α + 1) =

= (x+ 1)
(
x2 + αx+ x+ αx+ α2 + α

)
=

= (x+ 1)
(
x2 + x+ α2 + α

)
=

=
(
x3 + (α + 1)x2 + (α + 1)x2 + (α2 + α + 1)x+

+α2 + α
)
= x3 + 1,

è ïî òåîðåìå 2.4:(x− β1) · . . . · (x− βpn−1) = xp
n−1 − 1.

2.4. Âñå ýëåìåíòû F∗p ñóòü êîðíè óðàâíåíèÿ

xp−1 − 1 = 0,

èõ ñóììà ïî òåîðåìå Âèåòà åñòü êîýôôèöèåíò ïðè
xp−2 â ýòîì óðàâíåíèè, òî åñòü 0.

2.5. Ïðè p = 2 óòâåðæäåíèå òðèâèàëüíî.
Ïðè p > 2 ïîðÿäêè âñåõ ýëåìåíòîâ ìóëüòèïëè-

êàòèâíîé öèêëè÷åñêîé ãðóïïû F∗p = { 1, . . . , p − 1 }
äåëÿò å¼ ïîðÿäîê òî åñòü âñå îíè ÿâëÿþòñÿ êîðíÿìè
óðàâíåíèÿ
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xp−1 − 1 = 0. (∗)

Äðóãèõ êîðíåé ó ýòîãî óðàâíåíèÿ íåò (ìíîãî÷ëåí ñòå-
ïåíè p− 1 èìååò íå áîëüøå p− 1 êîðíåé). Ïî òåîðåìå
Âèåòà èõ ïðîèçâåäåíèå ðàâíî ñâîáîäíîìó ÷ëåíó ìíî-
ãî÷ëåíà (∗), òî åñòü −1.

Åù¼ îäíî Ðåøåíèå. Äëÿ p = 2, 3 óòâåðæäåíèå
òðèâèàëüíî. Ïðè p > 5 îáîçíà÷èì

1 · 2 · . . . · (p− 2)︸ ︷︷ ︸
=π

·(p− 1) = (p− 1)!,

è çàìåòèì, ÷òî (p− 1)2 = p2 − 2p+ 1 ≡p 1.
Ëåãêî âèäåòü, ÷òî ïðîèçâåäåíèå π = 1: êàæäûé èç

ýëåìåíòîâ 2, . . ., p − 2 ïîëÿ Fp èìååò åäèíñòâåííûé
îáðàòíûé, è îí âõîäèò â π = 1, ò. ê. ýëåìåíò p − 1
îáðàòåí ñàì ñåáå.

Îòñþäà (p− 1)! = p− 1, èëè (p− 1)! ≡p −1.

2.6. Ýòî ïîëå F2
2, îíî ìîæåò áûòü ïîñòðîåíî êàê

ôàêòîðêîëüöî F2[x]/ (a(x)), ãäå a(x) � íåïðèâîäèìûé
ìíîãî÷ëåí èç F2[x] ñòåïåíè 2. Íî òàêîé ìíîãî÷ëåí
òîëüêî îäèí: x2 + x+ 1.

Ñëåäîâàòåëüíî, F2
2 = { 0, 1, x, x+ 1 } è x2 = x+1

(÷åðòó íàä ýëåìåíòàìè íå ïèøåì).
Òàáëèöû ñëîæåíèÿ è óìíîæåíèÿ â ïîñòðîåííîì

ïîëå (îïåðàöèè ñ 0 îïóñêàåì):

+ 1 x x+ 1
1 0 x+ 1 x
x x+ 1 0 1

x+ 1 x 1 0
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× 1 x x+ 1
1 1 x x+ 1
x x x+ 1 1

x+ 1 x+ 1 1 x

2.7. Âîñïîëüçóåìñÿ àëãîðèòìîì Åâêëèäà:

x5 + x2 + x+ 1 = (x2 + x)(x3 + x2 + x+ 1) + (x2 + 1),

x3 + x2 + x+ 1 = (x+ 1)(x2 + 1).

Îòâåò: x2 + 1.

2.8. Ïîëå F = F2[x]/(x
3 + x + 1) ñîäåðæèò 8 ýëå-

ìåíòîâ: 0 è ñòåïåíè 1, . . . , 7 ïîðîæäàþùåãî ýëåìåíòà
α. Ìîæíî ïîëàãàòü x = α, ò. ê. a(x) � ïðèìèòèâíûé
ìíîãî÷ëåí.

1. Òàáëèöà ñîîòâåòñòâèé ìåæäó ïîëèíîìèàëüíûì
è ñòåïåííûì ïðåäñòàâëåíèåì åãî íåíóëåâûõ ýëå-
ìåíòîâ:

x3 = x+ 1 ñòåïåíü x 1 x x2

x (0 1 0)

x2 (0 0 1)

x3 = x+ 1 (1 1 0)

x4 = x2 + x (0 1 1)

x5 = x2 + x+ 1 (1 1 1)

x6 = x2 + 1 (1 0 1)

x7 = 1 (1 0 0)
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2. Òàáëèöà óìíîæåíèÿ:

× x x2 x3 x4 x5 x6

x x2 x+ 1 x2 + x x2 + x+ 1 x2 + 1 1

x2 x+ 1 x2 + x x2 + x+ 1 x2 + 1 1 x

x3 x2 + x x2 + x+ 1 x2 + 1 1 x x2

x4 x2 + x+ 1 x2 + 1 1 x x2 x+ 1

x5 x2 + 1 1 x x2 x+ 1 x2 + x

x6 1 x x2 x+ 1 x2 + x x2 + x+ 1

3. Îáðàòíûå ýëåìåíòû:

x x2 x+ 1 x2 + x x2 + x+ 1 x2 + 1

x2 + 1 x2 + x+ 1 x2 + x x+ 1 x2 x

4. Ïîëå F èìååò ϕ(7) = 6 ïîðîæäàþùèõ ýëåìåíò-
îâ: âñå êðîìå 0 è 1.

5. Íàõîäèì ì. ì. ýëåìåíòîâ ïîëÿ. ßñíî, ÷òî

� m0(x) = x;

� m1(x) = x+ 1;

� îñòàëüíûå ýëåìåíòû F ñóòü ïîðîæäàþùèå
åãî ìóëüòèïëèêàòèâíîé ãðóïïû, è èõ ì. ì.
áóäóò ñîâïàäàòü ñ a(x).

2.9. Ïîëå Fnp ñîäåðæèò ïîäïîëå Fkp åñëè è òîëü-

êî åñëè k | n, ïîýòîìó ïîäïîëÿìè GF
(
230
)
áóäóò

ïîëÿ GF
(
2k
)
, k ∈ D(30) = {1, 2, 3, 5, 6, 10, 15, 30},

GF (2) � ïðîñòåéøåå è GF
(
230
)
� íåñîáñòâåííîå

ïîäïîëÿ.

2.10. Â ïîëå F2 èìååì x− 1 = x+ 1.
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1. f(1) = 0 ⇒ 1 � êîðåíü f .

2. Äåëèì f(x) íà x+ 1, ïîëó÷àåì

x4 + x3 + x+ 1 = f1(x).

3. f1(1) = 0 ⇒ 1 � êîðåíü f1;
f1
x+1 = x3+1 = f2(x).

4. f2(1) = 0 ⇒ 1 � êîðåíü f2;
f2
x+1 = x2 + x+ 1.

5. Ìíîãî÷ëåí x2 + x+ 1 íåïðèâîäèì.

Îòâåò: x5 + x3 + x2 + 1 = (x+ 1)3(x2 + x+ 1).

2.11. 1. f(2) = 23 + 2 · 22 + 4 · 22 + 1 = 25 ≡5 0,
(x− 2) ≡5 (x+ 3)

2.
x3 + 2x2 + 4x + 1 x+ 3

x3 + 3x2 x2 + 4x+ 2

4x2 + 4x
4x2 + 2x

2x + 1
2x + 1

0

3. Ïåðåáîðîì óáåæäàåìñÿ, ÷òî ìíîãî÷ëåí x2+4x+
2 íåïðèâîäèì â F5.

