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1 Ââåäåíèå

Áàéåñîâñêèé âûâîä ÿâëÿåòñÿ âàæíûì èíñòðóìåíòîì ñîâðåìåííîé ñòàòèñòèêè, îäíàêî

îãðîìíîå êîëè÷åñòâî âàæíûõ è èíòåðåñíûõ çàäà÷ ñ ïðàêòè÷åñêîé ñòîðîíû ïðåïÿòñòâóþò

ïðÿìîìó ïðèìåíåíèþ òî÷íîãî áàéåñîâñêîãî âûâîäà. È äëÿ ðåøåíèÿ ïîäîáíûõ çàäà÷ ÷àñòî

ïðèõîäèòñÿ ïðîâîäèòü ðàçëè÷íîãî ðîäà ðåëàêñàöèè ñ ïîìîùüþ ìåòîäîâ ïðèáëèæ¼ííîãî áàé-

åñîâñêîãî âûâîäà, â ÷àñòíîñòè, âàðèàöèîííîãî [1]. Ïðîöåäóðà âàðèàöèîííîãî âûâîäà áëà-

ãîäàðÿ ñâîåé ìàñøòàáèðóåìîñòè è ýôôåêòèâíîñòè çàñëóæèëà ïîïóëÿðíîñòü â ñîâðåìåííûõ

èññëåäîâàíèÿõ âåðîÿòíîñòíûõ ìîäåëåé, èñïîëüçóþùèõ ïðàêòè÷åñêè ïîëåçíûå àïïðîêñèìà-

öèîííûå âîçìîæíîñòè íåéðîííûõ ñåòåé. Äàííûå ìîäåëè ìîãóò çàäàâàòüñÿ êàê â ÿâíîì âèäå

ñ àíàëèòè÷åñêè èëè ÷èñëåííî ìîäåëèðóåìûìè ôóíêöèÿìè ïðàâäîïîäîáèÿ [2, 3], òàê è â íåÿâ-

íîì âèäå, òðåáóþùèì ïðè ïîñòðîåíèè òîëüêî âîçìîæíîñòü ñýìïëèðîâàíèÿ [4, 5], ïðè ýòîì,

òàêæå àêòèâíî ðàçâèâàåòñÿ íàïðàâëåíèå, ñîåäèíÿþùåå â ñåáå îáà ïîäõîäà ê ìîäåëèðîâàíèþ

[6, 7].

Îäíàêî âàæíûì àñïåêòîì âàðèàöèîííîãî âûâîäà ÿâëÿåòñÿ òî, íàñêîëüêî áëèçêî ìîæåò

áûòü íàñòðàèâàåìîå âàðèàöèîííîå ïðèáëèæåíèå òî÷íîãî àïîñòåðèîðíîãî ðàñïðåäåëåíèÿ â ñå-

ìåéñòâå âûáðàííûõ ìîäåëåé. Âî ìíîãîì êà÷åñòâî èòîãîâîãî ðåøåíèÿ çàâèñèò îò íà÷àëüíîãî

ïðèáëèæåíèÿ è áîãàòñòâà âûáðàííîãî ñåìåéñòâà âàðèàöèîííûõ ïðèáëèæåíèé. Äîáèòüñÿ ðàñ-

øèðåíèÿ ñåìåéñòâà âàðèàöèîííûõ ïðèáëèæåíèé ìîæíî ïðÿìûì óñëîæíåíèåì ñîäåðæàùèõñÿ

â ðàññìàòðèâàåìîé ìîäåëè îòîáðàæåíèé, íàïðèìåð, óâåëè÷åíèåì êîëè÷åñòâà ñëî¼â â íåéðîí-

íîé ñåòè ëåã÷å ïîâûñèòü ýêñïðåññèâíîñòü ìîäåëè, ÷åì óâåëè÷åíèåì ðàçìåðîâ êàæäîãî ñëîÿ

[8]. Òàêæå ïîâûñèòü êà÷åñòâî ðåøåíèÿ çàäà÷è ìîæíî ñ ïîìîùüþ ÷àñòè÷íîé ìîäèôèêàöèè

èëè ïîëíîãî èçìåíåíèÿ ñïåöèôèêàöèè ðàññìàòðèâàåìîé ìîäåëè [9].

Íà ïðàêòèêå ÷àñòî ïðè âûáîðå áîëåå åñòåñòâåííîé ìîäåëè äëÿ èññëåäóåìîãî îáúåêòà èëè

ïðîöåññà ïðîèñõîäèò çàìåòíûé ðîñò êà÷åñòâà ðåøåíèÿ â ðàññìàòðèâàåìûõ çàäà÷àõ. Äëÿ ðàç-

ëè÷íîãî ðîäà äèíàìè÷åñêèõ ñèñòåì òàêèìè åñòåñòâåííûìè ìîäåëÿìè íåðåäêî âûñòóïàþò òå,

÷òî ÷àñòè÷íî èëè ïîëíîñòüþ îïèñûâàþòñÿ ñèñòåìàìè îáûêíîâåííûõ (ÎÄÓ) èëè ñòîõàñòè÷å-

ñêèõ (ÑÄÓ) äèôôåðåíöèàëüíûõ óðàâíåíèé [10]. Â ñâîþ î÷åðåäü ÑÄÓ, áóäó÷è îáîáùåíèåì

ÎÄÓ, ÿâëÿþòñÿ åñòåñòâåííûì èíñòðóìåíòîì îïèñàíèÿ ÿâëåíèé, âûçâàííûõ îãðîìíûì êîëè-

÷åñòâîì ìàëûõ íåíàáëþäàåìûõ íåâîîðóæ¼ííûì ãëàçîì âçàèìîäåéñòâèé, òàêèõ, êàê äèíàìè-

êà æèäêîñòè è ãàçà [11], èçìåíåíèå öåí íà ôèíàíñîâûõ ðûíêàõ [12]. Îäíàêî ïðèìåíåíèå ÑÄÓ

â ìàòåìàòè÷åñêîì ìîäåëèðîâàíèè ïðåäñòàâëÿåò ñîáîé îïðåäåë¼ííûå ïðîáëåìû, ñâÿçàííûå ñ

ïëîõîé ìàñøòàáèðóåìîñòüþ ìíîãèõ ñóùåñòâóþùèõ ðåøåíèé êàê ïî âðåìåíè ðàáîòû ïðè ìî-

äåëèðîâàíèè, òàê è ïî òðåáóåìîé ïàìÿòè [13]. Òàêæå îïðåäåë¼ííûå òðóäíîñòè âîçíèêàþò

ïðè ïîïûòêå àäåêâàòíî îöåíèòü äèôôóçèþ áåç ðåäóêöèè ÑÄÓ ê ÎÄÓ [14]. Äàííàÿ ðàáîòà

ïîñâÿùåíà ðàçâèòèþ ìåòîäîâ íàñòðîéêè âåðîÿòíîñòíûõ ìîäåëåé, ïàðàìåòðèçîâàííûõ ñòîõà-

ñòè÷åñêèìè äèôôåðåíöèàëüíûìè óðàâíåíèÿìè, â òîì ÷èñëå è â ðàìêàõ ïðîöåäóðû âàðèàöè-

îííîãî âûâîäà. Â ðàáîòå ïðåäñòàâëåí îáçîð èñïîëüçîâàíèÿ â ðàçëè÷íûõ çàäà÷àõ ìàøèííîãî

îáó÷åíèÿ ìîäåëåé, ïàðàìåòðèçîâàííûõ ÎÄÓ è ÑÄÓ. Äàëåå îáîñíîâàííî ïðèâîäèòñÿ ïðîöå-
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äóðà îöåíêè ïðîèçâîäíûõ ïî ïàðàìåòðàì â ìîäåëÿõ ñ äèôôåðåíöèàëüíûìè óðàâíåíèÿìè â

ðàìêàõ ãðàäèåíòíûõ ìåòîäîâ îïòèìèçàöèè. Ïîñëå âûâîäèòñÿ îáîáùåíèå ïðîöåäóðû îöåíêè

ïàðàìåòðîâ ÑÄÓ â âàðèàöèîííîì âûâîäå.

2 Ïîñòàíîâêà çàäà÷è

Â ðàáîòå ðåøàåòñÿ çàäà÷à âåðîÿòíîñòíîãî ìîäåëèðîâàíèÿ:

� äàíà âûáîðêà èç ND íåçàâèñèìî ðàñïðåäåë¼ííûõ ïîñëåäîâàòåëüíîñòåé

XND = {(jxt1 , . . . , jxtNj )}
ND
j=1, (jxti , ti) ∈ X× [0, T ], ti < ti+1;

X� ïðîñòðàíñòâî ýëåìåíòîâ ïîñëåäîâàòåëüíîñòè, êàæäàÿ ïîñëåäîâàòåëüíîñòü ÿâëÿåòñÿ

ðåàëèçàöèåé ñëó÷àéíîãî ïðîöåññà âî âðåìåíè [0, T ], òî åñòü âðåìåííûì ðÿäîì;

� äëÿ êàæäîãî ýëåìåíòà ïîñëåäîâàòåëüíîñòè jxti ∈ X çàäàíî îïèñàíèå â âèäå âåêòîðà�

ñòîëáöà â ïðèçíàêàõ fj, j = 1, dx:

jxti = (f1(jxti), . . . , fdx(
jxti))

T ∈ D = Df1 × · · · × Dfdx
, D � ïðèçíàêîâîå ïðîñòðàíñòâî;

� ââåäåíî îáîçíà÷åíèå p∗ : D× · · · ×D→ [0,+∞) � íåèçâåñòíàÿ ïëîòíîñòü âåðîÿòíîñòè;

� íåîáõîäèìî ïîñòðîèòü ïðèáëèæåíèå p èñòèííîé p∗ ïî âûáîðêå.

Êðèòåðèè êà÷åñòâà:

� ñðåäíèé ëîãàðèôì ïðàâäîïîäîáèÿ:

log p(X̂ND) =
1

ND

ND∑
j=1

log p((jx̂t1 , . . . ,
jx̂tNj )),

p(·) � ïëîòíîñòü âåðîÿòíîñòè;

� êâàäðàòíûé êîðåíü ñðåäíåêâàäðàòè÷åñêîé îøèáêè ìîäåëè:

rmse(XND , X̂ND,K) =

√√√√ 1

NDK

ND,K∑
j,k=1

1

Nj

Nj∑
i=1

1

dx

∥∥jxti − jx̂kti
∥∥2

2
,

XND = {(jxt1 , . . . , jxtNj )}
ND
j=1 � öåëåâàÿ âûáîðêà, X̂ND,K = {(jx̂kt1 , . . . ,

jx̂ktNj
)}ND,Kj,k=1 �

ñýìïëû âåðîÿòíîñòíîé ìîäåëè p.

Ðåøåíèå çàäà÷è ìîòèâèðîâàíî ñëåäóþùèìè öåëÿìè èññëåäîâàíèÿ â äàííîé ðàáîòå:

1) Ðàçðàáîòàòü ñõåìû íàñòðîéêè íåéðîííûõ ñåòåé, ïàðàìåòðèçîâàííûõ ñ ïîìîùüþ ñòîõà-

ñòè÷åñêèõ äèôôåðåíöèàëüíûõ óðàâíåíèé (ðàçäåë 4).
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2) Ðàçðàáîòàòü è èññëåäîâàòü ñõåìû âàðèàöèîííîãî âûâîäà ñ α�Ðåíüè äèâåðãåíöèÿìè äëÿ

íåéðîííûõ ñåòåé, ïàðàìåòðèçîâàííûõ ñ ïîìîùüþ ñòîõàñòè÷åñêèõ äèôôåðåíöèàëüíûõ

óðàâíåíèé (ðàçäåë 5).

3 Îáçîð è îñíîâíûå ïîíÿòèÿ

3.1 Íåéðîííûå îáûêíîâåííûå äèôôåðåíöèàëüíûå óðàâíåíèÿ

Â íåñêîëüêèõ ðàáîòàõ èññëåäîâàòåëè çàìåòèëè, ÷òî òàêèå íåéðîñåòåâûå àðõèòåêòóðû, êàê

íåéðîííûå ñåòè ñ ïðîáðàñûâàíèåì ñâÿçè (residual networks), ðåêóððåíòíûå íåéðîñåòåâûå äå-

êîäèðîâùèêè, íîðìàëèçóþùèå ïîòîêè ðåêóððåíòíî îñóùåñòâëÿþò ïðåîáðàçîâàíèå ñêðûòîãî

ñîñòîÿíèÿ:

zi+1 = zi + f(zi, θi),

ãäå i ∈ {0, . . . , NL− 1} è (zi, θi) ∈ Rdz ×Rdθi , (f, θi) � îòîáðàæåíèå äëÿ ñêðûòîãî ñîñòîÿíèÿ

zi íà ñëîå i, NL � êîëè÷åñòâî ñëî¼â. [3, 15, 16]. Äàííûå ðåêóððåíòíûå ïðîöåäóðû ìîæíî

ðàññìîòðåòü êàê ðåàëèçàöèþ ðàçíîñòíîé ñõåìû äëÿ ðåøåíèÿ îáûêíîâåííîãî äèôôåðåíöè-

àëüíîãî óðàâíåíèÿ (ÎÄÓ) ìåòîäîì Ýéëåðà [17�19].

Òàêèì îáðàçîì, ïðè óìåíüøåíèè øàãà ìåòîäà Ýéëåðà (ðàâíîñèëüíî óâåëè÷åíèþ ñëî¼â â

íåéðîñåòåâîé ìîäåëè) è ïðè âûïîëíåíèè óñëîâèé ëèïøèöåâîñòè ôóíêöèè f íåéðîííóþ ñåòü

ìîæíî çàäàòü ñ ïîìîùüþ ñëåäóþùåé çàäà÷è Êîøè ñ ãàðàíòèåé ñóùåñòâîâàíèÿ è åäèíñòâåí-

íîñòè ðåøåíèÿ: 
d z(t)

d t
= f(z(t), t, θ), t ∈ [0, T ], θ ∈ Rdθ ;

z(0) = z0 ∈ Rdz � âõîä íåéðîííîé ñåòè.

(1)

f : Rdz ×R+×Rθ → Rdz , ôóíêöèÿ f íåïðåðûâíà ïî Ëèïøèöó, z(T ) � âûõîä íåéðîííîé ñåòè.

Â ñòàòüå [20] îáîçíà÷åíî íåñêîëüêî äîñòîèíñòâ äàííîãî ïîäõîäà.

� Ýôôåêòèâíîñòü ïî ïàìÿòè. Çàäàíèå íåéðîííîé ñåòè â âèäå çàäà÷è Êîøè ïîçâîëÿ-

åò ñîêðàòèòü ýôôåêòèâíóþ çàíèìàåìóþ ïàìÿòü ìîäåëüþ ïî ñðàâíåíèþ ñ äèñêðåòíûì

àíàëîãîì, òàê êàê âîçìîæíî àëãîðèòì ðàñïðîñòðàíåíèÿ îøèáêè ðåàëèçîâàòü â âèäå äè-

íàìèêè, çàäàííîé ñ ïîìîùüþ äðóãîé çàäà÷è Êîøè. Òî åñòü ñåòü çàíèìàåò O(1) ïàìÿòè

êàê ôóíêöèÿ êîëè÷åñòâà óçëîâ â ðàçíîñòíîé ñõåìå ðåøåíèÿ óðàâíåíèÿ.

� Àäàïòèâíîñòü âû÷èñëåíèé. Çàêëþ÷àåòñÿ â ñâîáîäå âûáîðà ÷èñëåííîãî ìåòîäà ðå-

øåíèÿ äèôôåðåíöèàëüíîãî óðàâíåíèÿ è â ÷àñòîòå äèñêðåòèçàöèè ðàçíîñòíîé ñõåìû.

� Ýôôåêòèâíîñòü ïàðàìåòðèçàöèè. Ïðè äèñêðåòèçàöèè ðåøåíèÿ çàäà÷è Êîøè ïàðà-

ìåòðû â ñîñåäíèõ óçëàõ íå ñèëüíî îòëè÷àþòñÿ ïî çíà÷åíèþ, ÷òî, êàê çàÿâëÿþò àâòîðû
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â [20], ñîêðàùàåò íåîáõîäèìîå êîëè÷åñòâî ïàðàìåòðîâ â f äëÿ äîñòèæåíèÿ òðåáóåìîãî

êà÷åñòâà.

� Ìàñøòàáèðóåìûå è îáðàòèìûå íîðìàëèçóþùèå ïîòîêè [21]. Äàííûå ìîäåëè,

ïàðàìåòðèçîâàííûå äèôôåðåíöèàëüíûì óðàâíåíèåì, ëåã÷å îáó÷àòü, ÷åì äèñêðåòíûå

àíàëîãè, òàêæå èõ ìîæíî îáó÷àòü íàïðÿìóþ ìåòîäîì ìàêñèìèçàöèè ïðàâäîïîäîáèÿ.

� Ìîäåëè íåïðåðûâíûõ âðåìåííûõ ðÿäîâ [10]. Ïðåäëîæåííàÿ ïàðàìåòðèçàöèÿ ìî-

äåëè ïîçâîëÿåò áîëåå åñòåñòâåííûì îáðàçîì îáðàáàòûâàòü äàííûå ñ ïðîèçâîëüíûì âðå-

ìåííûì ëàãîì.

3.1.1 Íàñòðîéêà ïàðàìåòðîâ ìîäåëè

Íàñòðîéêà ïàðàìåòðîâ â ìîäåëè (1) ðåàëèçîâàíà ñ ïîìîùüþ ðåøåíèÿ âñïîìîãàòåëüíî-

ãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ, ñôîðìóëèðîâàííîãî â ïðèíöèïå ìàêñèìóìà Ïîíòðÿãèíà

[22]. Äëÿ âûâîäà ñîîòâåòñòâóþùèõ ôîðìóë ðàññìîòðèì äâàæäû äèôôåðåíöèðóåìûé ëèï-

øèöåâûé îïòèìèçèðóåìûé êðèòåðèé (ôóíêöèÿ ïîòåðü) L(·) ñ äâàæäû äèôôåðåíöèðóåìîé

ëèïøèöåâîé ôóíêöèåé f :

L(z(T )) = L

z(0) +

T∫
0

f(z(t), t, θ) d t

 .

Â ðàáîòå èñïîëüçóåòñÿ ñëåäóþùàÿ íîòàöèÿ ïðè çàïèñè ïðîèçâîäíûõ è äèôôåðåíöèàëîâ:

d z(t) =
(

(d zl(t))
dz
l=1

)T

� âåêòîð�ñòîëáåö;

d z(t)

d t
=

((
d zl(t)

d t

)dz
l=1

)T

∈ Rdz×1 ∼= Rdz � âåêòîð�ñòîëáåö;

dL(z(T ))

d z(t)
=

(
dL(z(T ))

d zl(t)

)dz
l=1

∈ R1×dz ∼= Rdz � âåêòîð�ñòðîêà;

dL(z(T ))

d θ
=

(
dL(z(T ))

d θl

)dθ
l=1

∈ R1×dθ ∼= Rdθ � âåêòîð�ñòðîêà;

∂f(z(t), t, θ)

∂z(t)
=

(
∂fp(z(t), t, θ)

∂zq(t)

)dz
p,q=1

∈ Rdz×dz � êâàäðàòíàÿ ìàòðèöà;

∂f(z(t), t, θ)

∂θ
=

(
∂fp(z(t), t, θ)

∂θq

)dz,dθ
p,q=1

∈ Rdz×dθ � ïðÿìîóãîëüíàÿ ìàòðèöà.

Òàêàÿ íîòàöèÿ ââåäåíà èç ñîîáðàæåíèé óäîáñòâà, åäèíñòâåííûé ïðèíöèïèàëüíûé íþàíñ, ñâÿ-

çàííûé ñ ðàçëè÷èåì âåêòîðîâ�ñòðîê è âåêòîðîâ�ñòîëáöîâ, â äàííîé ðàáîòå ñîñòîèò â òîì, ÷òî

ïðè îïòèìèçàöèè ïàðàìåòðîâ θ ãðàäèåíòíûìè ìåòîäàìè îáíîâëåíèå θ ïðîèçâîäèòñÿ âäîëü

òðàíñïîíèðîâàííîãî àíòè(ñóá)ãðàäèåíòà ôóíêöèè ïîòåðü. Ïðîèçâîäíûå ôóíêöèè ïîòåðü íåé-

ðîííîé ñåòè ïî z0 è ïî θ âûâîäÿòñÿ èç ðåøåíèÿ âñïîìîãàòåëüíîé çàäà÷è Êîøè:
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d a(t)

d t
= −a(t)

∂f(z(t), t, θ)

∂z(t)
,

d a(t)

d t
� âåêòîð�ñòðîêà;

a(T ) =
dL(z(T ))

d z(T )
, a(t) � âåêòîð�ñòðîêà.

Ïðîèçâîäíàÿ ïî âõîäó â íåéðîííóþ ñåòü âûðàæàåòñÿ ñëåäóþùèì îáðàçîì [20]:
a(t) =

dL(z(T ))

d z(t)
, a(t) � âñïîìîãàòåëüíàÿ ïåðåìåííàÿ äëÿ z(t);

dL(z(T ))

d z0

= a(0) = a(T ) +
T∫
0

a(t)
∂f(z(t), t, θ)

∂z(t)
d t.

Ïðîèçâîäíàÿ ïî ïàðàìåòðàì íåéðîííîé ñåòè âû÷èñëÿåòñÿ ïî ôîðìóëå [20]:

dL(z(T ))

d θ
=

T∫
0

a(t)
∂f(z(t), t, θ)

∂θ
d t.

Äàííûå óðàâíåíèÿ ïîçâîëÿþò íåéðîñåòåâóþ ìîäåëü (1) îïòèìèçèðîâàòü (ñóá)ãðàäèåíòíûìè

ìåòîäàìè.

3.1.2 Âðåìåííûå ðÿäû

Âåðîÿòíîñòíîå ìîäåëèðîâàíèå âðåìåííûõ ðÿäîâ â íåéðîííûõ ÎÄÓ ìîæíî îðãàíèçîâàòü

ñëåäóþùèì îáðàçîì, ïðåäëîæåííûì â [20]. Äîïóñòèì, íåîáõîäèìî äëÿ ìîìåíòîâ âðåìåíè

(t1, . . . , tN) ïîëó÷èòü çíà÷åíèÿ ñëó÷àéíûõ âåëè÷èí èç ìîäåëèðóåìîãî âðåìåííîãî ðÿäà

(xti)
N
i=1. Ïåðâàÿ ÷àñòü äàííûõ â õðîíîëîãè÷åñêîì ïîðÿäêå ñîîòâåòñòâóåò èçâåñòíûì íàáëþäå-

íèÿì (xti)
n
i=1, n < N , îñòàâøèåñÿ íàáëþäåíèÿ (xtn+1 , . . . , xtN ) íåîáõîäèìî ïðîìîäåëèðîâàòü.

Äàííóþ ïîäçàäà÷ó âåðîÿòíîñòíîãî ìîäåëèðîâàíèÿ áóäåì íàçûâàòü ýêñòðàïîëÿöèåé âðåìåí-

íîãî ðÿäà. Â ðàáîòå òàêæå ðàññìàòðèâàåòñÿ äðóãîé âèä ïîäçàäà÷è âåðîÿòíîñòíîãî ìîäåëè-

ðîâàíèÿ � èíòåðïîëÿöèÿ âðåìåííîãî ðÿäà. Îíà çàêëþ÷àåòñÿ â ïîñòðîåíèè âåðîÿòíîñòíîé

ìîäåëè äëÿ ïîñëåäîâàòåëüíîñòè (xti)
N
i=1, ñ ïîìîùüþ êîòîðîé âîçìîæíî îïèñàòü äèíàìèêó xt

â ïðîèçâîëüíûé ìîìåíò âðåìåíè t ∈ [0, T ]. Íåéðîííîå ÎÄÓ ìîæíî ââåñòè â êà÷åñòâå îïèñà-

íèÿ äèíàìèêè ëàòåíòíîé ïåðåìåííîé zti ∈ Rdz , ñîîòâåòñòâóþùåé xti ∈ Rdx :

z(0) ∼ p(·; θz), θz ∈ Rdθz � íà÷àëüíîå óñëîâèå çàäà÷è Êîøè;

d z(t)

d t
= f(z(t), t, θ);

z(ti) = zti , i = 1, N � çíà÷åíèÿ â óçëàõ ðàçíîñòíîé ñõåìû ðåøåíèÿ çàäà÷è Êîøè;

xti ∼ p(·|zti ; θx), θx ∈ Rdθx � ñýìïëèðóþùàÿ ìîäåëü.

Ïðè÷¼ì ñýìïëèðîâàòü îòíîñèòåëüíî îáó÷àþùåé âûáîðêè ìîæíî è â ¾ïðîøëîå¿, ïî óáûâàíèþ

çíà÷åíèÿ âðåìåíè, è â ¾áóäóùåå¿, ïî âîçðàñòàíèþ çíà÷åíèÿ âðåìåíè, ðåøàÿ ñîîòâåòñòâóþ-

ùèì îáðàçîì ÎÄÓ.
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3.2 Íåéðîííûå ñòîõàñòè÷åñêèå äèôôåðåíöèàëüíûå óðàâíåíèÿ

Íàðÿäó ñ ïàðàìåòðèçàöèåé íåéðîñåòåâûõ ìîäåëåé ñ ïîìîùüþ äèôôåðåíöèàëüíûõ óðàâ-

íåíèé ðàññìîòðèì ïàðàìåòðèçàöèþ ýòèõ ìîäåëåé ñ ïîìîùüþ ñòîõàñòè÷åñêèõ äèôôåðåíöè-

àëüíûõ óðàâíåíèé. Äàííûå ìîäåëè ïðèìåíÿþòñÿ ïðè ðåøåíèè çàäà÷ êëàññèôèêàöèè, â ìî-

äåëèðîâàíèè äèíàìè÷åñêèõ ñèñòåì è â îïòèìàëüíîì óïðàâëåíèè [23�26]. Â ðàáîòå ïîäîáíûå

íåéðîñåòåâûå ìîäåëè ïàðàìåòðèçóþòñÿ â ðàìêàõ ñëåäóþùåé ñòîõàñòè÷åñêîé çàäà÷è Êîøè:
d z(t) = f(z(t), t, θ) d t+G(z(t), t, θ) dWt;

z(0) = z0.

(2)

Â ñèñòåìå (z(t), t, θ) ∈ Rdz×[0, T ]×Rθ, Wt = (1Wt, . . . , mWt)
T ∈ Rm �m�ìåðíûé ñòàíäàðòíûé

âèíåðîâñêèé ïðîöåññ (áðîóíîâñêîå äâèæåíèå), îáëàäàþùèé ñëåäóþùèìè ñâîéñòâàìè [11, 27]:

� W0 = 0m;

� Wt � ïî÷òè íàâåðíî íåïðåðûâíûé;

� Wt èìååò íåçàâèñèìûå ïðèðàùåíèÿ;

� Wt −Ws ∼ N (0m, (t− s)Im), 0 ≤ s ≤ t.

Ñòîèò çàìåòèòü, ÷òî ðåàëèçàöèè áðîóíîâñêîãî äâèæåíèÿ W (ω) = {Wt = Wt(ω); t ∈ [0, T ]}
èìåþò ïî÷òè âñþäó íåïðåðûâíûå òðàåêòîðèè ω(·) : ω(t) = Wt = Wt(ω), t ∈ [0, T ], ïðèíàä-

ëåæàùèå ïðîñòðàíñòâó Âèíåðà W = C([0, T ] : Rm), â ñèëó ñâîèõ ñâîéñòâ ñåïàðàáåëüíîñòè è

ïîëíîòû ïðîñòðàíñòâî W òàêæå ÿâëÿåòñÿ ïîëüñêèì. Òî åñòü ðåàëèçàöèè áðîóíîâñêîãî äâè-

æåíèÿ ìîæíî ïðåäñòàâèòü êàê ïî÷òè íàâåðíî íåïðåðûâíûå îòîáðàæåíèÿ ω : [0, T ] → Rm

[28]. Áîëåå òîãî, ñóùåñòâóåò òàêîé åäèíñòâåííûé âåðîÿòíîñòíûé çàêîí µ äëÿ ïðîñòðàíñòâà

W, íàçûâàåìûé âèíåðîâñêîé ìåðîé, ÷òî:

W0 = 0m, 0 = t0 < t1 < · · · < tN = T, Wti+1
−Wti ∼ N (0m, (ti+1 − ti)Im), i = 0, N − 1.

Ôóíêöèè

f : Rdz × R+ × Rdθ → Rdz , G : Rdz × R+ × Rdθ → Rdz×m

ÿâëÿþòñÿ íåïðåðûâíûìè ïî Ëèïøèöó è äâàæäû äèôôåðåíöèðóåìûìè. Òàêæå ïðåäïîëàãà-

åòñÿ âûïîëíåíèå ñëåäóþùèõ îãðàíè÷åíèé íà ôóíêöèè f, G:

1. ‖f(z, t, θ)‖2 + ‖G(z, t, θ)‖2 ≤ c(1 + ‖z‖2), c > 0, ∀(z, t, θ) ∈ Rdz × R+ × Rdθ ;

2. Eµ

 T∫
0

‖f(z(t), t, θ)− f(z(t), t, θ′)‖2
2 d t

 ≤ c1‖θ − θ′‖2
2, c1 > 0, ∀(θ, θ′) ∈ R2dθ , ∀z0 ∈ Rdz ;

3. Eµ

 T∫
0

‖G(z(t), t, θ)−G(z(t), t, θ′)‖2
2 d t

 ≤ c2‖θ − θ′‖2
2, c2 > 0, ∀(θ, θ′) ∈ R2dθ , ∀z0 ∈ Rdz .

(3)
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Âûïîëíåíèå ïåðâîãî èç óñëîâèé â (3) ãàðàíòèðóåò óñòîé÷èâîñòü ïî Ëÿïóíîâó ðåøåíèÿ ñòîõà-

ñòè÷åñêîé çàäà÷è Êîøè (2) [26]. Áóäåì íàçûâàòü îãðàíè÷åíèÿ â (3) óñëîâèÿìè ðåãóëÿðíîñòè.

Â ñâîþ î÷åðåäü ðåøåíèå çàäà÷è (2) íàçûâàåòñÿ ñëó÷àéíûì ïðîöåññîì äèôôóçèè. Ñòîèò òàêæå

çàìåòèòü, ÷òî â äàííîé ðàáîòå ðàññìàòðèâàþòñÿ òîëüêî áîðåëåâñêèå îòîáðàæåíèÿ.

3.2.1 Íàñòðîéêà ïàðàìåòðîâ ìîäåëè

Äëÿ âûâîäà ñîîòâåòñòâóþùèõ ôîðìóë ðàññìîòðèì ñëåäóþùóþ äâàæäû äèôôåðåíöèðóå-

ìóþ ëèïøèöåâóþ ôóíêöèþ ïîòåðü l(·) è å¼ ñðåäíåå çíà÷åíèå L:

L = Eµ [l(z(T ))] = Eµ

l
z0 +

T∫
0

f(z(t), t, θ) d t+

T∫
0

G(z(t), t, θ) dWt

 . (4)

Äëÿ íàñòðîéêè ïàðàìåòðîâ θ ∈ Rdθ íà ïðàêòèêå ÷àñòî èñïîëüçóþòñÿ ãðàäèåíòíûå ìåòîäû,

äëÿ êîòîðûõ ñðåäíèé ãðàäèåíò îöåíèâàåòñÿ ñ ïîìîùüþ ìåòîäîâ Ìîíòå�Êàðëî [29], èñïîëüçóÿ

path�wise ìåòîä [23, 25]. Ïîäðîáíåå âûâîä íåîáõîäèìûõ ãðàäèåíòîâ äëÿ îïòèìèçàöèè ìîäåëè,

çàäàííîé (2), ðàññìîòðåí â ðàçäåëå 4.

3.2.2 Ìîäåëèðîâàíèå ðåøåíèÿ ñòîõàñòè÷åñêîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ

Ïðåæäå ÷åì ïåðåéòè íåïîñðåäñòâåííî ê îïèñàíèþ ðàçíîñòíîé ñõåìû, ñ ïîìîùüþ êîòîðîé

â îáùåì ñëó÷àå ìîäåëèðóþò ïðîöåññ äèôôóçèè, ñëåäóåò óêàçàòü, ÷òî ñòîõàñòè÷åñêèå äèôôå-

ðåíöèàëüíûå óðàâíåíèÿ (ÑÄÓ) ðàññìàòðèâàþòñÿ â ðàìêàõ òåîðèè èíòåãðàëà Èòî [27]. ÑÄÓ

îïðåäåëåíû íà ïîëíîì êàíîíè÷åñêîì âåðîÿòíîñòíîì ïðîñòðàíñòâå (Ω,F , µ),

ω ∈ Ω = C([0, T ] : Rm), F = B(C([0, T ] : Rm)), µ � m�ìåðíàÿ âèíåðîâñêàÿ ìåðà,

ñ óïîðÿäî÷åííîé ïîñëåäîâàòåëüíîñòüþ áîðåëåâñêèõ σ�àëãåáð F = {Ft}t∈[0,T ],

Fs ⊆ Ft ⊆ F , s ≤ t :

Ft := σ(σ({Ws; 0 ≤ s ≤ t}) ∪ {O ⊆ Ω : ∃B ∈ F , O ⊆ B, µ(B) = 0}).

Îãðàíè÷åíèÿ íà ôóíêöèè f, G òàêèå æå, êàê â ñëó÷àå (2), è çàäàíû (3). Äëÿ âûâîäà ðàñ-

ñìàòðèâàåìîé ðàçíîñòíîé ñõåìû âûâåäåì ñëåäóþùèå óòâåðæäåíèÿ.