Îòâåò: x3 + 2x2 + 4x+ 1 = (x+ 3)(x2 + 4x+ 2).

2.12. 1. 0, 1, 2� íå êîðíè f(x) ⇒ f(x) ëèíåéíûõ
äåëèòåëåé íå ñîäåðæèò.
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2. Íåïðèâîäèìûå ìíîãî÷ëåíû íàä F3 ñòåïåíè 2:

x2 + 1, x2 + x+ 2, x2 + 2x+ 2.

3. Ïîäáîðîì ïîëó÷àåì
Îòâåò: f(x) = x4+x3+x+2 = (x2+1)(x2+x+2).

2.13. 1. f(x) 6= 0 íè ïðè êàêîì x = 0, 1, 2, 3, 4, òî
åñòü f(x) íå èìååò ëèíåéíûõ äåëèòåëåé.

2. Ïåðåáèðàÿ íåïðèâîäèìûå ìíîãî÷ëåíû ñòåïåíè
2 íàä F5, ïîëó÷àåì

Îòâåò: f(x) = (x2 + x+ 1)(x2 + 2x+ 4).

2.14. Âû÷èñëÿÿ çíà÷åíèÿ ïðè x = 0, 1 âñåõ íîðìèðî-
âàííûõ ìíîãî÷ëåíîâ 3-é ñòåïåíè èç F2[x], îïðåäåëÿåì
èõ ëèíåéíûå äåëèòåëè è ïîëó÷àåì, ÷òî

f1(x) = x3 = x · x · x,
f2(x) = x3 + 1 = (x+ 1)(x2 + x+ 1),

f3(x) = x3 + x = x(x+ 1)2,

f4(x) = x3 + x2 = x2(x+ 1),

f5(x) = x3 + x+ 1 � íåïðèâîäèì,

f6(x) = x3 + x2 + 1 � íåïðèâîäèì,

f7(x) = x3 + x2 + x = x(x2 + x+ 1),

f8(x) = x3 + x2 + x+ 1 = (x+ 1)3.

2.15. Äîëæíî áûòü: f(0) 6= 0, f(1) 6= 0, f(2) 6= 0.
Ïåðåáîðîì êîýôôèöèåíòîâ b, c ∈ { 0, 1, 2 } â âû-

ðàæåíèè x2+bx+c, íàõîäèì ïîäõîäÿùèå ìíîãî÷ëåíû:
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f1(x)= x2 + 1,

f2(x)= x2 + x+ 2,

f3(x)= x2 + 2x+ 2.

2.16. Äîëæíî áûòü: f(0) 6= 0, f(1) 6= 0, f(2) 6= 0.

f1(x) = x3 + 2x+ 1,

f2(x) = x3 + 2x+ 2,

f3(x) = x3 + x2 + 2,

f4(x) = x3 + 2x2 + 1,

f5(x) = x3 + x2 + x+ 2,

f6(x) = x3 + x2 + 2x+ 1,

f7(x) = x3 + 2x2 + x+ 1,

f8(x) = x3 + 2x2 + 2x+ 2.

2.17. 1. Ïåðåáîðîì ýëåìåíòîâ èç F5 �

a(0) = 4, a(1) = 2, a(2) = 1, a(3) = 2, a(4) = 1,

óáåæäàåìñÿ, ÷òî êâàäðàòíûé ìíîãî÷ëåí a(x) íåïðè-
âîäèì.

Ñëåäîâàòåëüíî, ôàêòîðêîëüöî F5[x]/
(
x2 + 2x+ 4

)
ÿâëÿåòñÿ ïîëåì; â í¼ì x2 = −2x− 4 = 3x+ 1.

2. a(4x2 + 1) =
(
2(2x2 + 1)

)3
+2·2(2x2 + 1)+4 =

= 3(3x6+2x4+x2+1)+3x2+3 = 4x6+x4+x2+1 =
= 4(3x+1)2 +3x2 + x+ x2 +1 = x2 +4x+4+ 3x2 +
x+ x2 + 1 = 0 � äà, ÿâëÿåòñÿ.

2.18. 1. a(x) = x2+x−1, a(0) = 6, a(1) = 1, a(2) = 5,
a(3) = 4, a(4) = 6, a(5) = 1, a(6) = 6, òî åñòü ìíîãî-
÷ëåí a(x) � íåïðèâîäèì â F7 è F � ïîëå (∼= F2

7).
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2. F2
7 =

{
ax+ b | a, b ∈ F7, x

2 = 1− x = 6x+ 1
}

(ax+ b) · (6x+ 1) = . . . = (2a+ 6b)x+ (6a+ b) = 1{
6a+ b = 1
a+ 3b = 0

⇒
{
a = 1
b = 2

Îòâåò: (1− x) 1 = x+ 2 â F .

2.19. β = x+ x2 = x(x+ 1).
Ìóëüòèïëèêàòèâíàÿ ãðóïïà óêàçàííûõ ïîëåé ñîñ-

òîèò èç 24 − 1 = 15 ýëåìåíòîâ.
Ïðèìàðíîå ðàçëîæåíèå 15: 15 = 3 · 5, ïîýòîìó ðà-

âåíñòâî βd = 1 íóæíî ïðîâåðèòü äëÿ d = 15/5 = 3 è
d = 15/3 = 5.

1. x4 = x+ 1

β2 = x2(x+ 1)2 = x4 + x2 = x2 + x+ 1,

β3 = x(x+ 1)(x2 + x+ 1) = x(x3 + 1) =

= x4 + x = x+ 1 + x = 1.

Îòâåò: Â ïîëå F1 ord β = 3.

2. x4 = x3 + 1

β2 = x4 + x2 = x3 + x2 + 1,

β3 = x(x+ 1)(x3 + x2 + 1) =

= x(x4 + x2 + x+ 1) = x(x3 + x2 + x) =

= x4 + x3 + x2 = x2 + 1 6= 1,

β5 = x2x3 = (x3 + x2 + 1)(x2 + 1) =

= (x5 + x4 + x2 + x3 + x2 + 1) = . . .
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. . . = (x3 + 1)x = x4 + x = x3 + x+ 1 6= 1.

Îòâåò: Â ïîëå F2 ord β = 15.

2.20. Ìóëüòèïëèêàòèâíàÿ ãðóïïà ïîëÿ

F2[x]/
(
x6 + x3 + 1

)
ñîñòîèò èç 26 − 1 = 63 ýëåìåíòîâ.

Ïðîñòûå äåëèòåëè 63 = 32 · 7 ñóòü 3 è 7, ïîýòî-
ìó ðàâåíñòâî xd = 1 íóæíî ïðîâåðèòü òîëüêî äëÿ
d = 21 = 63

3 è d = 9 = 63
7 .

Â ðàññìàòðèâàåìîì ïîëå x6 = x3 + 1 è

x9 = x6x3 = (x3+1)x3 = x6+x3 = 6x3+1+ 6x3 = 1.

Ò.î. ordx = 9 6= 63 è ìíîãî÷ëåí f(x) íå ïðèìèòèâåí.

2.21. ∑
d|n

d · ((d)) = pn.

1. ((7)) íàä F2∑
d|7
·d((d)) = 27 = 1 · ((1)) + 7 · ((7)) = 128.

((1)) = 2: ýòî x è x+1, îòñþäà ((7)) = 128−2
7 = 18.

2. ((6)) íàä F5

((6)) =
1

6

∑
d|6

µ(d) 5
6
d =

1

6

[
µ(1)56 + µ(2)53+

+µ(3)52 + µ(6)5
]
=

15625− 125− 25 + 5

6
= 2 580.



2. Êîíå÷íûå ïîëÿ 159

2.22. charF = 3, ïîýòîìó −2x2 + x + 2 ≡3 x
2 + x +

2 = a(x).

F = F2
3, F

∗ ñîäåðæèò 32 − 1 = 8 ýëåìåíòîâ è âñå
îíè ìîãóò áûòü ïðåäñòàâëåíû êàê ñòåïåíè αi, i = 1, 8
ïðèìèòèâíîãî ýëåìåíòà α.