Ëåììà 1 (Îáîáù¼ííàÿ ôîðìóëà Èòî, [30]). Ïóñòü

d z(t) = f(z(t), t, θ) d t+G(z(t), t, θ) dWt

ÿâëÿåòñÿ dz�ìåðíûì ïðîöåññîì Èòî. Ïóñòü g(x, t) = (g1(x, t), . . . , gp(x, t)) � äâàæäû

íåïðåðûâíî äèôôåðåíöèðóåìîå îòîáðàæåíèå èç Rdz × [0,∞) â Rp. Òîãäà ïðîöåññ

Y (t) =
∼
Y (t, ω) = g(z(t), t)
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ÿâëÿåòñÿ ïðîöåññîì Èòî, êîòîðûé ïîêîìïîíåíòíî çàäà¼òñÿ â âèäå ñëåäóþùèõ ñîîòíîøå-

íèé:

dYk(t) =
∂gk
∂t

(z(t), t) d t+
dz∑
i=1

∂gk
∂xi

(z(t), t) d zi(t) +
1

2

dz∑
i,j=1

∂2gk
∂xi∂xj

(z(t), t) d zi(t) d zj(t),

ãäå d iWt d jWt = δij d t, (d t)2 = d iWt d t = d t d iWt = 0, δij � ñèìâîë Êðîíåêåðà.

Ïðåäñòàâëåííîå âûøå óòâåðæäåíèå ïåðåôîðìóëèðîâàíî â áîëåå óäîáíîì âèäå äëÿ äàëü-

íåéøèõ âûâîäîâ â ëåììå 2. Íî, ïðåæäå ÷åì ïåðåéòè ê ëåììå 2, èç ñîîáðàæåíèé óäîáñòâà

îáîçíà÷èì ñîîòâåòñòâóþùèå ïåðâûå ÷àñòíûå ïðîèçâîäíûå(
∂gi(z(t), t)

∂xj

)p,dz
i,j=1

âåêòîð�ôóíêöèè g(x, t) êàê

∂g

∂x
(z(t), t) =

∂g(z(t), t)

∂x
=
∂g(z(t), t)

∂z
=
∂g(z(t), t)

∂z(t)
,

äëÿ ôóíêöèè�ìàòðèöû g(x, t) = (gkl(x, t))
p,q
k,l=1 íîòàöèÿ äëÿ ÷àñòíîé ïðîèçâîäíîé(

∂gkl(z(t), t)

∂xi

)dz
i=1

ñëåäóþùàÿ:

∂gkl
∂x

(z(t), t) =
∂(eT

k g(z(t), t)el)

∂x
=
∂(eT

k g(z(t), t)el)

∂z
=
∂(eT

k g(z(t), t)el)

∂z(t)
, k = 1, p, l = 1, q;

ek, el � k�ûé è l�ûé îðòû. Âòîðûå ÷àñòíûå ïðîèçâîäíûå(
∂2gkl(z(t), t)

∂xi∂xj

)dz,dz
i,j=1

ôóíêöèè�ìàòðèöû g(x, t) = (gkl(x, t))
p,q
k,l=1 îáîçíà÷èì êàê

∂2gkl
∂x∂xT

(z(t), t) =
∂2(eT

k g(z(t), t)el)

∂x∂xT
=
∂2(eT

k g(z(t), t)el)

∂z∂zT
=
∂2(eT

k g(z(t), t)el)

∂z(t)∂z(t)T
, k = 1, p, l = 1, q.

Âòîðûå ÷àñòíûå ïðîèçâîäíûå (
∂2gk(z(t), t)

∂xi∂xj

)dz,dz
i,j=1

ôóíêöèè�âåêòîðà g(x, t) = (gk(x, t))
p
k=1 ìîæíî ðàññìîòðåòü êàê óïðîùåíèå ñëó÷àÿ ôóíêöèè�
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ìàòðèöû:

∂2gk
∂x∂xT

(z(t), t) =
∂2(eT

k g(z(t), t))

∂x∂xT
=
∂2(eT

k g(z(t), t))

∂z∂zT
=
∂2(eT

k g(z(t), t))

∂z(t)∂z(t)T
, k = 1, p.

Ëåììà 2. Ïóñòü

d z(t) = f(z(t), t, θ) d t+G(z(t), t, θ) dWt

ÿâëÿåòñÿ D�ìåðíûì ïðîöåññîì Èòî. Ïóñòü g(x, t) = (gi(x, t))
p
i=1 � äâàæäû íåïðåðûâíî

äèôôåðåíöèðóåìîå îòîáðàæåíèå èç Rdz × [0,∞) â Rp. Òîãäà ïðîöåññ

Y (t) =
∼
Y (t, ω) = g(z(t), t)

ÿâëÿåòñÿ ïðîöåññîì Èòî, êîòîðûé çàäà¼òñÿ â âèäå ñëåäóþùèõ ñîîòíîøåíèé:

dY (t) =

(
∂g

∂t
(z(t), t) +

∂g(z(t), t)

∂x
f(z(t), t, θ)+

+
1

2

p∑
i=1

tr

(
GT(z(t), t, θ)

∂2(eT
i g(z(t), t))

∂x∂xT
G(z(t), t, θ)

)
ei

)
d t+

+
∂g(z(t), t)

∂x
G(z(t), t, θ) dWt,

ãäå ei � i�ûé îðò â Rp. Åñëè g(x, t) = (gij(x, t))
p,q
i,j=1 � äâàæäû íåïðåðûâíî äèôôåðåíöèðóåìîå

îòîáðàæåíèå èç Rdz × [0,∞) â Rp×q. Òîãäà ïðîöåññ

Y (t) =
∼
Y (t, ω) = g(z(t), t)

ÿâëÿåòñÿ ïðîöåññîì Èòî, êîòîðûé çàäà¼òñÿ â âèäå ñëåäóþùèõ ñîîòíîøåíèé:

dY (t) =
∂g

∂t
(z(t), t) d t+

+

p,q∑
k,l=1

(
∂(eT

k g(z(t), t)el)

∂x
f(z(t), t, θ)

)
eke

T
l d t+

+
1

2

p,q∑
k,l=1

tr

(
GT(z(t), t, θ)

∂2(eT
k g(z(t), t)el)

∂x∂xT
G(z(t), t, θ)

)
eke

T
l d t+

+

p,q∑
k,l=1

eke
T
l

(
∂(eT

k g(z(t), t)el)

∂x
G(z(t), t, θ) dWt

)
,

ãäå ek � k�ûé îðò â Rp, el � l�ûé îðò â Rq.

Äîêàçàòåëüñòâî. Ïîäñòàâëÿÿ â ôîðìóëó äëÿ dYk èç ëåììû 1 âûðàæåíèå äëÿ ýëåìåíòà âåê-

òîðà

d zi(t) = fi(z(t), t, θ) d t+
m∑
j=1

Gij(z(t), t, θ) d jWt,
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âûïîëíèì ïîñëåäîâàòåëüíîñòü ïðåîáðàçîâàíèé, èñïîëüçóÿ ñâîéñòâà ïðîöåññîâ Èòî èç ëåììû

1. Ñíà÷àëà ïðåîáðàçóåì ïðîèçâåäåíèå d zi(t) d zj(t):

d zi(t) d zj(t) =

=

(
fi(z(t), t, θ) d t+

m∑
k=1

Gik(z(t), t, θ) d kWt

)(
fj(z(t), t, θ) d t+

m∑
l=1

Gjl(z(t), t, θ) d lWt

)
=

= fi(z(t), t, θ)fj(z(t), t, θ) (d t)2︸ ︷︷ ︸
=0

+
m∑
l=1

fi(z(t), t, θ)Gjl(z(t), t, θ) d t d lWt︸ ︷︷ ︸
=0

+

+
m∑
k=1

Gik(z(t), t, θ)fj(z(t), t, θ) d kWt d t︸ ︷︷ ︸
=0

+
m∑

k,l=1

Gik(z(t), t, θ)Gjl(z(t), t, θ) d kWt d lWt︸ ︷︷ ︸
=δkl d t

=

=
m∑
k=1

Gik(z(t), t)Gjk(z(t), t, θ) d t.

(5)

Ïîäñòàâèì âûðàæåíèÿ (5) è d zi(t) â dYk(t):

dYk(t) =
∂gk
∂t

(z(t), t) d t+
dz∑
i=1

∂gk
∂xi

(z(t), t)

(
fi(z(t), t, θ) d t+

m∑
j=1

Gij(z(t), t, θ) d jWt

)
+

+
1

2

dz,dz,m∑
i,j,l=1

∂2gk
∂xi∂xj

(z(t), t)Gil(z(t), t, θ)Gjl(z(t), t, θ) d t =

(
∂gk
∂t

(z(t), t)+

+
dz∑
i=1

∂gk
∂xi

(z(t), t)fi(z(t), t, θ) +
1

2

dz,dz,m∑
i,j,l=1

∂2gk
∂xi∂xj

(z(t), t)Gil(z(t), t, θ)Gjl(z(t), t, θ)

)
d t+

+

dz,m∑
i,j=1

∂gk
∂xi

(z(t), t)Gij(z(t), t, θ) d jWt.

(6)

Ïåðåïèñàâ (6) â ìàòðè÷íîì âèäå, ïîëó÷èì ñëåäóþùåå âûðàæåíèå äëÿ âåêòîð�ôóíêöèé:

dY (t) =

(
∂g

∂t
(z(t), t) +

∂g

∂x
(z(t), t)f(z(t), t, θ)+

+
1

2

p∑
i=1

tr

(
GT(z(t), t, θ)

∂2(eT
i g(z(t), t))

∂x∂xT
G(z(t), t, θ)

)
ei

)
d t+

+
∂g(z(t), t)

∂x
G(z(t), t, θ) dWt.

Ñîîòâåòñòâåííî, àíàëîãè÷íûì îáðàçîì âûâîäèòñÿ ñëåäóþùàÿ ôîðìóëà â ñëó÷àå (gij(x, t))
p,q
i,j=1:
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dY (t) =
∂g

∂t
(z(t), t) d t+

p,q∑
k,l=1

(
∂(eT

k g(z(t), t)el)

∂x
f(z(t), t, θ)

)
eke

T
l d t+

+
1

2

p,q∑
k,l=1

tr

(
GT(z(t), t, θ)

∂2(eT
k g(z(t), t)el)

∂x∂xT
G(z(t), t, θ)

)
eke

T
l d t+

+

p,q∑
k,l=1

eke
T
l

(
∂(eT

k g(z(t), t)el)

∂x
G(z(t), t, θ) dWt

)
.

(7)

Òî åñòü äëÿ âûâîäà (7) äîñòàòî÷íî çàìåíèòü â (6) èíäåêñ ýëåìåíòà âåêòîðà k íà èíäåêñû

ýëåìåíòà ìàññèâà (k, l) è ñîáðàòü ïîýëåìåíòíî ìàòðèöû ñ ïîìîùüþ îðò ekeT
l .

Ëåììà 2 ïîçâîëÿåò ïåðåïèñàòü äèôôåðåíöèàë ïðîöåññà Èòî Y (t) = g(z(t), t) ñ ïîìîùüþ

äèôôåðåíöèàëüíûõ îïåðàòîðîâ D0, D1:

dY (t) = D0(Y (t)) d t+D1(Y (t), dWt).

Â ñëó÷àå âåêòîð�ôóíêöèè g(z(t), t):

� D0(g(z(t), t)) =
∂g

∂t
(z(t), t) +

∂g(z(t), t)

∂z
f(z(t), t, θ)+

+
1

2

p∑
i=1

tr

(
GT(z(t), t, θ)

∂2(eT
i g(z(t), t))

∂z∂zT
G(z(t), t, θ)

)
ei;

� D1(g(z(t), t), dWt) =
∂g(z(t), t)

∂z
G(z(t), t, θ) dWt.

Äëÿ ôóíêöèè�ìàòðèöû g(z(t), t) îïåðàòîðû èìåþò ñëåäóþùåå ïðåäñòàâëåíèå:

� D0(g(z(t), t)) =
∂g

∂t
(z(t), t) +

p,q∑
k,l=1

∂(eT
k g(z(t), t)el)

∂z
f(z(t), t, θ)︸ ︷︷ ︸

ñêàëÿð

 eke
T
l +

+
1

2

p,q∑
k,l=1

tr

(
GT(z(t), t, θ)

∂2(eT
k g(z(t), t)el)

∂z∂zT
G(z(t), t, θ)

)
eke

T
l ;

� D1(g(z(t), t), dWt) =
p,q∑
k,l=1

eke
T
l

∂(eT
k g(z(t), t)el)

∂z
G(z(t), t, θ) dWt︸ ︷︷ ︸

ñêàëÿð

 .

Òàêèì îáðàçîì, ìîæíî ñ ïîìîùüþ äàííûõ îïåðàòîðîâ ïåðåïèñàòü ðåøåíèå ñòîõàñòè÷åñêîé

çàäà÷è Êîøè (8):
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d z(t) = f(z(t), t, θ) d t+G(z(t), t, θ) dWt;

z(t0) = z0, (t0, t) ∈ [0, T ]2, t0 ≤ t;

z(t) = z(t0) +

t∫
t0

D0(z(s)) d s+

t∫
t0

D1(z(s), dWs).

(8)

Áîëåå òîãî, äàííîå ïðåäñòàâëåíèå ñïðàâåäëèâî è äëÿ ôóíêöèé f(z(t), t, θ), G(z(t), t, θ) ïðè

óñëîâèè äâàæäû íåïðåðûâíîé äèôôåðåíöèðóåìîñòè (ëåììà 2), (t0, t) ∈ [0, T ]2, t0 ≤ t:
f(z(t), t, θ) = f(z(t0), t0, θ) +

t∫
t0

D0(f(z(s), s, θ)) d s+
t∫
t0

D1(f(z(s), s, θ), dWs);

G(z(t), t, θ) = G(z(t0), t0, θ) +
t∫
t0

D0(G(z(s), s, θ)) d s+
t∫
t0

D1(G(z(s), s, θ), dWs).

(9)

Ïîëó÷åííîå âûðàæåíèå ðåøåíèÿ (8) ìîæåò áûòü ïðåäñòàâëåíî ñ ïîìîùüþ (9) ñïîñîáîì, óêà-

çàííûì â ëåììå 3.

Ëåììà 3. Ïóñòü

d z(t) = f(z(t), t, θ) d t+G(z(t), t, θ) dWt

ÿâëÿåòñÿ dz�ìåðíûì ïðîöåññîì Èòî. Ôóíêöèÿ f � äâàæäû íåïðåðûâíî äèôôåðåíöèðóåìàÿ,

G � äâàæäû íåïðåðûâíî äèôôåðåíöèðóåìàÿ ôóíêöèÿ, îáå ôóíêöèè íåïðåðûâíû ïî Ëèïøèöó.

Òîãäà z(t) ïî÷òè íàâåðíî èìååò ñëåäóþùåå ïðåäñòàâëåíèå ïðè (t0, t) ∈ [0, T ]2, t0 ≤ t:

z(t) =z(t0) + f(z(t0), t0, θ)(t− t0) +G(z(t0), t0, θ)(Wt −Wt0) +R1(t0, t, θ). (10)

Äîêàçàòåëüñòâî. Äîêàçàòåëüñòâî çàêëþ÷àåòñÿ â ïîñëåäîâàòåëüíîì ïðèìåíåíèè îïåðàòîðîâ

D0,D1:

z(t) = z(t0) +

t∫
t0

f(z(s), s, θ) d s+

t∫
t0

G(z(s), s, θ) dWs = z(t0)+

+

t∫
t0

f(z(t0), t0, θ) +

s∫
t0

D0(f(z(s1), s1, θ)) d s1 +

s∫
t0

D1(f(z(s1), s1, θ), dWs1)

 d s+

+

t∫
t0

G(z(t0), t0, θ) +

s∫
t0

D0(G(z(s1), s1, θ)) d s1 +

s∫
t0

D1(G(z(s1), s1, θ), dWs1)

 dWs.

(11)

Ïåðåïèøåì âûðàæåíèå (11):
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z(t) = z(t0) + f(z(t0), t0, θ)(t− t0) +G(z(t0), t0, θ)(Wt −Wt0)+

+

t∫
t0

 s∫
t0

D0(f(z(s1), s1, θ)) d s1 +

s∫
t0

D1(f(z(s1), s1, θ), dWs1)

 d s+

+

t∫
t0

 s∫
t0

D0(G(z(s1), s1, θ)) d s1 +

s∫
t0

D1(G(z(s1), s1, θ), dWs1)

 dWs.

(12)

Îáîçíà÷èâ çà R1(t0, t, θ) íèæíèå äâå ñòðîêè â (12), äîêàçûâàåì òðåáóåìîå.

Ïîëó÷åííîå ïðåäñòàâëåíèå â (10) áåç îñòàòî÷íîãî ÷ëåíà R1(t0, t, θ) ïðåäñòàâëÿåò ñîáîé

èòåðàòèâíóþ ôîðìóëó, èñïîëüçóåìóþ â ìåòîäå Ýéëåðà�Ìàðóÿìû ìîäåëèðîâàíèÿ ñëó÷àéíî-

ãî ïðîöåññà z(t) íà ðàçíîñòíîé ñõåìå [31], ñ ïîìîùüþ êîòîðîãî â äàííîé ðàáîòå îñóùåñòâ-

ëåíî ìîäåëèðîâàíèå ïðîöåññîâ äèôôóçèè z(t). Àëãîðèòìè÷åñêîå îïèñàíèå ìåòîäà Ýéëåðà�

Ìàðóÿìû ïðåäñòàâëåíî â ëèñòèíãå 1, ïðîöåäóðà, îñóùåñòâëÿþùàÿ ìîäåëèðîâàíèå z(t) íàçû-

âàåòñÿ SDESolve.

Algorithm 1 Ñýìïëèðîâàíèå ðåàëèçàöèè ðåøåíèÿ ñòîõàñòè÷åñêîé çàäà÷è Êîøè íà ðàçíîñò-
íîé ñõåìå ìåòîäîì Ýéëåðà�Ìàðóÿìû.

function SDESolve((f, θ), (G, θ), zt0 , (t0, . . . , tN)) . zt0 � íà÷àëüíàÿ òî÷êà, t0 � ìîìåíò

íà÷àëà ìîäåëèðîâàíèÿ

I = (zt0) . I � ðåàëèçàöèÿ ïðîöåññà äèôôóçèè

for i = 1, 2, . . . , N do

zti = zti−1
+ f(z(ti−1), ti−1, θ)(ti − ti−1) +G(z(ti−1), ti−1, θ)(Wti −Wti−1

)

Äîáàâèòü ñýìïë zti â I

return I . I = (zt0 , . . . , ztN )

3.3 Âàðèàöèîííûé âûâîä ñ äèâåðãåíöèÿìè α�Ðåíüè

Ðàññìîòðèì âåðîÿòíîñòíóþ ìîäåëü ñ ïàðàìåòðîì θ äëÿ íàáëþäàåìîé ïåðåìåííîé x è å¼

ñêðûòîé (ëàòåíòíîé) ïåðåìåííîé z:

p(x, z; θ) = p(x|z; θ) p(z; θ). (13)

Âíå çàâèñèìîñòè îò ïîñòàâëåííîé çàäà÷è, áóäü òî âû÷èñëåíèå ìàðãèíàëüíîãî ðàñïðåäåëå-

íèÿ p(x|θ) èëè àïîñòåðèîðíîãî ðàñïðåäåëåíèÿ p(z|x; θ), îñíîâíàÿ òðóäíîñòü çàêëþ÷àåòñÿ â

âû÷èñëåíèè ñëåäóþùåãî èíòåãðàëà, íàçûâàåìûì îáîñíîâàííîñòüþ:

p(x; θ) = Ep(z;θ) [p(x|z; θ)] . (14)
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Â ñëó÷àÿõ, êîãäà âû÷èñëåíèå (14) ÿâëÿåòñÿ ïðàêòè÷åñêè íåâîçìîæíûì, íàïðèìåð, â ìîäåëÿõ

ïðîöåññîâ äèôôóçèè, äëÿ âûâîäà â ìîäåëè (13) èñïîëüçóåòñÿ ïðîöåäóðà âàðèàöèîííîãî âû-

âîäà [32, 33]. Ïðîöåäóðà âàðèàöèîííîãî âûâîäà çàêëþ÷àåòñÿ â ïðèáëèæåíèè àïîñòåðèîðíîãî

ðàñïðåäåëåíèÿ äðóãèì ðàñïðåäåëåíèåì q(z;φ) ñ ïàðàìåòðîì φ, íàçûâàåìûì âàðèàöèîííûì

ïðèáëèæåíèåì, ÷òî ïîçâîëÿåò ïðàêòè÷åñêè ñíèçó îöåíèòü (14):

p(z|x; θ) =
p(x|z; θ) p(z; θ)

p(x; θ)
;

ln p(x; θ) = Eq [ln p(x; θ)] = Eq

[
ln

(
p(x|z; θ) p(z; θ) q(z;φ)

q(z;φ) p(z|x; θ)

)]
= Eq

[
ln

(
q(z;φ)

p(z|x; θ)

)]
+

+ Eq

[
ln

(
p(x|z; θ) p(z; θ)

q(z;φ)

)]
= KL[q(z;φ)|| p(z|x; θ)]︸ ︷︷ ︸

KL�äèâåðãåíöèÿ, ≥0

+Eq

[
ln

(
p(x|z; θ) p(z; θ)

q(z;φ)

)]
≥

≥ Eq

[
ln

(
p(x|z; θ) p(z; θ)

q(z;φ)

)]
.

(15)

Îäíàêî äàííûé ñïîñîá íå ÿâëÿåòñÿ åäèíñòâåííûì ïðè îöåíèâàíèè ëîãàðèôìà îáîñíî-

âàííîñòè, ïîëó÷åííàÿ îöåíêà (15) îáîáùàåòñÿ ñ ïîìîùüþ äèâåðãåíöèè α�Ðåíüè � Dα[·||·]
[34, 35]:

Dα[q(z;φ)|| p(z|x; θ)] =
1

α− 1
lnEp(z|x;θ)

[(
q(z;φ)

p(z|x; θ)

)α]
, α ≥ 0;

ln p(x; θ) ≥ ln p(x; θ)−Dα[q(z;φ)|| p(z|x; θ)]︸ ︷︷ ︸
≥0

=

=
1− α
1− α

ln p(x; θ) +
1

1− α
lnEq

[(
p(z|x; θ)

q(z;φ)

)1−α
]

=

=
1

1− α
lnEq

[(
p(x; θ) p(z|x; θ)

q(z;φ)

)1−α
]

=

=
1

1− α
lnEq

[(
p(x|z; θ) p(z; θ)

q(z;φ)

)1−α
]

=

=
1

1− α
lnEq(z1:K ;φ)

[
1

K

K∑
k=1

(
p(x|zk; θ) p(zk; θ)

q(zk;φ)

)1−α
]
≥

≥ {íåðàâåíñòâî Éåíñåíà äëÿ âîãíóòîé ln(·)} ≥

≥ LKα (x;φ, θ) =
1

1− α
Eq(z1:K ;φ)

[
ln

(
1

K

K∑
k=1

(
p(x|zk; θ) p(zk; θ)

q(zk;φ)

)1−α
)]

,

zk
i.i.d.∼ q(·;φ), q(z1:K ;φ) =

K∏
k=1

q(zk;φ).

(16)
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Ïîëó÷åííàÿ â (16) âàðèàöèîííàÿ íèæíÿÿ îöåíêà LKα (x;φ, θ) íà ln p(x; θ) ïîçâîëÿåò íåïðå-

ðûâíî îáúåäèíèòü îöåíêè íà ëîãàðèôì îáîñíîâàííîñòè, ïåðå÷èñëåííûå â òàáëèöå 1.

Çíà÷åíèå α Íèæíÿÿ îöåíêà ln p(x; θ) Íàçâàíèå

0 Eq(z1:K ;φ)

[
ln

(
1

K

K∑
k=1

(
p(x|zk; θ) p(zk; θ)

q(zk;φ)

))]
îöåíêà ln p(x; θ) ñ ïîìîùüþ

âûáîðêè ïî çíà÷èìîñòè [36]

1 Eq(z1:K ;φ)

[
1

K

K∑
k=1

ln

(
p(x|zk; θ) p(zk; θ)

q(zk;φ)

)]
âàðèàöèîííûé âûâîä ñ

KL�äèâåðãåíöèåé [32]

+∞ Eq(z1:K ;φ)

[
min

k∈{1,...,K}
ln

(
p(x|zk; θ) p(zk; θ)

q(zk;φ)

)] âàðèàöèîííûé âûâîä íà

îñíîâå ïðèíöèïà

ìèíèìàëüíîé äëèíû îïèñàíèÿ [37]

Òàáëèöà 1. Âèäû âàðèàöèîííîé íèæíåé îöåíêè.

Ïðè ìàêñèìèçàöèè ïî ïàðàìåòðàì (φ, θ) âàðèàöèîííûå íèæíèå îöåíêè èç òàáëèöû 1 áóäóò

ïî�ðàçíîìó ïðèáëèæàòü q(z;φ) ê p(z|x; θ), ñ ðàçíîé ñòåïåíüþ óâåðåííîñòè, ÷òî çíà÷èòåëüíî

ñêàçûâàåòñÿ íà êà÷åñòâå ðåøåíèÿ êîíå÷íîé çàäà÷è, äëÿ êîòîðîé âàðèàöèîííûé âûâîä áûë

ïðîìåæóòî÷íîé ïðîöåäóðîé [34].

4 Íàñòðîéêà ïàðàìåòðîâ â ïðîöåññàõ äèôôóçèè

Â äàííîì ðàçäåëå ðàññìàòðèâàåòñÿ äèíàìèêà, çàäàííàÿ ñëåäóþùèì ðàñøèðåííûì äèô-

ôåðåíöèàëüíûì óðàâíåíèåì:

F ([θT, zT]T(t), t) =

 0dθ

f(z(t), t, θ)

 ;

∼
G([θT, zT]T(t), t) =

 0dθ×m

G(z(t), t, θ)

 ;

d

θ
z

 (t) = F ([θT, zT]T(t), t) d t+
∼
G([θT, zT]T(t), t) dWt.

θ
z

 (t) ∈ Rdθ+dz � âåêòîð�ñòîëáåö,

ñîñòàâëåííûé èç âåêòîðîâ�ñòîëáöîâ θ è z(t). Äëÿ îöåíêè ãðàäèåíòîâ ïî ïàðàìåòðàì θ â ïðî-

öåäóðå ãðàäèåíòíîé îïòèìèçàöèè ìîäåëè, çàäàííîé ñèñòåìîé (2), ðàññìîòðèì ðàñøèðåííóþ

ñòîõàñòè÷åñêóþ çàäà÷ó Êîøè äëÿ (2):
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d

θ
z

 (t) = F ([θT, zT]T(t), t) d t+
∼
G([θT, zT]T(t), t) dWt =

 0dθ

f(z(t), t, θ)

 d t+

 0dθ×m

G(z(t), t, θ)

 dWt;θ
z

 (0) =

 θ
z0

 .
(17)

Ââåä¼ì îáîçíà÷åíèå: Θ(t) = [θT, zT]T(t) ∈ Rdθ+dz , ñâÿçûâàþùåå íåñêîëüêî ïåðåìåííûõ

âåêòîðîâ�ñòîëáöîâ â îäèí âåêòîð�ñòîëáåö, òàêæå ââåä¼ì

b(t) =
d Θ(t)

d Θ(0)
.

Òàêèì îáðàçîì, ñîãëàñíî (4):
dL

d Θ(0)
=

dEµ [l(z(T ))]

d Θ(0)
.

Ñëåäóþùåå óòâåðæäåíèå îïðåäåëÿò ñïîñîá âû÷èñëåíèÿ ïðîèçâîäíîé (4) ïî ïàðàìåòðàì Θ(0).

Òåîðåìà 1. Ïóñòü

d Θ(t) = F (Θ(t), t) d t+
∼
G(Θ(t), t) dWt (18)

ÿâëÿåòñÿ ìíîãîìåðíûì ïðîöåññîì Èòî. Ôóíêöèÿ F � äâàæäû íåïðåðûâíî äèôôåðåíöèðó-

åìàÿ,
∼
G � äâàæäû íåïðåðûâíî äèôôåðåíöèðóåìàÿ ôóíêöèÿ, îáå ôóíêöèè íåïðåðûâíû ïî

Ëèïøèöó, äëÿ ñîñòàâëÿþùèõ F è
∼
G ôóíêöèé âûïîëíåíû óñëîâèÿ ðåãóëÿðíîñòè (3). Òîãäà

äëÿ íåéðîñåòåâîé ìîäåëè, çàäàííîé óðàâíåíèåì (18), íåîáõîäèìûé äëÿ íàñòðîéêè ïàðàìåò-

ðîâ ãðàäèåíò ïðè îïòèìèçàöèè (4) âû÷èñëÿåòñÿ ñëåäóþùèì îáðàçîì:

dL

d Θ(0)
= Eµ

[
∂l(z(T ))

∂[θT, zT]T(T )
b(T )

]
;

b(T ) = Idθ+dz +
T∫
0

(
∂F (Θ(s), s)

∂Θ(s)
d s+

∂(
∼
G(Θ(s), s) dWs)

∂Θ(s)

)
b(s).

(19)

Äîêàçàòåëüñòâî. Âîñïîëüçîâàâøèñü òåîðåìîé Ëåáåãà î ìàæîðèðóåìîé ñõîäèìîñòè [38], âû-

ïîëíèì ïðåîáðàçîâàíèå ãðàäèåíòà ìàòåìàòè÷åñêîãî îæèäàíèÿ â (4):

dL

d Θ(0)
=

dEµ [l(z(T ))]

d Θ(0)
= Eµ

[
∂l(z(T ))

∂[θT, zT]T(T )
b(T )

]
.

×òîáû âûâåñòè âûðàæåíèå äëÿ b(T ), ðàññìîòðèì ñëåäóþùèé ïðîöåññ äèôôóçèè:

z(T ) = z0 +

T∫
0

(f(z(s), s, θ) d s+G(z(s), s, θ) dWs) =
∼
z(T, z0, θ).
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Ïðèìåíÿÿ óòâåðæäåíèå 2.3.1 èç [39] (Proposition 2.3.1), ïîëó÷èì
d z(T )

d θ
:

d
∼
z(T, z0, θ)

d θ
=

T∫
0

d

d θ

(
f(
∼
z(s, z0, θ), s, θ) d s+G(

∼
z(s, z0, θ), s, θ) dWs

)
=

=

T∫
0

(
∂f(

∼
z(s, z0, θ), s, θ)

∂θ
+
∂f(

∼
z(s, z0, θ), s, θ)

∂
∼
z

∂
∼
z(s, z0, θ)

∂θ

)
d s+

+

T∫
0

(
∂(G(

∼
z(s, z0, θ), s, θ) dWs)

∂θ
+
∂(G(

∼
z(s, z0, θ), s, θ) dWs)

∂
∼
z

∂
∼
z(s, z0, θ)

∂θ

)
.

(20)

Àíàëîãè÷íî âûâîäèòñÿ
d z(T )

d z0

:

d
∼
z(T, z0, θ)

d z0

=

T∫
0

(
∂f(

∼
z(s, z0, θ), s, θ)

∂
∼
z

∂
∼
z(s, z0, θ)

∂z0

)
d s+

+

T∫
0

(
∂(G(

∼
z(s, z0, θ), s, θ) dWs)

∂
∼
z

∂
∼
z(s, z0, θ)

∂z0

)
.

(21)

Èñïîëüçóÿ (20), (21), âîññòàíîâèì âèä b(T ):

b(T ) =

 Idθ 0dθ×dz

d
∼
z(T, z0, θ)

d θ

d
∼
z(T, z0, θ)

d z0

 ,
÷òî ñîîòâåòñòâóåò ðåøåíèþ ñòîõàñòè÷åñêîé çàäà÷è Êîøè â ìîìåíò T :

b(T ) = Idθ+dz +

T∫
0

(
∂F (Θ(s), s)

∂Θ(s)
d s+

∂(
∼
G(Θ(s), s) dWs)

∂Θ(s)

)
b(s).

Ðåçóëüòàò òåîðåìû 1 åñòåñòâåííûì îáðàçîì îáîáùàåòñÿ íà ñëó÷àé, êîãäà ôóíêöèÿ ïîòåðü

l(·) çàâèñèò ÿâíî îò íåñêîëüêèõ ìîìåíòîâ ti:

0 < t1 < · · · < ti < · · · < tn ≤ T ;

L = Eµ [l(z(t1), . . . , z(tn))] ;

dL

d Θ(0)
= Eµ

[
n∑
i=1

∂l(z(t1), . . . , z(tn))

∂[θT, zT]T(ti)
b(ti)

]
.
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Ïðè âûâîäå â óñëîâèÿõ (17) áûëà îïðåäåëåíà êîíñòàíòíàÿ äèíàìèêà äëÿ ïàðàìåòðà θ.

Îäíàêî äëÿ äàííîé ïåðåìåííîé ìîæíî ââåñòè ñâîþ íåòðèâèàëüíóþ äèíàìèêó, çàâèñÿùóþ îò

ñâîåãî äðóãîãî ïàðàìåòðà, êàê, íàïðèìåð, áûëî ñäåëàíî â [40].

Òàêæå ñòîèò çàìåòèòü, ÷òî ðåçóëüòàòû, àíàëîãè÷íûå òåîðåìå 1, ìîæíî ïîëó÷èòü ñ ïîìî-

ùüþ òåîðèè îïòèìàëüíîãî óïðàâëåíèÿ, âîñïîëüçîâàâøèñü ñòîõàñòè÷åñêèì àíàëîãîì ïðèíöè-

ïà ìàêñèìóìà Ïîíòðÿãèíà [22, 41].