Åñëè ýëåìåíò x îêàæåòñÿ ïðèìèòèâíûì, òî ïîëî-
æèì α = x è, ïîñêîëüêó âû÷èñëåíèÿ â F2

3 ïðîâîäÿòñÿ
ïî mod a(x), áóäåì èìåòü

x2 + x+ 2 = 0 ⇒ x2 = −x− 2 = 2x+ 1.

Íàéä¼ì ïîðÿäîê ýëåìåíòà x: ò. ê. 8 = 23, 8
2 = 4,

ïðîâåðèì ðàâåíñòâî x4 = 1:

x4 = (x2)2 = (2x+ 1)2 = x2 + x+ 1 = 6 2x+ 1+ 6 x+
1 = 2 6= 1,

òî åñòü x � ïðèìèòèâíûé ýëåìåíò F :
ordx = 8, x8 = 1.

Ïîâåçëî: a(x) = x2+x+2 îêàçàëñÿ ïðèìèòèâíûì
ìíîãî÷ëåíîì íàä F3, èíà÷å ïðèìèòèâíûé ýëåìåíò ïî-
ëÿ F ïðèøëîñü áû èñêàòü.

Òåïåðü âû÷èñëèì çíà÷åíèå çàäàííîãî âûðàæåíèÿ.
Èìååì 28 = 256 ≡3 1, x+ 2 = −x2, x4 = 2 è äàëåå:

S =
1

2x+ 1
− (2x)7(2)

(x)9(x+ 2)
=

1

x2
+

x7

x9x2
=

x8

x2
+
x7x8

x11
=

= x6+x4 = (x2)3+2 = (2x+1)3+2 = 2x3+ 6 1+ 6 2 =

= 2x(2x+ 1) = x2 + 2x = 2x+ 1 + 2x = x+ 1.

2.23. Â äàííîì 9-ýëåìåíòíîì ïîëå

x2 + 1 = 0 ⇒ x2 = −1 ≡3 2.
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1. Íàéä¼ì ïîðÿäîê ýëåìåíòà x, äëÿ ÷åãî ïðîâå-
ðèì ðàâåíñòâî x4 = 1 (ò. ê. 9− 1 = 8 = 23, 8

2 = 4):

x4 = (x2)2 = 4 ≡3 1.

Ñëåäîâàòåëüíî ordx = 4 è ýëåìåíò x íå ÿâëÿåòñÿ
ãåíåðàòîðîì ãðóïïû F ∗ (è x2 + 1 � íå åñòü ïðèìèòè-
âíûé ìíîãî÷ëåí íàä F3:
x4 − 1 = x4 + 2 = (x2 + 1)(x2 + 2)).

2. Ïðîâåðèì íà ïðèìèòèâíîñòü ýëåìåíò x+ 1:

(x+ 1)4 = (x+ 1)(x+ 1)3 = (x+ 1)(x3 + 1) =

= (x+1)(2x+1) = 2x2+ 6x+ 62x+1 = 4+1 = 2 6= 1

òî åñòü α = x+ 1 îêàçàëñÿ ïðèìèòèâíûì ýëåìåíòîì.
Åãî ñòåïåíè:

α1 = x+ 1, α5 =2(x+ 1) = 2x+ 2,

α2 = x2 + 2x+ 1 = 2x, α6 =α2 · α4 = 4x = x,

α3 = 2x(x+ 1) = 2x+ 1, α7 =x(x+ 1) = x+ 2,

α4 = 4x2 = x2 = 2, α8 =(α4)2 = 4 = 1.

Çàìå÷àíèå: âû÷èñëåíèå î÷åðåäíîé ñòåïåíè αi+j

÷àñòî áûâàåò óäîáíûì ïðîâåñòè êàê αi · αj, à íå êàê
α · αi+j−1.

2.24. 1. Ñíà÷àëà ïðîâåðèì, ÿâëÿåòñÿ ëè ìíîãî÷ëåí
f(x) = x2 + x+ 2 äåëèòåëåì x4 + 1?

x4 + 1 = (x2 + x+ 2) · (x2 + 2x+ 2) � äà, ÿâëÿåòñÿ
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Ïîýòîìó èñêîìûé èäåàë ñîñòàâÿò ìíîãî÷ëåíû èç R,
êðàòíûå f(x):(
x2 + x+ 2

)
=
{
(x2 + x+ 2)(ax+ b) | a, b ∈ F3, x

4 = 1
}
.

2. Ïðîâåä¼ì óìíîæåíèå:

(x2+x+2)(ax+ b) = ax3+(a+ b)x2+(2a+ b)x+2b.

Òåïåðü, ïåðåáèðàÿ âñå âîçìîæíûå çíà÷åíèÿ
a, b ∈ F3, íàéä¼ì âñå ýëåìåíòû èäåàëà

(
x2 + x+ 2

)
:

a b ax3 + (a+ b)x2 + (2a+ b)x+ 2b

0 0 0
0 1 x2 + x+ 2
0 2 2x2 + 2x+ 1
1 0 x3 + x2 + 2x
1 1 x3 + 2x2 + 2
1 2 x3 + x+ 1
2 0 2x3 + 2x2 + x
2 1 2x3 + 2x+ 2
2 2 2x3 + x2 + 1

À åñëè áû f(x) 6 |a(x)? Òîãäà âR ñóùåñòâóåò èäåàë,
ïîðîæä¼ííûé ýëåìåíòîì ÍÎÄ (f(x), a(x)).

2.25. Äëÿ ìàòðèö ðàçìåðà 2×2 îáðàòíàÿ ìàòðèöà çà-
ïèñûâàåòñÿ â âèäå(

a b
c d

) 1

=
1

ad− bc
·
(

d −c
−b a

)
.

1. Ñíà÷àëà âû÷èñëèì detM = ad − bc ñ ó÷¼òîì
x2 = 2x+ 2:
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detM = (3x+ 4)(3x+ 2)− (x+ 2)(x+ 3) =

= 4x2 + 3x+ 3− x2 − 1 =

= 3x2 + 3x+ 2 = 3(2x+ 2) + 3x+ 2 = 4x+ 3.

2. Íàéä¼ì îáðàòíûé ê 4x + 3 ýëåìåíò, ðåøàÿ ñî-
îòíîøåíèå Áåçó

(x2 + 3x+ 3)a(x) + (4x+ 3)b(x) = 1

ñ ïîìîùüþ ðàñøèðåííîãî àëãîðèòìà Åâêëèäà:

Øàã 0. // Èíèöèàëèçàöèÿ
r−2(x) = x2 + 3x+ 3,
r−1(x) = 4x+ 3,
y−2(x) = 0,
y−1(x) = 1.

Øàã 1. // Äåëèì r−2(x) íà r−1(x) ñ îñòàòêîì

r−2(x) = r−1(x)q0(x) + r0(x),
q0(x) = 4x+ 4,
r0(x) = 1, // deg r = 0 ⇒ ÎÑÒÀÍÎÂ
y0(x) = y−2(x)− y−1(x)q0(x) =

= −q0(x) = −4x− 4 = x+ 1.

3. Âû÷èñëèì îáðàòíóþ ìàòðèöó

M 1 = (x+ 1)

(
3x+ 2 4x+ 2
4x+ 3 3x+ 4

)
=

(
x+ 2 1
4x 3x

)
.

2.26. 1. f(0) = f(1) = 1, è çíà÷èò f(x) íå èìååò
êîðíåé â F2 òî åñòü íå èìååò ëèíåéíûõ ìíîæèòåëåé.
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2. Äàëåå èùåì äåëèòåëè f(x) ñðåäè íåïðèâîäè-
ìûõ ìíîãî÷ëåíîâ ñòåïåíè 2.

Òàêîâûõ íàä F2 òîëüêî îäèí � x2 + x+ 1.
Ïðè äåëåíèè f(x) íà x2 + x+ 1, ïîëó÷àåì

f(x) = (x2 + x+ 1)×
× (x9 + x8 + x7 + x6 + x4 + x3 + x2 + x+ 1︸ ︷︷ ︸

g(x)

).

Äåëèì ÷àñòíîå g(x) íà x2 + x+ 1:

g(x) = x9 + x8 + x7 + x6 + x4 + x3 + x2 + x+ 1 =

= (x2 + x+ 1) · (x7 + x4 + x3 + x2 + x+ 1) + x

� íå äåëèòñÿ íàöåëî, òî åñòü x2 + x + 1 � äåëèòåëü
f(x) êðàòíîñòè 1.