Â ãðàäèåíòíîé îïòèìèçàöèè (4) ÷àñòî ïðèìåíèìàÿ

íåñìåù¼ííàÿ Ìîíòå�Êàðëî îöåíêà
d L̂

d Θ(0)
íà ãðàäèåíò

dL

d Θ(0)

âûãëÿäèò ñëåäóþùèì îáðàçîì [29]:

d L̂

d θ
=

d l(z(T ))

d θ
=
∂l(z(T ))

∂z(T )

d z(T )

d θ
,

d L̂

d z0

=
d l(z(T ))

d z0

=
∂l(z(T ))

∂z(T )

d z(T )

d z0

;

dL

d Θ(0)
= Eµ

[
d L̂

d Θ(0)

]
= Eµ

[[
d L̂

d θ

d L̂

d z0

]]
;

d L̂

d Θ(0)
∈ Rdθ+dz ÿâëÿåòñÿ âåêòîðîì�ñòðîêîé,

ñîñòàâëåííîé èç äâóõ âåêòîðîâ�ñòðîê Ìîíòå�Êàðëî îöåíîê
d L̂

d θ
è

d L̂

d z0

.

Ðåøåíèå ñèñòåìû (19) íà ïðàêòèêå ñ ïðîèçâîëüíîé íàïåð¼ä çàäàííîé òî÷íîñòüþ âîçìîæíî

ñ ïîìîùüþ îïèñàííîé â ïîäðàçäåëå 3.2.2 ñõåìû Ýéëåðà�Ìàðóÿìû, îäíàêî íåñìîòðÿ íà òåî-

ðåòè÷åñêóþ óíèâåðñàëüíîñòü âûâåäåííîé ñèñòåìû (19), â ñèëó ñëàáîé ìàñøòàáèðóåìîñòè ïî

ïàìÿòè (íåîáõîäèìî íà êàæäîé èòåðàöèè ñîäåðæàòü ìàòðèöó b(t), t ∈ [0, T ]) íà ðàçíîñòíûõ

ñõåìàõ îòíîñèòåëüíî íåáîëüøîãî ðàçìåðà ðåøåíèå ñèñòåìû (19) ìåòîäîì Ýéëåðà�Ìàðóÿìû

áîëüøå òðåáóåò ïàìÿòè è âðåìåíè âû÷èñëåíèÿ îäíîé èòåðàöèè ãðàäèåíòíîãî ìåòîäà îïòèìè-

çàöèè, ÷åì ìåòîäîì îáðàòíîãî ðàñïðîñòðàíåíèÿ îøèáêè ÷åðåç ðàçíîñòíóþ ñõåìó (backprop

through solver) [12, 14].

5 Âåðîÿòíîñòíîå ìîäåëèðîâàíèå êîíå÷íûõ ïîñëåäîâàòåëü-

íîñòåé

Ïðè ïîñòðîåíèè îïèñàíèÿ âðåìåííîãî ðÿäà ïîëó÷àåìàÿ ìîäåëü ÷àñòî ïðåäñòàâëÿåò ñî-

áîé êëàññè÷åñêèé ïðèìåð äèíàìè÷åñêîé ñèñòåìû. Ïîäîáíûå ìîäåëè âîçìîæíî ñòðîèòü àâ-

òîðåãðåññèîííûì ñïîñîáîì, îäíàêî òàêèå ìîäåëè ÷àñòî òðóäíî ïîääàþòñÿ èíòåðïðåòàöèè, â

îòëè÷èå îò ìîäåëåé ñ ïðîñòðàíñòâîì ñîñòîÿíèé, â êîòîðûõ äèíàìèêà ìåæäó íàáëþäåíèÿìè

îïèñûâàåòñÿ íåïîñðåäñòâåííî ñ ïîìîùüþ ñêðûòûõ ïåðåìåííûõ [10]. Â ðàáîòå ðàññìàòðèâà-

þòñÿ èìåííî òàêèå ìîäåëè ñî ñêðûòûìè ïåðåìåííûìè.
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Äëÿ îïèñàíèÿ ïîäîáíûõ ìîäåëåé ââåä¼ì íåñêîëüêî îïðåäåëåíèé:

Îïðåäåëåíèå 1. Ñëó÷àéíûé ïðîöåññ Z(ω), ω ∈ Ω, íà (Ω,F) íàçûâàåòñÿ ïðîãðåññèâíî

èçìåðèìûì îòíîñèòåëüíî F, åñëè ∀(s, t) ∈ [0, T ]2, 0 ≤ s ≤ t îòîáðàæåíèå

(s, ω)→ Zs(ω) : ([0, t]× Ω,B([0, t])⊗Ft)→ (Rm,B(Rm)) ÿâëÿåòñÿ èçìåðèìûì.

Îïðåäåëåíèå 2. A � êëàññ Ft�ïðîãðåññèâíî èçìåðèìûõ ïðîöåññîâ

∼
u(ω) =

{
∼
ut(ω) =

(
1
∼
ut(ω), . . . , m

∼
ut(ω)

)T

; t ∈ [0, T ]

}
, ω ∈ Ω,

óäîâëåòâîðÿþùèõ:

Eµ

 T∫
0

(
i
∼
ut(ω)

)2

dt

 <∞, i = 1,m.

Ab � êëàññ îãðàíè÷åííûõ Ft�ïðîãðåññèâíî èçìåðèìûõ ïðîöåññîâ
∼
u:

∃R <∞,
∥∥∥∼ut(ω)

∥∥∥
2
≤ R, ∀(ω, t) ∈ Ω× [0, T ].

Îïðåäåëåíèå 3. Ñëó÷àéíûé ïðîöåññ Z(ω), ω ∈ Ω, íà (Ω,F) íàçûâàåòñÿ ïðîñòûì, åñëè

∃R < ∞, ∃ ñòðîãî âîçðàñòàþùàÿ ïîñëåäîâàòåëüíîñòü 0 = t0 < · · · < tj = T , ∃ ïîñëåäîâà-

òåëüíîñòü ñëó÷àéíûõ âåëè÷èí ξ0, . . . , ξj−1 : ξi ÿâëÿåòñÿ Fti�èçìåðèìûì, i = 0, j − 1,

sup
ω∈Ω

max
i∈{0, ..., j−1}

‖ξi(ω)‖2 ≤ R è

Zt(ω) = ξ0(ω)1{0}(t) +

j−1∑
i=0

ξi(ω)1(ti,ti+1](t), t ∈ [0, T ], ω ∈ Ω.

As � êëàññ ïðîñòûõ ïðîöåññîâ.

Ââåä¼ííûå êëàññû ñëó÷àéíûõ ïðîöåññîâ îáðàçóþò öåïü âëîæåíèé: As ⊂ Ab ⊂ A. Â äîáà-

âîê ê îïðåäåëåíèÿì ââåä¼ì îñíîâîïîëàãàþùèå äëÿ òåêóùåãî ðàçäåëà óòâåðæäåíèÿ:

Ëåììà 4 ([42]). Ïóñòü Z(ω), ω ∈ Ω � îãðàíè÷åííûé ïðîãðåññèâíî èçìåðèìûé ïðîöåññ:

∃R < ∞, ‖Zt(ω)‖2 ≤ R, ∀(ω, t) ∈ Ω × [0, T ]. Ïóñòü µ � âåðîÿòíîñòíàÿ ìåðà, îïðåäåë¼í-

íàÿ íà (Ω,F). Òîãäà ñóùåñòâóåò ïîñëåäîâàòåëüíîñòü ïðîñòûõ ïðîöåññîâ iZ(ω), i ∈ N :

sup
i∈N

∥∥iZt(ω)
∥∥

2
≤ R, ∀(ω, t) ∈ Ω× [0, T ] è

lim
i→∞

Eµ

 T∫
0

∥∥iZt(ω)− Zt(ω)
∥∥2

2
dt

 = 0.

Ëåììà 5 ([43]). Ïóñòü (Ω,F) � èçìåðèìîå ïðîñòðàíñòâî ñ ïîëüñêèì ïðîñòðàíñòâîì Ω è

ñâÿçàííîé ñ íèì áîðåëåâñêîé σ�àëãåáðîé F . Ïóñòü µ � âåðîÿòíîñòíàÿ ìåðà, îïðåäåë¼ííàÿ

íà (Ω,F) è f : Ω → R � îãðàíè÷åííàÿ áîðåëåâñêàÿ ôóíêöèÿ, µi, i ∈ N � ïîñëåäîâàòåëü-

íîñòü âåðîÿòíîñòíûõ ìåð íà (Ω,F) : ∃R < ∞, sup
i∈N

KL [µi||µ] ≤ R. Ïðåäïîëîæèì ñëàáóþ

ñõîäèìîñòü µi ê µ. Òîãäà âûïîëíåíû:
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(a) lim
i→∞

Eµi [f(ω)] = Eµ [f(ω)];

(b) åñëè fi, i ∈ N � ïîñëåäîâàòåëüíîñòü ðàâíîìåðíî îãðàíè÷åííûõ ôóíêöèé, ñõîäÿùèõñÿ

ïî÷òè âñþäó ê f , òîãäà lim
i→∞

Eµi [fi(ω)] = Eµ [f(ω)].

5.1 Âàðèàöèîííûé âûâîä â ïðîöåññàõ äèôôóçèè

Â òåêóùåì ïîäðàçäåëå ââåä¼ì äëÿ îòîáðàæåíèé f, G îòîáðàæåíèÿ f̂ , Ĝ. Îòîáðàæåíèå,

çàïèñàííîå âìåñòå ñ ñèìâîëîì ¾̂¿, îáëàäàåò òåìè æå ñâîéñòâàìè, òîé æå ñèãíàòóðîé, ÷òî è

îòîáðàæåíèå, çàïèñàííîå áåç ¾̂¿, îäíàêî òàêèå îòîáðàæåíèÿ ââåäåíû äëÿ òîãî, ÷òîáû îíè

âûïîëíÿëè ðîëü äðóãèõ ïðåäñòàâèòåëåé ñâîèõ êëàññîâ îòîáðàæåíèé. Â ðàáîòå ââîäèòñÿ ñëå-

äóþùàÿ âåðîÿòíîñòíàÿ ìîäåëü ñî ñêðûòûìè ïåðåìåííûìè:
z(t0) ∼ p(·; θ), t0 = 0;

d z(t) = f̂(z(t), t, θ) d t+ Ĝ(z(t), t, θ) dWt;

xti ∼ p(·|z(ti); θ), ti ∈ [0, T ], ti−1 < ti, i = 1, N, tN = T.

(22)

Äëÿ ìîäåëè (22) îïðåäåëåíà ôóíêöèÿ ïîëíîãî ïðàâäîïîäîáèÿ â ôîðìå ýëåìåíòàðíîãî îáú¼ìà

â òåðìèíàõ òåîðèè ìåðû:

P((dxti)
N
i=1, (d z(tj))

N
j=0; θ) =

N∏
i=1

(p(xti |z(ti); θ) dxti)µ(dω) p(z0; θ) d z0;

∫
RdxN×Rdz×W

N∏
i=1

(p(xti |z(ti); θ) dxti) p(z0; θ) d z0µ(dω) = 1, ω(·) � òðàåêòîðèÿ ðåàëèçàöèè W.

Ïðèíöèïèàëüíîå îòëè÷èå (22) îò ðàññìîòðåííûõ ìîäåëåé â [10, 20] ñîñòîèò â ïàðàìåòðèçàöèè

äèíàìèêè ñêðûòûõ ïåðåìåííûõ ñ ïîìîùüþ ñòîõàñòè÷åñêîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ.

Ïðè òàêîé ïàðàìåòðèçàöèè íà÷àëüíîå ñêðûòîå ñîñòîÿíèå z(0) îòîáðàæàåòñÿ ÷åðåç ñóïåðïî-

çèöèþ ðåêóððåíòíûõ ïðåîáðàçîâàíèé, îïèñûâàÿ òðàåêòîðèè â ñëó÷àéíîì ïîëå, â êîòîðîì

ñêðûòîå ñîñòîÿíèå ñêîððåêòèðîâàííî âåä¼ò ñåáÿ îòíîñèòåëüíî äåòåðìèíèðîâàííîãî ïðåîáðà-

çîâàíèÿ, òî åñòü ïðåîáðàçîâàíèÿ ñ G(·) ≡ 0dz×m, Ĝ(·) ≡ 0dz×m, äàííîå ïîâåäåíèå ñêðûòîãî ñî-

ñòîÿíèÿ ìîæåò áëàãîïðèÿòíî ñêàçàòüñÿ íà êà÷åñòâå ðåøåíèÿ êîíå÷íîé çàäà÷è. Òàêæå ìîäåëü

â (22) îòëè÷àåòñÿ îò ðàññìàòðèâàåìûõ â [14] íàëè÷èåì íåçàâèñèìîãî îò xti , i = 1, N, àïðè-

îðíîãî ðàñïðåäåëåíèÿ. Ìîäåëü (22), êàê è ìîäåëü â [10], ïðåäñòàâëÿåò ñîáîé ðåêóððåíòíóþ

íåéðîííóþ ñåòü äëÿ îáðàáîòêè êîíå÷íûõ ïîñëåäîâàòåëüíîñòåé, â êîòîðîé ñêðûòîå ñîñòîÿíèå

ìåæäó íàáëþäåíèÿìè èíòåðïîëèðóåòñÿ ñ ïîìîùüþ äèíàìèêè, çàäàííîé äèôôåðåíöèàëüíûì

óðàâíåíèåì. Â (22) àïðèîðíîå ðàñïðåäåëåíèå çàäà¼òñÿ ñëåäóþùèì îáðàçîì:

P(d z0, dω; θ) = p(z0; θ)µ(dω) d z0.
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Äëÿ âûâîäà â âåðîÿòíîñòíîé ìîäåëè, ïàðàìåòðèçîâàííîé ïðîöåññîì äèôôóçèè, íåîáõîäè-

ìî îïðåäåëèòü âàðèàöèîííîå ïðèáëèæåíèå àïîñòåðèîðíîãî ðàñïðåäåëåíèÿ â ëþáîé ðàññìàò-

ðèâàåìûé ìîìåíò âðåìåíè t. Â ðàáîòå òàêîå âàðèàöèîííîå ïðèáëèæåíèå äëÿ ïîñòðîåíèÿ

ïðîöåäóðû âàðèàöèîííîãî âûâîäà çàäà¼òñÿ äðóãèì âèíåðîâñêèì ïðîöåññîì:

Q(d z0, dω|(xtj)Sj=1;φ) = q(z0|(xtj)Sj=1;φ)ν(dω) d z0, ν � âèíåðîâñêàÿ ìåðà â W, S ≤ N.

Îáà ðàñïðåäåëåíèÿ ÿâëÿþòñÿ êîððåêòíî çàäàííûìè, ñîáñòâåííûìè, âåðîÿòíîñòíûìè:

EP [1] = Ep(z0;θ) [Eµ [1]] =

∫
Rdz×W

P(d z0, dω; θ) = 1;

EQ [1] = Eq(z0|(xtj )Sj=1;φ) [Eν [1]] =

∫
Rdz×W

Q(d z0, dω|(xtj)Sj=1;φ) = 1.

Òàêèì îáðàçîì, âàðèàöèîííàÿ íèæíÿÿ îöåíêà íà îñíîâå äèâåðãåíöèè α�Ðåíüè âûâîäèòñÿ

àíàëîãè÷íî (16):

LKα ((xti)
N
i=1;φ, θ) =

1

1− α
EQ1:K

ln

 1

K

K∑
k=1


N∏
i=1

p(xti |zk(ti); θ) P(d zk0, dω
k; θ)

Q(d zk0, dω
k|(xtj)Sj=1;φ)


1−α

 ,
Q1:K(d z1:K

0 , dω1:K |(xtj)Sj=1;φ) =
K∏
k=1

Q(d zk0, dω
k|(xtj)Sj=1;φ),

Q1:K � âåðîÿòíîñòíûé çàêîí äëÿ K ðåàëèçàöèé ïðîöåññà äèôôóçèè.

(23)

Â ðàáîòå ðàññìàòðèâàåòñÿ ñëåäóþùàÿ ïàðàìåòðèçàöèÿ ïðîöåññà äèôôóçèè zk(t), ñîîòâåò-

ñòâóþùåãî ν: 
d zk(t) = ĥ(zk(t), t, φ,

∼
x) d t+ Ĝ(zk(t), t, θ) d

∼
W k
t ;

zk(0) = zk0
i.i.d.∼ q(·|(xtj)Sj=1;φ), k = 1, K.

(24)

∼
W k � k�àÿ ðåàëèçàöèÿ âèíåðîâñêîãî ïðîöåññà

∼
W , ñîîòâåòñòâóþùåãî ìåðå ν, ôóíêöèÿ

ĥ : Rdz × R+ × Rdφ × Rd∼
x → Rdz îáëàäàåò òåìè æå ñâîéñòâàìè, ÷òî è f̂ ;

∼
x � ïåðåìåííàÿ,

àãðåãèðóþùàÿ â ñåáå èíôîðìàöèþ î ìîäåëèðóåìîé ïîñëåäîâàòåëüíîñòè (xti)
N
i=1, íàïðèìåð,

∼
x = [xT

t1
,xT

t2
,xT

t3
]T. Â äîïîëíåíèå ê (24) ïðåäïîëîæèì, ÷òî ñóùåñòâóåò èçìåðèìàÿ âñïîìîãà-

òåëüíàÿ ôóíêöèÿ û : Rdz × R+ × Rd∼
x → Rm òàêàÿ, ÷òî:

Ĝ(z, t, θ)û(z, t,
∼
x) = ĥ(z, t, φ,

∼
x)− f̂(z, t, θ), ∀(z, t, θ, φ, ∼x) ∈ Rdz × R+ × Rdθ × Rdφ × Rd∼

x ;

Eµ
[
exp

(∫ T
0

1
2

∥∥∥û(zk(t), t,
∼
x)
∥∥∥2

2
d t

)]
<∞, ∀zk0 ∈ Rdz , k = 1, K.