3. Íåïðèâîäèìûõ ìíîãî÷ëåíîâ 3-é ñòåïåíè íàä F2

òîëüêî äâà: x3 + x+ 1 è x3 + x2 + 1.
Ïðîáóåì ïîäåëèòü g(x) íà x3 + x+ 1:

x9 + x8 + x7 + x6 + x4 + x3 + x2 + x+ 1 =

= (x3 + x+ 1)(x6 + x5 + x3 + x2 + 1︸ ︷︷ ︸
h(x)

) � äåëèòñÿ!

Ïðîèçâîäÿ äàëåå ïîïûòêè äåëåíèÿ h(x) íà íåïðè-
âîäèìûå ìíîãî÷ëåíû 3-é ñòåïåíè, ïîëó÷àåì

x6 + x5 + x3 + x2 + 1 =

= (x3 + x+ 1) · (x3 + x2 + x+ 1) + x2,

x6 + x5 + x3 + x2 + 1 = (x3 + x2 + 1) · x3 + x2 + 1.
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Ïîñêîëüêó ìíîãî÷ëåí h(x) 6-é ñòåïåíè íå èìååò äåëè-
òåëåé 3-é è ìåíüøèõ ñòåïåíåé, òî îí ÿâëÿåòñÿ íåïðè-
âîäèìûì.

Îòâåò: Â F2[x] ñïðàâåäëèâî ðàçëîæåíèå

f(x) = x11 + x9 + x8 + x4 + x3 + x2 + 1 =

(x2 + x+ 1)(x3 + x+ 1)(x6 + x5 + x3 + x2 + 1).

2.27. 1. Íàéä¼ì ðàçëîæåíèå ìíîãî÷ëåíà f(x) íà íå-
ïðèâîäèìûå ìíîæèòåëè íàä F3.

� Èùåì êîðíè: f(0) = 2, f(1) = 1, f(2) = 0.
Ïîñêîëüêó x−2 ≡3 x+1, òî f(x) = (x+1)(x2+
2x+ 2).

� Ìíîãî÷ëåí g(x) = x2 + 2x + 2 íå èìååò êîðíåé
â F3, åãî ñòåïåíü 2, ò. å. îí íåïðèâîäèì.

� Îêîí÷àòåëüíî: f(x) = (x+ 1)(x2 + 2x+ 2).

2. Èçâåñòíî, ÷òî åñëè g(x) � íåïðèâîäèìûé ìíî-
ãî÷ëåí ñòåïåíè n íàä Fp, òî îí:

� â ïîëå ñâîåãî ðàñøèðåíèÿ F = Fp[x]/(g(x)) ðàñ-
êëàäûâàåòñÿ íà n ëèíåéíûõ ìíîæèòåëåé �

g(x) = (x−α)·(x− αp)·
(
x− αp2

)
·. . .·

(
x− αpn−1

)
,

ãäå α � ïðîèçâîëüíûé êîðåíü g(x) â F ;

� íå èìååò êîðíåé íè â êàêîì êîíå÷íîì ïîëå, ñî-
äåðæàùèì ìåíåå, ÷åì pn ýëåìåíòîâ.

3. Ðàññìîòðèì ïîëå F3[x]/(g(x)) ðàñøèðåíèÿ ìíî-
ãî÷ëåíà g(x) = x2 + 2x+ 2.
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Â ýòîì ïîëå åñëè α � êîðåíü g(x), òî è α3 � òîæå
åãî êîðåíü. Âû÷èñëÿåì:

α2 = − 2α− 2 = α + 1,

α3 =α(α + 1) = α2 + α = 2α + 1

Ïîñòðîåííîå ïîëå F3[x]/
(
x2 + 2x+ 2

)
ñîäåðæèò

íàéäåííûé ðàíåå êîðåíü 2, ïîýòîìó ìíîãî÷ëåí f(x)
â ýòîì ïîëå ðàñêëàäûâàåòñÿ íà ñëåäóþùèå ëèíåéíûå
ìíîæèòåëè:

f(x) = x3 + x+ 2 = (x− 2)(x− α)(x− 2α− 1) =
(x+ 1)(x+ 2α)(x+ α + 2).

4. Îïðåäåëèòü êîðíè ìíîãî÷ëåíà

g(x) = (x− α)(x− 2α− 1)

â ïîëå F3[x]/
(
x2 + 2x+ 2

)
ëåãêî: âñåãäà ìîæíî âçÿòü

α = x, îòêóäà âòîðîé êîðåíü α3 = 2α + 1 = 2x+ 1.

Îòâåò: ìíîãî÷ëåí f(x) = x3 + x + 2 èìååò êîðíè
2, x, 2x+ 1 â ïîëå F3[x]/

(
x2 + 2x+ 2

)
= GF (32).

2.28. β ∈ { 0, 1, α, . . . , α14 } = F, x4 = x+ 1.

β = 0: m0(x) = x.
β = 1: m1(x) = x+ 1.
β = α: ñîïðÿæ¼ííûå ñ α ýëåìåíòû � α2, α4, α8 è

(x− α)(x− α2)(x− α4)(x− α8) = . . .

. . . = x4 + x+ 1 = 0.

Ýòî îçíà÷àåò, ÷òî x4+x+1� ïðèìèòèâíûé ìíîãî÷ëåí
è mα(x) = x4 + x+ 1.
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β = α3: ñîïðÿæ¼ííûå ñ α3 ýëåìåíòû ñóòü α6, α12,
α24 = α9, èõ ì. ì. �

mα3(x) = (x− α3)(x− α6)(x− α9)(x− α12) =

= x4 +
(
α3 + α6 + α9 + α12

)
x3+

+
(
α3α6 + α3α9 + α3α12 + α6α9 + α6α12 + α9α12

)
x2+

+
(
α3α6α9 + α3α6α12 + α3α9α12 + α6α9α12

)
x+

+
(
α3α6α9α12

)
= x4 +

(
α3 + (α3 + α2) + (α3 + α)+

+ (α3 + α2 + α + 1)
)
x3 + (. . .) x2 + (. . .)x+ α30 =

= x4 + x3 + x2 + x+ 1.

β = α5: åäèíñòâåííûé ñîïðÿæ¼ííûé ñ α5 ýëå-
ìåíò � α10 (ò. ê. α20 = α5), èõ ì. ì. �

mα5(x) = (x− α5)(x− α10) = x2 + x+ 1.

β = α7: ñîïðÿæ¼ííûå ñ α7 ýëåìåíòû � α14,
α28 = α13, α56 = α11, èõ ì. ì. �

mα7(x) = (x− α7)(x− α11)(x− α13)(x− α14) =

= x4 + x3 + 1.

2.29. 1. Ëþáîé ìíîãî÷ëåí â ïîëå õàðàêòåðèñòèêè 5
âìåñòå ñ êîðíåì α3 ñîäåðæèò âñå ñîïðÿæ¼ííûå ñ íèì
(α3)5 = α15, (α3)5

2

= α75, (α3)5
3

= α375 è ò. ä.

2. Â ïîëå F èìååì α52−1 = α24 = 1, è ñîïðÿæ¼í-
íûì ñ α3 áóäåò òîëüêî ýëåìåíò α15, ò. ê. α75 = α3. Ïî-
ýòîìó ìèíèìàëüíûé ìíîãî÷ëåí ýëåìåíòà α3 � êâàä-
ðàòíûé:
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mα3(x) = (x−α3)(x−α15) = x2− (α3 + α15)x+α18.

3. Íàéä¼ì êîýôôèöèåíòû äàííîãî ìíîãî÷ëåíà,
ó÷èòûâàÿ α2 = −α− 2 = 4α + 3:

α3 = α · α2 = α(4α + 3) = 4α2 + 3α =

= 4(4α + 3) + 3α = 4α + 2,

α15 = (α3)5 = (4α + 2)5 = 4α5 + 2 =

= 4α2α3 + 2 = 4(4α + 3)(4α + 2) + 2 =

= 4(α2 + 1) + 2 = 4(4α + 4) + 2 = α + 3,

α3 + α15 = 4α + 2 + α + 3 = 0,

α18 = α3α15 = (4α + 2)(α + 3) =

= 4(4α + 3) + 4α + 1 = 3.

Îòâåò: m(x) = x2 + 3.

2.30. 1) Ïîñêîëüêó |F ∗1 | = 23 − 1 = 7 � ïðîñòîå
÷èñëî, òî êàæäûé íååäèíè÷íûé ýëåìåíò ìóëüòè-
ïëèêàòèâíîé ãðóïïû F ∗ � å¼ ãåíåðàòîð, â ò. ÷. è
x. Ýòî îçíà÷àåò, ÷òî x � ïðèìèòèâíûé ýëåìåíò
ïîëÿ F è ì.ì. ìíîãî÷ëåí a(x) ïðèìèòèâåí.

2) Ïîñêîëüêó |F ∗2 | = 24−1 = 15 = 3·5, òî äëÿ îïðå-
äåëåíèÿ çíà÷åíèÿ ord x íóæíî ïðîâåðèòü íà ðà-
âåíñòâà x3 = 1 è x5 = 1.

Ïåðâîå ðàâåíñòâî ÿâíî íå èìååò ìåñòà, ïîýòîìó
âû÷èñëÿåì ñ ó÷¼òîì x4 = x3 + x2 + x+ 1:

x5 = x · x4 = x · (x3 + x2 + x+ 1) =

= x4+x3+x2+x = (x3+x2+x+1)+x3+x2+x = 1.
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Ýòî îçíà÷àåò, ÷òî ordx = 5 6= 15, x � íå åñòü
ïðèìèòèâíûé ýëåìåíò F , à ì.ì. a(x) íå ïðèìè-
òèâåí.

2.31. Âû÷èñëåíèå çíà÷åíèé f(x) äëÿ x = 0, 1, . . . , 4,
ïîêàçûâàåò, ÷òî f(3) = 0, ò. å. x = 3 � êîðåíü f(x).

Äåëÿ ¾óãîëêîì¿ f(x) íà f1(x) = x − 3 (èëè íà
x+2), ïîëó÷èì x3+3x2+4x+4 = (x−3) ·(x2+x+2).

Ïåðåáîðîì ýëåìåíòîâ x ∈ GF (5) óáåæäàåìñÿ, ÷òî
f2(x) = x2 + x+ 2 � íåïðèâîäèìûé ìíîãî÷ëåí.

Â ïîëå F5[x]/
(
x2 + x+ 2

)
êîðíè ìíîãî÷ëåíà

f2(x) = 0 ñóòü
{
x, x5

}
è x2 = −x− 2 = 4x+ 3.

Âû÷èñëÿåì:

x5 =
(
x2
)2
x = x(4x+ 3)2 = x(x2 + 4x+ 4) =

= x(4x+ 3 + 4x+ 4) = x(3x+ 2) = 3x2 + 2x =

= 2x+ 4 + 2x = 4x+ 4.

Îòâåò: { 3, x, 4x+ 4 }.

2.32. Ïîäñòàíîâêîé â f(x) âñåõ ýëåìåíòîâ 0, . . . , 4
ïîëÿ F5 óáåæäàåìñÿ, ÷òî äàííûé ìíîãî÷ëåí 2-é ñòå-
ïåíè íå èìååò ëèíåéíûõ äåëèòåëåé è, ñëåäîâàòåëüíî,
íåïðèâîäèì.

Ïîðÿäîê ìóëüòèïëèêàòèâíîé ãðóïïû GF (52) åñòü
24 = 23 · 3. Îïðåäåëèì ïîðÿäîê ýëåìåíòà å¼ x, äëÿ
êîòîðîãî x2 = −x− 2 = 4x+ 3.

Ïîñêîëüêó ïðîñòûå äåëèòåëè 24 ñóòü 2 è 3, ïðîâå-
ðèì ðàâåíñòâî xd = 1 äëÿ d ∈

{
24
2 = 12, 24

3 = 8
}
.

Èìååì:

x4 =(x2)2 = (4x+ 3)2 = x2 + 4x+ 4 = . . .
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. . . = 3x+ 2 6= 1,

x8 =(x4)2 = (3x+ 2)2 = −x2 + 2x+ 4 = . . .

. . . = 3x+ 1 6= 1.

x12 =x8x4 = (3x+ 1)(3x+ 2) = −x2 + 4x+ 2 = . . .

. . . = 4 6= 1.

Ñëåäîâàòåëüíî ordx = 24 è ðàññìàòðèâàåìûé ìíîãî-
÷ëåí ïðèìèòèâåí â ïîëå F5[x]/

(
x2 + x+ 2

)
.

2.33. Ïîñêîëüêó n = 40 = 5 · 8, òî êîðíè áèíîìà
x40 − 1 ñóòü âñå êîðíè x8 − 1 (îíè âñå ðàçëè÷íû), íî
5-é êðàòíîñòè.

Ðàññìîòðèì ðàçëîæåíèå ìíîãî÷ëåíà x8−1 íàä F5.
Îòíîñèòåëüíî óìíîæåíèÿ íà 5 âû÷åòû ïî ìîäóëþ 8
{ 0, 1, . . . , 7 } ðàçáèâàþòñÿ íà îðáèòû:

{ 0 }, { 1, 5 }, { 2 }, { 3, 7 }, { 4 }, { 6 }.
Ïîÿñíåíèå: 5 · 5 = 25 ≡8 1, 2 · 5 = 10 ≡8 2 è ò. ä.

Ïîýòîìó:

� áèíîì x8−1 ∈ F5[x] ðàçëàãàåòñÿ â ïðîèçâåäåíèå
÷åòûð¼õ ëèíåéíûõ è äâóõ íåïðèâîäèìûõ êâàä-
ðàòíûõ ìíîãî÷ëåíîâ;

� áèíîì x40 − 1 = (x8 − 1)5 ðàçëàãàåòñÿ â ïðîèç-
âåäåíèå äâàäöàòè ìíîãî÷ëåíîâ ñòåïåíè 1 (÷åòû-
ð¼õ êðàòíîñòè 5 êàæäûé) è äåñÿòè íåïðèâîäè-
ìûõ ìíîãî÷ëåíîâ ñòåïåíè 2 (äâóõ êðàòíîñòè 5
êàæäûé);

� ìàêñèìàëüíàÿ ñòåïåíü íåïðèâîäèìûõ äåëèòå-
ëåé-ìíîãî÷ëåíîâ åñòü 2, ñëåäîâàòåëüíî ïîëåì
ðàñøèðåíèÿ äàííîãî áèíîìà áóäåò F2

5.
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Çàìå÷àíèå. Â äàííîì ñëó÷àå ðàçëîæåíèå áèíîìà x8−
1 ∈ F5[x] íà íåïðèâîäèìûå ìíîæèòåëè ëåãêî íàõîäèò-
ñÿ (ïåðâûå òðè ðàâåíñòâà ñïðàâåäëèâû â ëþáîì êîëü-
öå):

x8 − 1 = (x4 − 1)(x4 + 1),

x4 − 1 = (x2 − 1)(x2 + 1),

x2 − 1 = (x− 1)(x+ 1),

x2 + 1 ≡5 x
2 − 4 = (x− 2)(x+ 2),

x4 + 1 ≡5 x
4 − 4 = (x2 − 2)(x2 + 2).

Èòîãî â F5[x] :

x8 − 1 = (x+ 1)(x− 1)(x+ 2)(x− 2)(x2 + 2)(x2 − 2).

È äàëåå

x40−1 = (x+1)5(x−1)5(x+2)5(x−2)5(x2+2)5(x2−2)5.

2.34. deg f(x) = 2 è ïîýòîìó f(x) èìååò 2 êîðíÿ.

(1) Ïîëèíîì f(x) íåïðèâîäèì íàä F2 ⇒ åãî êîðíè
ñóòü x è x2.

(2) Ïîëèíîì f(x) ïðèâîäèì íàä F3:

x2 + x+ 1 = x2 − 2x+ 1 = (x− 1)2,

ïîýòîìó f(x) íàä F3 èìååò êîðåíü 1 ñòåïåíè 2.