(25)
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Òîãäà ìåðû µ è ν ñâÿçàíû ñëåäóþùèì ñîîòíîøåíèåì [30] (Theorem 8.6.4), [44]:
ν(dωk) = MT,kµ(dωk);

MT,k = exp

(
T∫
0

(
−1

2

∥∥∥û(zk(t), t,
∼
x)
∥∥∥2

2
d t+ û(zk(t), t,

∼
x)T dW k

t

))
.

Òàêæå ôóíêöèÿ û ïîçâîëÿåò ñâÿçàòü
∼
W k ñ W k (W k � k�àÿ ðåàëèçàöèÿ âèíåðîâñêîãî ïðî-

öåññà W , ñîîòâåòñòâóþùåãî ìåðå µ, ωk(·) � òðàåêòîðèÿ W k â W) ñ ïîìîùüþ âûðàæåíèÿ,

íàçûâàåìîãî ôîðìóëîé Êýìåðîíà�Ìàðòèíà�Ãèðñàíîâà [43�45]:

∼
W k
t = W k

t −
t∫

0

û(zk(s), s,
∼
x) d s, t ∈ [0, T ]. (26)

Óñëîâèÿ (25) ïîçâîëÿþò îïðåäåëèòü ñëó÷àéíûé ïðîöåññMT,k êàê ïðîèçâîäíóþ Ðàäîíà�Íèêîäèìà,

ñâÿçûâàþùóþ ìåðû µ è ν. Äàííûé ðåçóëüòàò èçâåñòåí ïîä íàçâàíèåì òåîðåìû Ãèðñàíîâà [30],

å¼ îñíîâíîå ñëåäñòâèå ñîñòîèò â âîçìîæíîñòè ìîäåëèðîâàíèÿ âàðèàöèîííîãî ïðèáëèæåíèÿ

àïîñòåðèîðíîãî ïðîöåññà äèôôóçèè, èñïîëüçóÿ àïðèîðíûé âèíåðîâñêèé ïðîöåññ:

d zk(t) = f̂(zk(t), t, θ) d t+ Ĝ(zk(t), t, θ) dW k
t = {ñîîòíîøåíèå (26)} =

= f̂(zk(t), t, θ) d t+ Ĝ(zk(t), t, θ) d

 ∼
W k
t +

t∫
0

û(zk(s), s,
∼
x) d s

 =

= f̂(zk(t), t, θ) d t+ Ĝ(zk(t), t, θ)û(zk(t), t,
∼
x) d t+ Ĝ(zk(t), t, θ) d

∼
W k
t =

= {ñâîéñòâà û èç (25)} = ĥ(zk(t), t, φ,
∼
x) d t+ Ĝ(zk(t), t, θ) d

∼
W k
t .

Ôèêñèðóÿ çíà÷åíèå zk0 ïðè âûðàæåíèè
∼
W k ÷åðåç W k, ïîëó÷àåì:

zk(t) = zk0 +

t∫
0

(
f̂(zk(s), s, θ) d s+ Ĝ(zk(s), s, θ) dW k

s

)
=

= zk0 +

t∫
0

(
ĥ(zk(s), s, φ,

∼
x) d s+ Ĝ(zk(s), s, θ) d

∼
W k
s

)
.

Â òåðìèíàõ ñëó÷àéíûõ ïðîöåññîâ àïðèîðíûé ïðîöåññ äèôôóçèè è âàðèàöèîííîå ïðèáëèæå-

íèå àïîñòåðèîðíîãî ïðîöåññà äèôôóçèè ðàçëè÷àþòñÿ â ñðåäíåì, ðàçäåëÿÿ îáùóþ äèôôóçèþ
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Ĝ: 
zk(t) = zk0 +

t∫
0

(
f̂(zk(s), s, θ) d s+ Ĝ(zk(s), s, θ) dW k

s

)
, k = 1, K,

zk0
i.i.d.∼ p(·; θ) � àïðèîðíîå ðàñïðåäåëåíèå;


zk(t) = zk0 +

t∫
0

(
ĥ(zk(s), s, φ,

∼
x) d s+ Ĝ(zk(s), s, θ) d

∼
W k
s

)
, k = 1, K,

zk0
i.i.d.∼ q(·|(xtj)Sj=1;φ) � âàðèàöèîííîå ïðèáëèæåíèå.

Âûðàæåíèå MT,k ìîæíî ïåðåïèñàòü, èñïîëüçóÿ ñîîòíîøåíèå (26):

MT,k = exp

 T∫
0

(
1

2

∥∥∥û(zk(t), t,
∼
x)
∥∥∥2

2
d t+ û(zk(t), t,

∼
x)T d

∼
W k
t

) . (27)

Ñ ïîìîùüþ (27) âàðèàöèîííóþ íèæíþþ îöåíêó (23) ìîæíî ïðåäñòàâèòü ñëåäóþùèì îáðà-

çîì:

LKα ((xti)
N
i=1;φ, θ) =

1

1− α
EQ1:K

ln

 1

K

K∑
k=1

( N∏
i=1

p(xti |zk(ti); θ)
p(zk0; θ)

q(zk0|(xtj)Sj=1;φ)

)1−α

(MT,k)
α−1

 ,
∼
W k
t = W k

t −
t∫

0

û(zk(s), s,
∼
x) d s, t ∈ [0, T ], k = 1, K,

MT,k = exp

 T∫
0

(
1

2

∥∥∥û(zk(t), t,
∼
x)
∥∥∥2

2
d t+ û(zk(t), t,

∼
x)T d

∼
W k
t

) , k = 1, K,

zk(t) = zk0 +
t∫

0

(
ĥ(zk(s), s, φ,

∼
x) d s+ Ĝ(zk(s), s, θ) d

∼
W k
s

)
, t ∈ [0, T ], k = 1, K,

zk0
i.i.d.∼ q(·|(xtj)Sj=1;φ), k = 1, K.

Âåðîÿòíîñòíûé çàêîí, ñîîòâåòñòâóþùèé ν, ìîæíî ýêâèâàëåíòíî ñìîäåëèðîâàòü ñ ïîìîùüþ

ñîîòâåòñòâóþùåãî µ âåðîÿòíîñòíîãî çàêîíà [14, 43, 44]. Äàííûé ôàêò â ðàáîòå ïîëó÷åí â

âèäå òåîðåìû 2.

Òåîðåìà 2. Ïóñòü

L̂

(
û,

( ∼
W k

)K
k=1

)
=

1

1− α
ln

 1

K

K∑
k=1

( N∏
i=1

p(xti |zk(ti); θ)
p(zk0; θ)

q(zk0|(xtj)Sj=1;φ)

)1−α

(MT,k)
α−1


ÿâëÿåòñÿ áîðåëåâñêîé ôóíêöèåé ñî ñëó÷àéíûì ïðîöåññîì

û(ωk) =
{
ût(ω

k) = û(zk(t), t,
∼
x); t ∈ [0, T ]

}
, ωk ∈ Ω, k = 1, K,
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òîãäà: 

LKα ((xti)
N
i=1;φ, θ) = E

Q̂
1:K

[
L̂
(
∼
u,
(
W k
)K
k=1

)]
;

∼
u(ωk) =

{
∼
ut(ω

k) = u(zk(t), t,
∼
x); t ∈ [0, T ]

}
, ωk ∈ Ω, k = 1, K;

Q̂
1:K

(d z1:K
0 , dω1:K |(xtj)Sj=1;φ) =

K∏
k=1

(
q(zk0|(xtj)Sj=1;φ)µ(dωk) d zk0

)
.

Äîêàçàòåëüñòâî. Äëÿ íà÷àëà ðàññìîòðèì ïîñëåäîâàòåëüíîñòè îãðàíè÷åííûõ ñëó÷àéíûõ ïðî-

öåññîâ:
rû(ωk) =

{
rût(ω

k) = û(zk(t), t,
∼
x)1{‖û(zk(t),t,

∼
x)‖

2
≤r}; t ∈ [0, T ]

}
∈ Ab, ωk ∈ Ω, r ∈ N, k = 1, K;

r∼
u(ωk) =

{
r∼
ut(ω

k) = u(zk(t), t,
∼
x)1{‖u(zk(t),t,

∼
x)‖

2
≤r}; t ∈ [0, T ]

}
∈ Ab, ωk ∈ Ω, r ∈ N, k = 1, K.

Òåêóùàÿ çàäà÷à ñîñòîèò â îïðåäåëåíèè u(·). Äëÿ ýòîãî íàëîæèì ñëåäóþùèå îãðàíè÷åíèÿ íà

u(·):
G(z, t, θ)u(z, t,

∼
x) = h(z, t, φ,

∼
x)− f(z, t, θ), ∀(z, t, θ, φ, ∼x) ∈ Rdz × R+ × Rdθ × Rdφ × Rd∼

x ;

Eµ
[
exp

(∫ T
0

1
2

∥∥∥u(zk(t), t,
∼
x)
∥∥∥2

2
d t

)]
<∞, ∀zk0 ∈ Rdz , k = 1, K.

(28)

Îòîáðàæåíèÿ (f, G, h, u) îáëàäàþò àíàëîãè÷íûìè ñâîéñòâàìè è òàêîé æå ñèãíàòóðîé, ÷òî è

(f̂ , Ĝ, ĥ, û), îäíàêî ÿâëÿþòñÿ äðóãèìè ïðåäñòàâèòåëÿìè ñâîèõ êëàññîâ îòîáðàæåíèé. Äàëåå

âîçüì¼ì è çàôèêñèðóåì ïðîèçâîëüíûå çíà÷åíèÿ zk0 ∈ Rdz , k = 1, K.

ßñíî, ÷òî lim
r→∞

rû(ωk) = û(ωk) ∈ A, lim
r→∞

r∼
u(ωk) =

∼
u(ωk) ∈ A, ∀ωk ∈ Ω, k = 1, K, òàê

êàê âûïîëíåíèå âòîðîãî óñëîâèÿ èç (25) è (28) ïðèâîäèò ê âûïîëíåíèþ îãðàíè÷åíèé äëÿ

ïðîöåññîâ êëàññà A; ωk ñîîòâåòñòâóåò zk(t). Ïðè ýòîì ïåðâîå óñëîâèå èç (25) è (28) ìîæåò íå

âûïîëíÿòüñÿ äëÿ rû è
r∼
u, îäíàêî äàííûé ôàêò íèêàê íå âëèÿåò íà èñòèííîñòü äîêàçûâàåìîé

òåîðåìû. Ïî îïðåäåëåíèþ ïðîèçâîäíîé Ðàäîíà�Íèêîäèìà ââåä¼ì ìåðó νrû , ïîðîæä¼ííóþ

ñëó÷àéíûì ïðîöåññîì rû:

νrû(Ak) =

∫
Ak

exp

 T∫
0

(
−1

2

∥∥rût(ωk)∥∥2

2
d t+ rût(ω

k)T dW k
t

)µ(dωk), Ak ∈ F , k = 1, K.

Ïî òåîðåìå Ãèðñàíîâà ñëó÷àéíûé ïðîöåññ
∼

rW k(ωk) =

{ ∼
rW k

t (ωk); t ∈ [0, T ]

}
,

∼
rW k

t (ωk) = W k
t (ωk)−

t∫
0

rûs(ω
k) d s, t ∈ [0, T ], ωk ∈ Ω, r ∈ N, k = 1, K,

ÿâëÿåòñÿ âèíåðîâñêèì îòíîñèòåëüíî ìåðû νrû . Îïðåäåëèì ñîîòâåòñòâóþùåå
∼

rW k îòîáðàæå-
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íèå Trû(ωk), Trû : F → F ,

Trû(ωk) =

ωk(t)−
t∫

0

rûs(ω
k) d s; t ∈ [0, T ]

 , ωk ∈ Ω, r ∈ N, k = 1, K.

Òîãäà µ(Ak) = νrû(T −1
rû (Ak)), µ(Trû(Ak)) = νrû(Ak), ∀Ak ⊆ Ω, k = 1, K.

Ðàññìîòðèì âñïîìîãàòåëüíûå ôóíêöèè:

L̂+

(
û,

( ∼
W k

)K
k=1

)
= max

{
L̂

(
û,

( ∼
W k

)K
k=1

)
, 0

}
;

L̂−

(
û,

( ∼
W k

)K
k=1

)
= min

{
L̂

(
û,

( ∼
W k

)K
k=1

)
, 0

}
;

L̂R+

(
û,

( ∼
W k

)K
k=1

)
= min

{
L̂+

(
û,

( ∼
W k

)K
k=1

)
, R

}
, R ∈ N;

L̂R−

(
û,

( ∼
W k

)K
k=1

)
= max

{
L̂−

(
û,

( ∼
W k

)K
k=1

)
,−R

}
, R ∈ N;

L̂R
(
û,

( ∼
W k

)K
k=1

)
= L̂R+

(
û,

( ∼
W k

)K
k=1

)
+ L̂R−

(
û,

( ∼
W k

)K
k=1

)
.

Òîãäà

lim
R→∞

L̂R
(
û,

( ∼
W k

)K
k=1

)
= L̂

(
û,

( ∼
W k

)K
k=1

)
, L̂R

(
û,

( ∼
W k

)K
k=1

)
� áîðåëåâñêàÿ è îãðàíè÷åííàÿ.

Ñîãëàñíî ëåììå 4 äëÿ êàæäîãî îãðàíè÷åííîãî ñëó÷àéíîãî ïðîöåññà rû ñóùåñòâóåò ñõîäÿ-

ùàÿñÿ ê íåìó â ñèëüíîì ñìûñëå ïîñëåäîâàòåëüíîñòü ïðîñòûõ ñëó÷àéíûõ ïðîöåññîâ
n,rû, n ∈ N, R′ <∞:

n,rû(ωk) =

{
n,rût(ω

k) = ξ̂nn0
(ωk)1{0}(t) +

jn−1∑
i=0

ξ̂nni(ω
k)1(tni ,tni+1 ](t); t ∈ [0, T ]

}
∈ As, ωk ∈ Ω, r ∈ N, k = 1, K,

0 = tn0 < · · · < tjn = T, sup
ω∈Ω

max
i∈{0, ..., jn−1}

∥∥∥ξ̂nni(ω)
∥∥∥

2
≤ R′,

ñëó÷àéíûå âåëè÷èíû ξ̂nni ÿâëÿþòñÿ Ftni�èçìåðèìûìè, i = 0, jn − 1. Îïðåäåëèì íîâîå ñåìåé-

ñòâî ñëó÷àéíûõ âåëè÷èí ξnni , i = 0, jn − 1, n ∈ N:
ξnn0

(ωk) := ξ̂nn0
(ωk);

ξnni(ψ
k
ni

) := ξ̂nni(ω
k), ψkni(t) = ωk(t)−

jn−1∑
l=0

ξ̂nnl(ω
k)(tnl+1

− tnl)1(tnl ,tnjn ](t), t ∈ [0, tni ], i = 1, jn − 1.

(29)
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Ïðè ýòîì ôóíêöèÿ ψkni(·) ìîæåò áûòü ïðîèçâîëüíîé èç W ïðè t > tni . Ñîîòâåòñòâåííî, ξ
n
ni

ÿâëÿåòñÿ Ftni�èçìåðèìîé, i = 0, jn − 1. Òî åñòü ïðîöåññ

n,r∼
u(ωk) =

{
n,r∼
ut(ω

k) = ξnn0
(ωk)1{0}(t) +

jn−1∑
i=0

ξnni(ω
k)1(tni ,tni+1 ](t); t ∈ [0, T ]

}
, ωk ∈ Ω, k = 1, K,

òàêæå ïðîñòîé. Áëàãîäàðÿ ñèëüíîé ñõîäèìîñòè ïîñëåäîâàòåëüíîñòè ïðîñòûõ ñëó÷àéíûõ ïðî-

öåññîâ n,rû, n ∈ N, ïîñëåäîâàòåëüíîñòü ïðîñòûõ ñëó÷àéíûõ ïðîöåññîâ
n,r∼
u, n ∈ N, ñèëüíî ñõî-

äèòñÿ ê îãðàíè÷åííîìó ïðîöåññó èç Ab. Â ñèëó ïðîèçâîëüíîñòè îòîáðàæåíèé èç {u, f, G, h}
îáîçíà÷èì ïðåäåëüíûé ïðîöåññ ïîñëåäîâàòåëüíîñòè

n,r∼
u êàê

r∼
u.