(3) Ïîëèíîì f(x) íåïðèâîäèì íàä F5 ⇒ åãî êîðíè
x è x5.

2.35. Âû÷èñëÿåì çíà÷åíèÿ f(x) äëÿ âñåõ x èç
F5 = { 0, 1, 2, 3, 4 }: f(0) = 4, f(1) = 1, f(2) = 0
è ò. î. x = 2 � êîðåíü f(x).
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Äåëÿ ¾óãîëêîì¿ f(x) íà f1(x) = x − 2 = x + 3,
ïîëó÷èì 2x4+x3+4x2+4 = (x+3) · (2x3+4x+3).

Äëÿ óäîáñòâà íîðìèðóåì ÷àñòíîå 2x3+4x+3: ò. ê.
2 1 = 3, òî âìåñòî óðàâíåíèÿ 2x3 + 4x+ 3 = 0 ìîæíî
ðåøàòü óðàâíåíèå

f2(x) = 3 · (2x3 + 4x+ 3) = x3 + 2x+ 4 = 0.

Ïåðåáîðîì ýëåìåíòîâ x ∈ F5 �

f(0) = 4, f(1) = 2, f(2) = 1, f(3) = 2, f(4) = 1,

óáåæäàåìñÿ, ÷òî f2(x) = x3+2x+4 � íåïðèâîäèìûé
ìíîãî÷ëåí12).

Â ïîëå F5[x]/
(
x3 + 2x+ 4

)
êîðíÿìè ìíîãî÷ëåíà

f2(x) = 0 áóäóò x, x5, x25.

Âû÷èñëÿåì � ñ ó÷¼òîì x3 = −2x− 4 = 3x+ 1:

x5 = x2(3x+ 1) = 3x3 + x2 = 4x+ 3 + x2 =

= x2 + 4x+ 3;

x25 =
(
x5
)5

=
(
x2 + 4x+ 3

)5
= x10 + 45x5 + 35 =

= x10 + 4(x2 + 4x+ 3) + 3 = x10 + 4x2 + x.

(ïîñêîëüêó 45 = 210 = 1024 è 35 = 81 · 3 = 243).

Íàéä¼ì îòäåëüíî x10:

x10 =
(
x5
)2

=
(
x2 + 4x+ 3

)2
=

= x4 + x2 + 32 + 3x3 + 4x+ x2 =

= x4 + 3x3 + 2x2 + 4x+ 4 =

12) à åñëè áû ýòî áûë ìíîãî÷ëåí 4-é ñòåïåíè?
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= 63x2+ 6x+ 64x+ 3+ 62x2 + 4x+ 4 = 4x+ 2.

Ïðîäîëæàåì:

x25 = x10 + 4x2 + x = 64x+ 2 + 4x2+ 6x = 4x2 + 2.

Îòâåò: óðàâíåíèå f(x) = 2x4 + x3 + 4x2 + 4 = 0, ãäå
f(x) ∈ F5[x] èìååò êîðíè 2, x, x

2+4x+3, 4x2+2 â ïî-
ëå F = F5[x]/

(
x3 + 2x+ 4

)
(ïîñêîëüêó êîðåíü 2 ∈ F ).

2.36. Â òàáëèöàõ íåïðèâîäèìûõ ìíîãî÷ëåíîâ äàííûé
ìíîãî÷ëåí îòñóòñòâóåò.

Ïîäáîðîì íàõîäèì, ÷òî f(x) ðàçëàãàåòñÿ â ïðîèç-
âåäåíèå äâóõ íåïðèâîäèìûõ íàä F2 ìíîãî÷ëåíîâ:

x8+x4+x2+x+1 = (x4 + x3 + 1)︸ ︷︷ ︸
f1(x)

· (x4 + x3 + x2 + x+ 1)︸ ︷︷ ︸
f2(x)

.

Óðàâíåíèÿ f1(x) = 0 è f2(x) = 0 ðàíåå áûëè ðå-
øåíû: èõ êîðíè ñîîòâåòñòâåííî ñóòü

x, x2, x3 + 1, x3 + x2 +
x â ïîëå F1 = F2[x]/

(
x4 + x3 + 1

)
è

x, x2, x3, x3 + x2 + x+ 1

â ïîëå F2 = F2[x]/
(
x4 + x3 + x2 + x+ 1

)
.

Ñòåïåíè îáîèõ ðàñøèðåíèé ïîëÿGF (2) ñîâïàäàþò
(=4) è ïîëÿ F1 è F2 èçìîðôíû, ò. î. âñå 8 êîðíåé óðàâ-
íå-íèÿ f(x) = 0 ëåæàò â ïîëå GF (24).

Äëÿ çàïèñè äàííûõ êîðíåé âûáåðåì ïðåäñòàâëå-
íèå F1 ïîëÿ GF (2

4). Òîãäà çàïèñü êîðíåé f1(x) îñòà-
íåòñÿ áåç èçìåíåíèé, à êîðíè f2(x) íàäî ïðåäñòàâèòü
êàê ýëåìåíòû F1.
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Ïðèðàâíèâàÿ ìíîãî÷ëåíû, ïîðîæäàþùèå äàííûå
ïîëÿ, ïîëó÷èì

x4+x3+1 = x4+x3+x2+x+1 ⇒ x2+x = x(x+1) = 0.

ßñíî, ÷òî ïðè ïîäñòàíîâêå x 7→ x+ 1 ïîëó÷åííîå ðà-
âåíñòâî îñòàíåòñÿ ñïðàâåäëèâûì. Ïðèìåíèì äàííóþ
ïîäñòàíîâêó äëÿ èçîìîðôíîãî ïðåîáðàçîâàíèÿ ïîëåé
F1 ↔ F2.

Íàõîäèì ïðåäñòàâëåíèÿ êîðíåé ìíîãî÷ëåíà f2(x)
â ïîëå F1:

x 7→ x+ 1,

x2 7→ (x+ 1)2 = x2 + 1,

x3 7→ (x+ 1)3 = x3 + x2 + x+ 1,

x3 + x2 + x+ 1 7→ (x3 + x2 + x+ 1) + (x2 + 1)+

+ (x+ 1) + 1 = x3.

Ïðîâåðèì, ÷òî, íàïðèìåð, x2 + 1 � êîðåíü f(x):

f(x2+1) = (x2+1)8+(x2+1)4+(x2+1)2+(x2+1)+1 =

= (x16 + 1) + (x8 + 1) + (x4 + 1) + x2.

Î÷åâèäíî x16 = x, x4 = x3+1 è x8 = (x3+1)2 = x6+1.
Ïîñêîëüêó x5 = x4 + x = x3 + x+ 1, òî
x6 = x4 + x2 + x = x3 + x2 + x+ 1 è x8 = x3 + x2 + x.

Ïîäñòàâëÿÿ â âûðàæåíèå äëÿ f(x2+1) ïîëó÷åííûå
ïîëèíîìèàëüíûå ïðåäñòàâëåíèÿ ñòåïåíåé x, ïîëó÷èì

f(x2 + 1) = (x+ 1)+ (x3 + x2 + x+ 1)+ x3 + x2 = 0.

Îòâåò: ìíîãî÷ëåí f(x) = x8 + x4 + x2 + x+ 1 ∈ F2[x]
èìååò â ïîëå F2[x]/

(
x4 + x3 + 1

)
êîðíè x, x2, x2 + 1,

x3, x3 + 1, x3 + x2 + x, x+ 1, x3 + x2 + x+ 1.
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2.37. Ïîñêîëüêó f(0) = f(1) = 2, f(2) = 1, òî f(x)
ëèíåéíûõ äåëèòåëåé íå èìååò.

Ïðîâåðèì ñóùåñòâîâàíèå êâàäðàòè÷íûõ:

f(x) = x4 + 2x+ 2 = (x2 + ax+ b)(x2 + cx+ d) =

= x4+cx3+dx2x+ax3+acx2+adx+bx2+bcx+bd =

= x4 + (a+ c)x3 + (b+ ac+ d)x2 + (ad+ bc)x+ bd.

Îòñþäà

1) c = −a è êîýôôèöèåíò ïðè x2 åñòü b−a2+d = 0;

2) èç bd = 2 ñëåäóåò, ÷òî ëèáî b = 1 è d = 2,
ëèáî b = 2 è d = 1, òî åñòü â ëþáîì ñëó÷àå
b+ d = 3 = 0;

3) íî òîãäà èç ï. (1) a2 = 0, òî åñòü a = c = 0 è
êîýôôèöèåíò ïðè x ðàâåí 0 ⇒ ïðîòèâîðå÷èå.

Ò.î. ïîëèíîì f(x) íàä F3 íåïðèâîäèì.

Òåïåðü ðàññìîòðèì ïîëå F3[x]/
(
x4 + 2x+ 2

)
.

Â í¼ì f(x) = x4+2x+2 = 0, òî åñòü x4 = x+1 = 0,
è êîðíè f(x) ñóòü x, x3, x3

2

, x3
3

.
Âû÷èñëèì x9 è x27:

x9 =
(
x4
)2
x = (x+ 1)2x = x3 + 2x2 + x;

x27 =
(
x9
)3

= (x3 + 2x2 + x)3 = x9 + 2x6 + x3 =

= . . . = x3 + x2 + x.

Îòâåò: ïîëèíîì f(x) = x4+2x+2 èìååò êîðíè x, x3,
x3 + 2x2 + x, x3 + x2 + x â ïîëå F3[x]/(f).

2.38. Ïîñêîëüêó f(0) = f(1) = 1, ïîëèíîì f(x) ëè-
íåéíûõ äåëèòåëåé íå èìååò. Êðîìå òîãî,
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x5 + x2 + 1 = (x2 + x+ 1)(x3 + x2) + 1,

òî åñòü ïîëèíîì f(x) íå èìååò è (åäèíñòâåííîãî)
êâàäðàòè÷íîãî íåðàçëîæèìîãî äåëèòåëÿ è, ïîñêîëü-
êó åãî ñòåïåíü ðàâíà 5, òî îí íåïðèâîäèì.

Ðàññìîòðèì òåïåðü ïîëå F2[x]/
(
x5 + x2 + 1

)
.

Â í¼ì f(x) = x5 + x2 + 1 = 0, òî åñòü x5 = x2 + 1 = 0
è åãî êîðíè ñóòü x, x2, x2

2

, x2
3

, x2
4

.
Âû÷èñëèì x8 è x16:

x8 = x5x3 = (x2 + 1)x3 = x5 + x3 = x3 + x2 + 1;

x16 =
(
x8
)2

= (x3 + x2 + 1)2 = x6 + x4 + 1 =

= x5x+ x4 + 1 = (x3 + x) + x4 + 1 =

= x4 + x3 + x+ 1.

Îòâåò: â ïîëå F2[x]/
(
x5 + x2 + 1

)
óðàâíåíèå

f(x) = x5 + x2 + 1 = 0

èìååò êîðíè x, x2, x4, x3 + x2 + 1, x4 + x3 + x+ 1.
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3. Êîäû, èñïðàâëÿþùèå îøèáêè

3.1. Ïðîâåðî÷íàÿ ìàòðèöàH èìååò ðàçìåðíîñòü 3×7,
è êîä ïðè äëèíå n = 7 ñîäåðæèò m = 3 ïðîâåðî÷íûõ
è k = 7− 3 = 4 èíôîðìàöèîííûõ áèò.

Ïîðîæäàþùàÿ ìàòðèöà êîäà G, îáåñïå÷èâàþ-
ùàÿ òðåáóåìîå ñèñòåìàòè÷åñêîå êîäèðîâàíèå, äîëæíà

èìåòü âèä

[
P
I4

]
.

Ìàòðèöó P ìîæíî ïîëó÷èòü, åñëè ïðèâåñòè ïðîâå-
ðî÷íóþ ìàòðèöó H ê âèäó

[
I3 P

]
, ïðåîáðàçóÿ ñòðî-

êè:0 0 1 0 1 1 1
0 1 0 1 1 1 0
1 0 1 1 1 0 0

 (1)↔(3)−−−−→

1 0 1 1 1 0 0
0 1 0 1 1 1 0
0 0 1 0 1 1 1

 −→
(1)+(3) 7→(1)−−−−−−−→

1 0 0 1 0 1 1
0 1 0 1 1 1 0
0 0 1 0 1 1 1


Òåïåðü ìîæíî ïîñòðîèòü òðåáóåìóþ ïîðîæäà-

þùóþ ìàòðèöó è îñóùåñòâèòü êîäèðîâàíèå äëÿ
u1 = [1101]T è u2 = [1001]T :

G =



1 0 1 1
1 1 1 0
0 1 1 1
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1


, [v1,v2] = G×[u1,u2] =



0 0
0 1
0 1
1 1
1 0
0 0
1 1


.
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Î÷åâèäíî áûë çàäàí (7, 4)-êîä Õýììèíãà.

3.2. Äëÿ îïðåäåëåíèÿ êîäîâîãî ðàññòîÿíèÿ íàéä¼ì
âñå êîäîâûå ñëîâà:

v(x) = g(x)(ax2+bx+c) = (x6+x3+1)(ax2+bx+c) =

= ax8 + bx7 + cx6 + ax5 + bx4 + cx3 + ax2 + bx+ c.

Â âåêòîðíîì âèäå âñå êîäîâûå ñëîâà ïðåäñòàâëÿþòñÿ
êàê

[ a, b, c, a, b, c, a, b, c ].

Î÷åâèäíî, ýòî òðèâèàëüíûé êîä òð¼õêðàòíîãî ïîâòî-
ðåíèÿ è d = 3.

Ïðîâîäèì ñèñòåìàòè÷åñêîå êîäèðîâàíèå ñîîáùå-
íèÿ u(x):

u(x) 7→ v(x) = x6u(x) + r(x),

x6u(x) = x6(x2 + x) = x8 + x7.

Íàõîäèì îñòàòîê deg r(x) îò äåëåíèÿ x6u(x) íà g(x):

x8 + x7 x6 + x3 + 1

x8 + x5 +x2 x2 + x

x7 + x5 + x2

x7 + x4 + x

x5 + x4 + x2 + x

Ò. î. r(x) = x5 + x4 + x2 + x è

v(x) = x8+x7+x5+x4+x2+x ↔ [0 1 1 0 1 1 0 1 1]T .
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3.3. Äåêîäèðîâàíèå ñèñòåìàòè÷åñêîãî êîäà Õýììèí-
ãà ìîæíî ïðîâåñòè äåëåíèåì ïðèíÿòîãî ïîëèíîìà íà
ïîðîæäàþùèé: îñòàòîê îò äåëåíèÿ îïðåäåëÿåò ñèíä-
ðîì s ñ ó÷¼òîì òàáëèöû ñîîòâåòñòâèé ìåæäó ïîëè-
íîìèàëüíûì è ñòåïåííûì ïðåäñòàâëåíèåì ýëåìåíòîâ
ðàññìàòðèâàåìîãî ïîëÿ ñî ñ. 152):

Íàõîäèì ïîçèöèþ îøèáêè j.

1. x6 + x2 + x = (x3 + x+ 1)2 + x+ 1, j = 3.

Äåéñòâèòåëüíî,

w(α) = α6 + α2 + α = (α3)2 + α2 + α =

= α2 + 1 + α2 + α = α + 1.

2. x6 + x5 + x3 + x2 + x =
= (x3+x2+x+1)(x3+x+1)+x2 + x+ 1, j = 5;

Äåéñòâèòåëüíî,

w(α) = α6 + α5 + α3 + α2 + α =

= α2 + 1 + α5 + α + 1 + α2 + α = α5.

3. x6 + x3 + x2 + x = (x3 + x)(x3 + x+1)+ 0, ò. å.
îøèáêè íå ïðîèçîøëî.

3.4. Èìååì α31 = 1 è ðàçëîæåíèå F ∗ íàä F2 åñòü

{ 1 }, {α, α2, α4, α8 α16 },
{α3, α6, α12, α24, α17}, {α5, α10, α20, α9, α18},
{α7, α14, α28, α25, α19}, {α11, α22, α13, α26, α21},

{α15, α30, α29, α27, α23}.
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3.5. Áóäåì ïîëüçîâàòüñÿ òàáëèöåé ñîîòâåòñòâèé ìåæ-
äó ñòåïåííûì è ïîëèíîìèàëüíûì ïðåäñòàâëåíèåì
ýëåìåíòîâ äàííîãî ïîëÿ ñî ñ. 45.