Ïî ïîñòðîåíèþ n,rû
(
ωk
)

=
n,r∼
u
(
Tn,rû

(
ωk
))
, ωk ∈ Ω, à ñîîòâåòñòâóþùèé ñëó÷àéíûé ïðî-

öåññ
∼

n,rW k(ωk) =

{ ∼
n,rW k

t (ωk); t ∈ [0, T ]

}
, n ∈ N:

∼
n,rW k

t (ωk) = W k
t (ωk)−

t∫
0

n,rûs(ω
k) d s, t ∈ [0, T ], ωk ∈ Ω, r ∈ N, k = 1, K,

ÿâëÿåòñÿ âèíåðîâñêèì îòíîñèòåëüíî ìåðû νn,rû . Äëÿ ψk = Tn,rû
(
ωk
)
, (ωk, ψk) ∈ Ω2, âûïîë-

íåíî ñîâïàäåíèå ïðîöåññîâ n,rû(ωk) =
n,r∼
u
(
ψk
)
, (n, r) ∈ N2, k = 1, K. Òîãäà áëàãîäàðÿ (29)

∀Ak ∈ F , k = 1, K:
n,rû(ωk) =

n,r∼
u
(
Tn,rû

(
ωk
))

=
{
ψk = Tn,rû

(
ωk
)}

=
n,r∼
u
(
ψk
)
∈ Bk, Bk ∈ B(L2([0, T ] : Rm));

νn,rû
(
Ak
)

= νn,rû
({
ψk : ψk ∈ Ak

})
=
{
ψk = Tn,rû

(
ωk
)}

= νn,rû
({
ωk : ωk ∈ T −1

n,rû

(
Ak
)})

= µ(Ak).

Ïðè ýòîì Bk =
{
n,r∼
u
(
ψk
)

: ψk ∈ Ak
}
. Òàêèì îáðàçîì, óñòàíîâëåíî ñîâïàäåíèå ðàñïðåäåëåíèé

(
n,rû,

( ∼
n,rW k

)K
k=1

)
, (n, r) ∈ N2,

îòíîñèòåëüíî ìåðû νn,rû è
(
n,r∼
u,
(
W k
)K
k=1

)
, (n, r) ∈ N2, îòíîñèòåëüíî ìåðû µ, ÷òî ïðèâîäèò

ê:

Eν1:Kn,rû

[
L̂R
(
n,rû,

( ∼
n,rW k

)K
k=1

)]
= Eµ1:K

[
L̂R
(
n,r∼
u,
(
W k
)K
k=1

)]
, (n, r, R) ∈ N3. (30)

µ1:K � óñðåäíåíèå ïî K íåçàâèñèìûì ðåàëèçàöèÿì ñëó÷àéíîãî ïðîöåññà îòíîñèòåëüíî ìåðû

µ, ν1:K
n,rû � óñðåäíåíèå ïî K íåçàâèñèìûì ðåàëèçàöèÿì ñëó÷àéíîãî ïðîöåññà îòíîñèòåëüíî

ìåðû νn,rû .

Èç ñèëüíîé ñõîäèìîñòè
(
n,r∼
u, n,rû

)
ê
(
r∼
u, rû

)
ñëåäóåò ñõîäèìîñòü ïî ðàñïðåäåëåíèþ

((
n,r∼
u,
(
W k
)K
k=1

)
,

(
n,rû,

( ∼
n,rW k

)K
k=1

))
ê

((
r∼
u,
(
W k
)K
k=1

)
,

(
rû,

( ∼
rW k

)K
k=1

))
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ñîîòâåòñòâåííî, ÷òî ïîçâîëÿåò ïðèìåíèòü ëåììó 5. Âîñïîëüçîâàâøèñü ëåììîé 5, ïîëó÷àåì:
lim
n→∞

Eµ1:K
[
L̂R
(
n,r∼
u,
(
W k
)K
k=1

)]
= Eµ1:K

[
L̂R
(
r∼
u,
(
W k
)K
k=1

)]
, (r, R) ∈ N2;

lim
n→∞

Eν1:Kn,rû

[
L̂R
(
n,rû,

( ∼
n,rW k

)K
k=1

)]
= Eν1:Krû

[
L̂R
(
rû,

( ∼
rW k

)K
k=1

)]
, (r, R) ∈ N2.

(31)

Ïðè óâåëè÷åíèè r ïðîöåññû
(
r∼
u, rû

)
áóäóò ïðèáëèæàòüñÿ ê

(
∼
u, û
)
ñîîòâåòñòâåííî, ÷òî

â óñëîâèÿõ îãðàíè÷åíèÿ çíà÷åíèé ôóíêöèîíàëà L̂R (·) îòðåçêîì [−R,R] ïîçâîëÿåò ïðèìå-

íèòü òåîðåìó Ëåáåãà î ìàæîðèðóåìîé ñõîäèìîñòè âìåñòå ñ ëåììîé 5 äëÿ îêîí÷àòåëüíîãî

äîîïðåäåëåíèÿ u(·) è óòâåðæäåíèÿ ñëåäóþùåãî:
lim
r→∞

Eµ1:K
[
L̂R
(
r∼
u,
(
W k
)K
k=1

)]
= Eµ1:K

[
L̂R
(
∼
u,
(
W k
)K
k=1

)]
, R ∈ N;

lim
r→∞

Eν1:Krû

[
L̂R
(
rû,

( ∼
rW k

)K
k=1

)]
= Eν1:Kû

[
L̂R
(
û,

( ∼
W k

)K
k=1

)]
, R ∈ N.

(32)

Äëÿ ôóíêöèè L̂R (·) â ñèëó ïîñòðîåíèÿ ïðèìåíèìà òåîðåìà Ëåáåãà î ìàæîðèðóåìîé ñõî-

äèìîñòè, êîòîðàÿ óñòàíàâëèâàåò ñëåäóþùåå ïðåäñòàâëåíèå:
lim
R→∞

Eµ1:K
[
L̂R
(
∼
u,
(
W k
)K
k=1

)]
= Eµ1:K

[
L̂
(
∼
u,
(
W k
)K
k=1

)]
;

lim
R→∞

Eν1:Kû

[
L̂R
(
û,

( ∼
W k

)K
k=1

)]
= Eν1:Kû

[
L̂

(
û,

( ∼
W k

)K
k=1

)]
= Eν1:K

[
L̂

(
û,

( ∼
W k

)K
k=1

)]
.

(33)

Â ñèëó ïðîèçâîëüíîñòè zk0 ∈ Rdz , k = 1, K, âûðàæåíèÿ âûøå âåðíû äëÿ ëþáûõ zk0 ∈ Rdz ,

k = 1, K, ÷òî ïîçâîëÿåò ïî ñâîéñòâàì ïðåäåëüíîãî çíà÷åíèÿ ðàâåíñòâà è áëàãîäàðÿ öåïî÷êå

ðàâåíñòâ (30), (31), (32), (33) âûâåñòè ýêâèâàëåíòíóþ ôîðìó âàðèàöèîííîé íèæíåé îöåíêè:
LKα ((xti)

N
i=1;φ, θ) = EQ1:K

[
L̂

(
û,

( ∼
W k

)K
k=1

)]
= E

Q̂
1:K

[
L̂
(
∼
u,
(
W k
)K
k=1

)]
;

Q̂
1:K

(d z1:K
0 , dω1:K |(xtj)Sj=1;φ) =

K∏
k=1

(
q(zk0|(xtj)Sj=1;φ)µ(dωk) d zk0

)
.

Ðåçóëüòàòû òåîðåìû 2 ïîçâîëÿþò îöåíêó LKα ((xti)
N
i=1;φ, θ) ïðèâåñòè ê ýêâèâàëåíòíîìó
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âèäó:

LKα ((xti)
N
i=1;φ, θ) =

1

1− α
E

Q̂
1:K

ln

 1

K

K∑
k=1

( N∏
i=1

p(xti |zk(ti); θ)
p(zk0; θ)

q(zk0|(xtj)Sj=1;φ)

)1−α

(MT,k)
α−1

 ,
Q̂

1:K
(d z1:K

0 , dω1:K |(xtj)Sj=1;φ) =
K∏
k=1

(
q(zk0|(xtj)Sj=1;φ)µ(dωk) d zk0

)
,

MT,k = exp

 T∫
0

(
1

2

∥∥∥u(zk(t), t,
∼
x)
∥∥∥2

2
d t+ u(zk(t), t,

∼
x)T dW k

t

) , k = 1, K,

zk(t) = zk0 +
t∫

0

(
h(zk(s), s, φ,

∼
x) d s+G(zk(s), s, θ) dW k

s

)
, t ∈ [0, T ], k = 1, K,

zk0
i.i.d.∼ q(·|(xtj)Sj=1;φ), k = 1, K.

(34)

Ìàêñèìèçàöèÿ îöåíêè LKα ((xti)
N
i=1;φ, θ), α ≥ 0, â (34) â îáùåì ñëó÷àå èç�çà u ïðåäñòàâëÿåò

ñîáîé çàäà÷ó óñëîâíîé îïòèìèçàöèè, îäíàêî â äàííîé ðàáîòå èñïîëüçîâàíèå ôóíêöèè G ñ

m = dz è ñ íåíóëåâûìè çíà÷åíèÿìè òîëüêî íà äèàãîíàëè ïîçâîëÿåò ÿâíî âûðàçèòü ôóíêöèþ

u, ñâîäÿ çàäà÷ó óñëîâíîé ìàêñèìèçàöèè îöåíêè (34) ê çàäà÷å áåçóñëîâíîé îïòèìèçàöèè:

u(z, t,
∼
x) =

(
hl(z, t, φ,

∼
x)− fl(z, t, θ)

Gll(z, t, θ)

)dz

l=1

, ∀(z, t, θ, φ, ∼x) ∈ Rdz × R+ × Rdθ × Rdφ × Rd∼
x .

Òàê æå â áîëåå îáùåì ñëó÷àå, ñ íåâûðîæäåííîé ìàòðèöåé G(z, t, θ)TG(z, t, θ),

∀(z, t, θ) ∈ Rdz × R+ × Rdθ , ôóíêöèÿ u èìååò ÿâíîå ïðåäñòàâëåíèå:

u(z, t,
∼
x) =

(
G(z, t, θ)TG(z, t, θ)

)−1
G(z, t, θ)T

(
h(z, t, φ,

∼
x)− f(z, t, θ)

)
,

∀(z, t, θ, φ, ∼x) ∈ Rdz × R+ × Rdθ × Rdφ × Rd∼
x .

Àíàëîãè÷íàÿ òàáëèöå 1 òàáëèöà LKα ((xti)
N
i=1;φ, θ) äëÿ ñïåöèàëüíûõ çíà÷åíèé α ïðèâåäåíà

íèæå:
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Çíà÷åíèå α Íèæíÿÿ îöåíêà ln p((xti)
N
i=1; θ)

0 E
Q̂

1:K

[
ln

(
1

K

K∑
k=1

(
N∏
i=1

p(xti |zk(ti); θ)

(
p(zk0; θ)

q(zk0|(xtj )Sj=1;φ)MT,k

)))]

1 E
Q̂

1:K

 1

K

K∑
k=1

 N∑
i=1

ln
(
p(xti |zk(ti); θ)

)
−

T∫
0

1

2

∥∥∥u(zk(t), t,∼x)∥∥∥2

2
d t

−KL
[
q(z0|(xtj )Sj=1;φ)

∣∣∣∣p(z0; θ)
]

+∞ E
Q̂

1:K

[
min

k∈{1, ..., K}

(
N∑
i=1

ln
(
p(xti |zk(ti); θ)

)
+
(
ln
(
p(zk0; θ)

)
− ln

(
q(zk0|(xtj )Sj=1;φ)

)
− ln (MT,k)

))]

Òàáëèöà 2. Âèäû âàðèàöèîííîé íèæíåé îöåíêè.

5.2 Âàðèàöèîííûé âûâîä â êîíå÷íûõ ïîñëåäîâàòåëüíîñòÿõ

5.2.1 Âû÷èñëåíèå Ìîíòå�Êàðëî îöåíêè âàðèàöèîííîé íèæíåé îöåíêè

Â ïðîöåäóðå âàðèàöèîííîãî âûâîäà äëÿ ìîäåëè (22) ïàðàìåòðèçàöèÿ ðàñïðåäåëåíèÿ

q(zk0|(xtj)Sj=1;φ), k = 1, K,

îñóùåñòâëåíà ñ ïîìîùüþ ïðîõîäà ðåêóððåíòíîé íåéðîííîé ñåòüþ c àðõèòåêòóðîé GRU [46]

ïî ñýìïëàì âðåìåííîãî ðÿäà (xtj)
S
j=1 ñ ìîäèôèêàöèåé ñêðûòîãî ñîñòîÿíèÿ, ðåàëèçîâàííîé ñ

ïîìîùüþ ðåøåíèÿ çàäà÷è Êîøè àíàëîãè÷íî òîìó, êàê äàííóþ ïðîöåäóðó ðåàëèçîâàëè â [10].

Ïðè ýòîì ïðîõîä âñåãäà âûïîëíÿåòñÿ, íà÷èíàÿ ñ xtS è çàêàí÷èâàÿ xt1 . Â êîíöå ïîñëåäîâàòåëü-

íîñòè íåéðîííàÿ ñåòü âîçâðàùàåò ïàðàìåòðû ðàñïðåäåëåíèÿ, èç êîòîðîãî ñýìïëèðóåòñÿ zk0.

Ñõåìàòè÷íî ïðîöåäóðà âûâîäà ñêðûòîãî ïðåäñòàâëåíèÿ ïîñëåäîâàòåëüíîñòè îïèñàíà íèæå.

Algorithm 2 Êîððåêòèðóþùåå ïðåîáðàçîâàíèå ñîñòîÿíèÿ h ñ ïîìîùüþ GRUCell.

function GRUCell(h, x)

gate = σ(fgate([h
T, xT]T)) . ïîýëåìåíòíîå ïðåîáðàçîâàíèå σ(y) = 1

1+exp(−y)

reset = σ(freset([h
T, xT]T)) . fgate, freset � ïîëíîñâÿçíûå íåéðîííûå ñåòè

h′ = NN([(reset�h)T, xT]T) . NN � ïîëíîñâÿçíàÿ íåéðîííàÿ ñåòü

h := (1− gate)� h′ + gate�h

return h
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Algorithm 3 Êîäèðîâàíèå âõîäíîé ïîñëåäîâàòåëüíîñòè.

function SequenceEncode((xtj)
S
j=1, (tj)

S
j=1)

[hmeanT

tS
,hscaleT

tS
]T = [0T

dz
,1T

dz
]T . âåêòîð�ñòîëáåö, ñîñòàâëåííûé èç âåêòîðîâ�ñòîëáöîâ

for j = S, S − 1, . . . , 1 do

[hmeanT

tj
,hscaleT

tj
]T := GRUCell([hmeanT

tj
,hscaleT

tj
]T,xtj)

. . . , [hmeanT

tj−1
,hscaleT

tj−1
]T = SDESolve((

∼̂
f, φ), (02·dz×m,0dφ), [hmeanT

tj
,hscaleT

tj
]T, (tj, . . . , tj−1))

.

d[hmeanT

,hscaleT ]T(t) =
∼
f([hmeanT

,hscaleT ]T(t), t, φ,
∼
x) d t, t0 = 0,

∼
f � ïîëíîñâÿçíàÿ íåéðîííàÿ ñåòü,

∼̂
f([hmeanT

,hscaleT ]T(t), t, φ) =
∼
f([hmeanT

,hscaleT ]T(t), t, φ,
∼
x)

return hmean
t0

+ |hscale
t0
|ξ, ξ ∼ N (0dz , Idz) .

zk0 ∼ q(·|(xtj)Sj=1;φ);

| · | � ïîýëåìåíòíîå âçÿòèå ìîäóëÿ;

q(·|(xtj)Sj=1;φ) = N (hmean
t0

, diag(hscale
t0
� hscale

t0
)).

Ïîñëå âû÷èñëåíèÿ zk0 â ïðîöåäóðå SequenceEncode ïðîèñõîäèò ìîäåëèðîâàíèå ñêðûòûõ

ñîñòîÿíèé {(zk(ti))Ni=1}Kk=1 ñ ïîìîùüþ ìåòîäà Ýéëåðà�Ìàðóÿìû, îïèñàííîãî â ëèñòèíãå 1:

1.
∼
x = NN’([xT

t1
,xT

t2
,xT

t3
]T), {NN’, h,G} � ïîëíîñâÿçíûå íåéðîííûå ñåòè;

2. zk0
i.i.d.∼ q(·|(xtj)Sj=1;φ), g1(zk(t), t, φ) = h(zk(t), t, φ,

∼
x), k = 1, K;

3. zk(0), zk(t1), . . . , zk(tN) = SDESolve((g1, φ), (G, θ), zk0, (t0, t1, . . . , tN)).