Ñ å¼ ïîìîùüþ âû÷èñëèì ñèíäðîìû:

s1 = w(α) = α14 + α10 + α5 + α4 =

= (α3 + 1) + (α2 + α + 1) + (α2 + α) + (α + 1) =

= α3 + α + 1 = α7,

s2 = w(α2) = (w(α))2 = α14,

s3 = w(α3) = α12 + 1 + 1 + α12 = 0,

s4 = w(α4) =
(
w(α2)

)2
= α28 = α13.

Ñèíäðîìíûé ïîëèíîì �

s(x) = α13x4 + α14x2 + α7x+ 1.

Ðåøèì óäîâëåòâîðÿåò ñîîòíîøåíèþ Áåçó

x2r+1a(x) + s(x)σ(x) = λ(x), deg λ(x) 6 2.

ñ ïîìîùüþ ðàñøèðåííîãî àëãîðèòìà Åâêëèäà:

Øàã 0. r−2(x) = x5,
r−1(x) = α13x4 + α14x2 + α7x+ 1,
σ−2(x) = 0,
σ−1(x) = 1.

Øàã 1. r−2(x) = r−1(x)q0(x) + r0(x),
q0(x) = α2x,
r0(x) = αx3 + α9x2 + α2x,
σ0(x) = σ−2(x)− σ−1(x)q0(x) =

= −q0(x) = α2x.
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Øàã 2. r−1(x) = r0(x)q1(x) + r1(x),
q1(x) = α12x+ α5,
r1(x) = α14x2 + 1,
deg r1(x) = 2 6 r,

σ1(x) = σ−1(x)− σ0(x)q1(x) =
= 1 + α2x(α12x+ α5) =
= α14x2 + α7x+ 1︸ ︷︷ ︸

ïîëèíîì ëîêàòîðîâ îøèáîê

= σ(x).

3.6. Íàéä¼ì êîðíè (èõ 2, ïîëèíîì êâàäðàòíûé) ïî-
ëèíîìà ëîêàòîðîâ îøèáîê ïîëíûì ïåðåáîðîì.

Äëÿ âû÷èñëåíèé óäîáíî ïîëüçîâàòüñÿ òàáëèöåé
ñîîòâåòñòâèé ìåæäó ñòåïåííûì è ïîëèíîìèàëüíûì
ïðåäñòàâëåíèåì ýëåìåíòîâ ïîëÿ, âû÷èñëåííîé â ïðå-
äûäóùåé çàäà÷å.

σ(α) = α4 + α7 + 1 = α3,

σ(α2) = α6 + α8 + 1 = α3,

σ(α3) = α8 + α9 + 1 = α3 + α2 + α,

σ(α4) = α10 + α10 + 1 = 1,

σ(α5) = α12 + α11 + 1 = 0,

σ(α6) = α14 + α12 + 1 = α2 + α + 1,

σ(α7) = α16 + α13 + 1 = α3 + α2 + 1,

σ(α8) = α18 + α14 + 1 = 0.

Äàëüøå ìîæíî íå âû÷èñëÿòü: îáà êîðíÿ σ(x) íàé-
äåíû. Èòàê, äàííûé ïîëèíîì ëîêàòîðîâ îøèáîê èìååò
êîðíè α5 è α8. Îïðåäåëÿåì ïîçèöèè îøèáîê:

5 ≡15 10, 8 ≡15 7.

3.7. Èìååì n = 31 = 25 − 1, q = 5, dc − 1 = 2r = 6.
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Ïîðîæäàþùèé ìíîãî÷ëåí g(x) êîíñòðóèðóåìîãî

êîäà äîëæåí èìåòü êîðíè α, α2, α3, α4, α5, α6, ãäå
α � ïðèìèòèâíûé ýëåìåíò ïîëÿ F = F5

2.

Ïðè ðàçáèåíèè F ∗ íà öèêëîòîìè÷åñêèå êëàññû
âñåãäà áóäåò ïðèñóòñòâîâàòü ïÿòèýëåìåíòíûé êëàññ
C1 =

{
α, α2, α4, α8, α16

}
.

Íåòðóäíî óñòàíîâèòü, ÷òî ýòè êëàññû òàêæå áóäóò
ïÿòèýëåìåíòíûìè:

C2 =
{
α3, α6, α12, α24, α17

}
;

C3 =
{
α5, α10, α20, α9, α18

}
.

Íà ñ. 33 áûëè ïðèâåäåíû íåïðèâîäèìûå ìíîãî÷ëå-
íû 5-é ñòåïåíè íàä F2: èõ øåñòü �

1) x5 + x2 + 1, 4) x5 + x4 + x2 + x+ 1,

2) x5 + x3 + 1, 5) x5 + x4 + x3 + x+ 1,

3) x5 + x3 + x2 + x+ 1, 6) x5 + x4 + x3 + x2 + 1.

Âî ìíîãèõ ìîíîãðàôèÿõ13) åñòü ñîîòâåòñòâóþùèå
òàáëèöû. Â ýòèõ òàáëèöàõ óêàçàíî, ÷òî âñå ýòè ìíîãî-
÷ëåíû ÿâëÿþòñÿ ïðèìèòèâíûìè, òî åñòü âñå îíè ìîãóò
áûòü âûáðàíû â êà÷åñòâå ïîðîæäàþùåãî ïîëå ïîëè-
íîìà a(x).

Ïîëîæèì a(x) = x5 + x3 + 1 (ìíîãî÷ëåí � 2) è
òîãäà g(x) = a(x), α5 = α3 + 1, α31 = 1.

Îïðåäåëèì, êàêèå èç îñòàëüíûõ ìíîãî÷ëåíîâ ñî-
îòâåòñòâóþò öèêëîòîìè÷åñêèì êëàññàì äëÿ α3 è α5.

Èìååì:

13) íàïðèìåð, [2], Òîì 1, Òàáëèöà C.
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äëÿ ìíîãî÷ëåíà � 3 �

(x5+x3+x2+x+1)
∣∣
x=α3 = α15+α9+α6+α3+1 =

= (α3+1)3+α4(α3+1)+α(α3+1)+α3+1 = . . . = 0,

äëÿ ìíîãî÷ëåíà � 5 �

(x5+x4+x3+x+1)
∣∣
x=α5 = α25+α20+α15+α5+1 =

= (α3+1)5+(α3+1)4+(α3+1)3+α5+1 = . . . = 0.

Òàêèì îáðàçîì,

g2(x) = x5+x3+x2+x+1, gα5(x) = x5+x4+x3+x+1

è ïîðîæäàþùèé ìíîãî÷ëåí äëÿ (31, 16, 7)-êîäà Á×Õ
åñòü

g(x) = g1(x) · g2(x) · g3(x) =

= x15 + x11 + x10 + x9 + x8 + x7 + x5 + x3 + x2 + x+ 1,

deg g(x) = m = 15, k = n−m = 16.

3.8. Äëÿ âû÷èñëåíèé â ïîëå F íàì ïîíàäîáèòñÿ òàá-
ëèöà, óæå ïîñòðîåííàÿ íà ñ. 45.

Ïåðåáîðîì íàéä¼ì êîðíè ïîëèíîìà îøèáîê

σ(x) = α6x+ α15 = (α3 + α2)x+ 1 :

σ(α) = α4 + α3 + 1 = α + 1 + α3 6= 0;

σ(α2) = α5 + α4 + 1 = α2 + α + α + 1 + 1 = α2 6= 0;

. . . . . .

σ(α9) = α12 + α11 + 1 =

= (α3 + α2 + α + 1) + (α3 + α2 + α) + 1 = 0.

Ëèíåéíûé ïîëèíîì σ(x) èìååò îäèí êîðåíü α9, è
ïîýòîìó ïîçèöèÿ åäèíñòâåííîé îøèáêè åñòü 9 ≡15 6.
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