(35)

Ïàðàëëåëüíî ñ ïðîöåäóðîé (35) ñ ïîìîùüþ ìåòîäà Ýéëåðà�Ìàðóÿìû ïðîèñõîäèò âû÷èñ-

ëåíèå MT,k c

u(zk(t), t,
∼
x) =

(
hl(z

k(t), t, φ,
∼
x)− fl(zk(t), t, θ)

Gll(zk(t), t, θ)

)dz

l=1

:
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1. g2(zk(t), t, [φT, θT]T) =
1

2

∥∥∥u(zk(t), t,
∼
x)
∥∥∥2

2
, g3(zk(t), t, [φT, θT]T) = u(zk(t), t,

∼
x)T, Ik0 = 0, k = 1, K;

2. Ik0, Ikt1 , . . . , IktN = SDESolve((g2, [φ
T, θT]T), (g3, [φ

T, θT]T), Ik0, (t0, t1, . . . , tN));

3. MT,k = exp(IktN ).

(36)

Òàêèì îáðàçîì, â ðåçóëüòàòå âûïîëíåíèÿ ïðîöåäóð (35) è (36) âû÷èñëÿþòñÿ âñå íåîáõî-

äèìûå çíà÷åíèÿ äëÿ ïîäñ÷¼òà âàðèàöèîííîé íèæíåé îöåíêè íà îñíîâå äèâåðãåíöèè α�Ðåíüè

(34) ïðè íàñòðîéêå ïàðàìåòðîâ ìîäåëè (22) ñ ïîìîùüþ ïðîöåäóðû âàðèàöèîííîãî âûâîäà.

Ââåä¼ííûå âåëè÷èíû ïîçâîëÿþò îïðåäåëèòü Ìîíòå�Êàðëî îöåíêó L̂Kα ((xti)
N
i=1;φ, θ) âàðèàöè-

îííîé íèæíåé îöåíêè LKα ((xti)
N
i=1;φ, θ):

L̂Kα ((xti)
N
i=1;φ, θ) =

1

1− α
ln

 1

K

K∑
k=1

( N∏
i=1

p(xti |zk(ti); θ)
p(zk0; θ)

q(zk0|(xtj)Sj=1;φ)

)1−α

(MT,k)
α−1

 ,

LKα ((xti)
N
i=1;φ, θ) = E

Q̂
1:K

[
L̂Kα ((xti)

N
i=1;φ, θ)

]
.

(37)

5.2.2 Ïðîöåäóðà îáó÷åíèÿ ìîäåëè ïðîöåññà äèôôóçèè

Ñ ïîìîùüþ ââåä¼ííûõ îòîáðàæåíèé, â ðàáîòå îïðåäåëåíà ïðîöåäóðà îáó÷åíèÿ ìîäåëè

ïðîöåññà äèôôóçèè (22). Ñîñòîèò ýòà ïðîöåäóðà â èòåðàòèâíîé íàñòðîéêå ïàðàìåòðîâ ãðà-

äèåíòíûì ìåòîäîì ñòîõàñòè÷åñêîé îïòèìèçàöèè. Íà êàæäîé èòåðàöèè íà ðàçíîñòíîé ñõåìå

ìåòîäîì Ýéëåðà�Ìàðóÿìû âû÷èñëÿåòñÿ Ìîíòå�Êàðëî îöåíêà âàðèàöèîííîé íèæíåé îöåíêè

(37); ïàðàìåòðû ìîäåëè îáíîâëÿþòñÿ øàãîì âäîëü Ìîíòå�Êàðëî îöåíêè ãðàäèåíòà âàðèàöè-

îííîé íèæíåé îöåíêè, âû÷èñëåííîãî ñ ïîìîùüþ îáðàòíîãî ðàñïðîñòðàíåíèÿ îøèáêè ÷åðåç

ðàçíîñòíóþ ñõåìó [12]. Àëãîðèòìè÷åñêè ïðîöåäóðà íàñòðîéêè ìîäåëè (22) ïðåäñòàâëåíà â

ëèñòèíãå 4.
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Algorithm 4 Ïðîöåäóðà íàñòðîéêè ìîäåëè (22).

procedure FitModel(XND , N e, N b, K, α, (φ, θ)) .

N e � êîëè÷åñòâî ýïîõ, N b � êîëè÷åñòâî áàò÷åé, N batch
j � ðàçìåð áàò÷à

for 1, 2, . . . , N e do

for bj ∈ B, j = 1, N b do . B = tNb

j=1{(ijlxt1 , . . . , ijlxtNijl
)}N

batch
j

l=1 = XND

Áàò÷ êîíå÷íûõ ïîñëåäîâàòåëüíîñòåé bj = {(ijlxt1 , . . . , ijlxtNijl
)}N

batch
j

l=1

Âû÷èñëèòü Ìîíòå�Êàðëî îöåíêó 1
Nbatch
j

Nbatch
j∑
l=1

L̂Kα ((ijlxto)
Nijl
o=1 ;φ, θ)

Âû÷èñëèòü Ìîíòå�Êàðëî îöåíêó 1
Nbatch
j

Nbatch
j∑
l=1

∇(φ,θ)L̂Kα ((ijlxto)
Nijl
o=1 ;φ, θ)

Îáíîâèòü (φ, θ) øàãîì âäîëü îöåíêè 1
Nbatch
j

Nbatch
j∑
l=1

∇(φ,θ)L̂Kα ((ijlxto)
Nijl
o=1 ;φ, θ)

5.2.3 Ãåíåðàöèÿ ïîñëåäîâàòåëüíîñòè â ìîäåëè ïðîöåññà äèôôóçèè

Äëÿ íàñòðîåííîé ìîäåëè (22) ñýìïëèðîâàíèå íîâûõ ïîñëåäîâàòåëüíîñòåé èç âàðèàöèîí-

íîãî ïðèáëèæåíèÿ è èç àïðèîðíîãî ðàñïðåäåëåíèÿ ñîñòîèò â ñëåäóþùèõ äâóõ ïðîöåäóðàõ.

Ïðîöåäóðà ãåíåðàöèè ïîñëåäîâàòåëüíîñòåé èç àïïðîêñèìàöèè àïîñòåðèîðíîãî ðàñïðåäå-

ëåíèÿ:

1. zk0
i.i.d.∼ q(·|(xtj)Sj=1;φ);

2. zk(0), zk(t1), . . . , zk(tN) = SDESolve((g1, φ), (G, θ), zk0, (0, t1, . . . , tN));

3. xkti ∼ p(·|zk(ti); θ), i = 1, N, k = 1, K, p � íîðìàëüíîå.

Ïðîöåäóðà ãåíåðàöèè ïîñëåäîâàòåëüíîñòåé èç àïðèîðíîãî ðàñïðåäåëåíèÿ:

1. zk0
i.i.d.∼ N (0dz , Idz), {f̂ , Ĝ} � ïîëíîñâÿçíûå íåéðîííûå ñåòè;

2. zk(0), zk(t1), . . . , zk(tN) = SDESolve((f̂ , θ), (Ĝ, θ), zk0, (0, t1, . . . , tN));

3. xkti ∼ p(·|zk(ti); θ), i = 1, N, k = 1, K, p � íîðìàëüíîå.

Ñõåìàòè÷åñêîå îïèñàíèå âûâîäà ïîñëåäîâàòåëüíîñòè â ìîäåëè (22) îáîáùåíî íà ðèñ.

1. Íà äàííîì ðèñóíêå àááðåâèàòóðîé ÎÄÓ îáîçíà÷åíà èíòåðïîëÿöèÿ ñêðûòîãî ñîñòîÿíèÿ

[hmeanT
,hscaleT ]T(t) ñ ïîìîùüþ îáûêíîâåííîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ, èñïîëüçîâàí-

íîãî â ïðîöåäóðå SequenceEncode:

d[hmeanT

,hscaleT ]T(t) =
∼
f([hmeanT

,hscaleT ]T(t), t, φ,
∼
x) d t.
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GRUCell

GRUCell

GRUCell

. . . zk(t0)

zk(t1)

zk(tN−1)

zk(tN )

xtS

xtS−1

xt1 xkt1

xktN−1

xktN

. . .

ÎÄÓ

ÎÄÓ

ÎÄÓ

SDESolve

zk(t0)
i.i.d.∼ q(·|(xtj )Sj=1;φ)

SequenceEncode

xkti ∼ p(·|zk(ti); θ)

Ðèñ. 1. Ñõåìà ìîäåëèðîâàíèÿ ïîñëåäîâàòåëüíîñòè â ìîäåëè ïðîöåññà äèôôóçèè (22).

6 Âû÷èñëèòåëüíûå ýêñïåðèìåíòû

Äëÿ êà÷åñòâåííîé îöåíêè ïðåäëîæåííîé â äàííîé ðàáîòå ìîäåëè (22) áûëà ïðîâåäåíà

ñåðèÿ ýêñïåðèìåíòîâ íà äàííûõ CMU Graphics Lab Motion Capture Database äëÿ ðåøåíèÿ

çàäà÷è ìîäåëèðîâàíèÿ òðàåêòîðèè äâèæåíèÿ ÷åëîâåêà ïðè èçâåñòíîé íà÷àëüíîé òðàåêòîðèè

[47].

Äàííûå ïðåäñòàâëÿþò ñîáîé íàáîð èç 5 âûáîðîê, êàæäàÿ èç êîòîðûõ ÿâëÿåòñÿ íàáîðîì

ìíîãîìåðíûõ âðåìåííûõ ðÿäîâ, îòíîñÿùèõñÿ ê îòäåëüíîìó ñóáúåêòó. Êàæäûé ìíîãîìåðíûé

ðÿä îïèñûâàåò äâèæåíèÿ ñóáúåêòà â òð¼õìåðíîì ïðîñòðàíñòâå. Ðîëü ñóáúåêòà èñïîëíÿåò

÷åëîâåê, ñíàðÿæ¼ííûé äàò÷èêàìè, êîòîðûé âûïîëíÿåò îòíîñèòåëüíî íåñëîæíóþ ïîñëåäîâà-

òåëüíîñòü äåéñòâèé, òî åñòü êàæäîå äåéñòâèå ðåãèñòðèðóåòñÿ â âèäå ñõåìàòè÷åñêîãî ñêåëåòà.

Êàæäûé âðåìåííîé ðÿä ñîîòâåòñòâóåò îòäåëüíîìó äåéñòâèþ âèäà ïðîéòè èç îäíîãî êîíöà

ïðîñòðàíñòâà â äðóãîé, ñäåëàòü êóâûðîê, ïðèñåñòü, âñòàòü, è òîìó ïîäîáíîå.

Äëÿ ïîëó÷åíèÿ ðîáàñòíûõ ðåçóëüòàòîâ áûëî íàñòðîåíî íåñêîëüêî ìîäåëåé ïðîöåññà äèô-

ôóçèè (22), ïî îäíîé íà êàæäóþ âûáîðêó. Âûáîðêè îòëè÷àþòñÿ ðàçìåðîì ïî êîëè÷åñòâó

âðåìåííûõ ðÿäîâ è ïî äëèíå âðåìåííîãî ðÿäà. Êàæäàÿ âûáîðêà òàêæå îòëè÷àåòñÿ âèäîì

äâèæåíèé ÷åëîâåêà: â îäíîé âûáîðêå ìîãóò áûòü ñîáðàíû ðàçëè÷íûå âèäû ïðèñåäàíèé, â

äðóãîé âûáîðêå ÷åëîâåê ìîæåò õîäèòü ïî êðóãó, â òðåòüåé � ìàõàòü ðóêàìè. Âñå ëèíåéíûå

ïîêàçàíèÿ â âûáîðêàõ ïåðåâåäåíû èç äþéìîâ â ìåòðû, â öåëÿõ ïîâûøåíèÿ âû÷èñëèòåëü-

íîé óñòîé÷èâîñòè ââåäåíà èñêóññòâåííàÿ âðåìåííàÿ øêàëà ñ íà÷àëüíûì ìîìåíòîì âðåìåíè

t0 â íóëå è êîíå÷íûì tN � â åäèíèöå. Êðàòêàÿ õàðàêòåðèñòèêà èñïîëüçîâàííûõ âûáîðîê

ïðåäñòàâëåíà â òàáëèöå 3.
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Ñóáúåêò � (âûáîðêà �) Ðàçìåð âûáîðêè
Êîëè÷åñòâî

ìîìåíòîâ âðåìåíè
Ðàçìåðíîñòü ðÿäà

83 68 99 93

79 96 130 93

138 55 316 93

69 75 343 93

80 73 660 93

Òàáëèöà 3. Õàðàêòåðèñòèêè èñïîëüçîâàííûõ äàííûõ.

Â ýêñïåðèìåíòàõ àðõèòåêòóðû íåéðîííûõ ñåòåé, ñîîòâåòñòâóþùèõ

f(zk(t), t, θ), G(zk(t), t, θ), h(zk(t), t, φ,
∼
x), p(xti|zk(ti); θ),

âçÿòû èç ðàáîòû [14], àðõèòåêòóðà íåéðîííîé ñåòè, ïàðàìåòðèçóþùåé q(zk0|(xtj)Sj=1;φ), âçÿòà

èç ðàáîòû [10]. Àðõèòåêòóðà èñïîëüçîâàííûõ â ðàáîòå îòîáðàæåíèé ïðåäñòàâëåíà íà ðèñ. 2 è

3. Ðàñïðåäåëåíèÿ p(zk0; θ), p(xti |zk(ti); θ), q(zk0|(xtj)Sj=1;φ) ÿâëÿþòñÿ íîðìàëüíûìè. Îïòèìè-

çàöèÿ ìîäåëåé îñíîâàíà íà ïðîöåäóðå íàñòðîéêè ìîäåëåé â ðàáîòå [14].

Âî âðåìåííûõ ðÿäàõ Motion Capture Database ñýìïëèðîâàíèå âî âðåìåíè ÿâëÿåòñÿ ðàâíî-

ìåðíûì, ïîýòîìó äëÿ ïîðîæäåíèÿ ñèòóàöèè ñ ïåðåìåííûì èíòåðâàëîì ìåæäó íàáëþäåíèÿìè

áûëî ïðîâåäåíî ìàñêèðîâàíèå äàííûõ ïî Áåðíóëëè: êàæäîå íàáëþäåíèå ñ âåðîÿòíîñòüþ p̂

íåçàâèñèìî îò äðóãèõ ñîõðàíÿëîñü â ðåçóëüòèðóþùåé ïîñëåäîâàòåëüíîñòè íà ñâîåé ïîçèöèè,

èíà÷å ñ÷èòàëîñü, ÷òî â ñîîòâåòñòâóþùèé ìîìåíò âðåìåíè íàáëþäåíèé íåò. Çäåñü è äàëåå

ñêðûòûå â ðåçóëüòàòå ìàñêèðîâàíèÿ íàáëþäåíèÿ íàçâàíû ìàñêèðîâàííûìè. Îäíàêî ïåðâûå

òðè íàáëþäåíèÿ âî âñåõ âðåìåííûõ ðÿäàõ îñòàâàëèñü íåòðîíóòûìè. Êàæäàÿ âûáîðêà âðå-

ìåííûõ ðÿäîâ áûëà ðàçáèòà íà îáó÷àþùóþ è òåñòîâóþ â îòíîøåíèè 9 ê 1 ïî âðåìåííûì

ðÿäàì (out�of�sample).

Â ðàññìàòðèâàåìûõ âûáîðêàõ áûëè íàñòðîåíû ìîäåëè âèäà (22) ñ ïîìîùüþ ïðîöåäóðû

âàðèàöèîííîãî âûâîäà íà îñíîâå äèâåðãåíöèé α�Ðåíüè. Â ïðîâåä¼ííûõ ýêñïåðèìåíòàõ âàðüè-

ðîâàëàñü ÷àñòîòà ïðîïóñêîâ è âèä îïòèìèçèðóåìîé îöåíêè. Áûëà ñðàâíåíà ñòîõàñòè÷åñêàÿ

äèíàìèêà ñ ÷àñòè÷íî äåòåðìèíèðîâàííîé, òî åñòü ñ íóëåâîé äèôôóçèåé. Êà÷åñòâî ðåøåíèÿ

îöåíèâàëîñü ïî ñðåäíåìó ëîãàðèôìó ïðàâäîïîäîáèÿ è ïî êâàäðàòíîìó êîðíþ ñðåäíåêâàä-

ðàòè÷åñêîé îøèáêè ïðåäñêàçàíèÿ ìîäåëè íà òåñòîâûõ âûáîðêàõ (rmse) â äâóõ îñíîâíûõ

ðåæèìàõ: ýêñòðàïîëÿöèÿ è èíòåðïîëÿöèÿ. Èõ îòëè÷èÿ óêàçàíû â òàáëèöå 4. Â ðåæèìå èí-

òåðïîëÿöèè îöåíèâàåòñÿ ñïîñîáíîñòü ìîäåëè âîññòàíàâëèâàòü ïðîïóùåííûå çíà÷åíèÿ. Äëÿ

àïïðîêñèìèðóþùåãî ïðîöåññà íà÷àëüíîå çíà÷åíèå ñêðûòîãî ñîñòîÿíèÿ êîäèðóåòñÿ ïðîõîäîì

ðåêóððåíòíîé íåéðîííîé ñåòè ïî âñåìó ðÿäó ñ êîíöà ïî íåïðîïóùåííûì íàáëþäåíèÿì. Â ðå-
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æèìå ýêñòðàïîëÿöèè îöåíèâàåòñÿ ñïîñîáíîñòü ìîäåëè âîññòàíîâèòü âòîðóþ ïîëîâèíó ðÿäà ïî

èçâåñòíîé ïåðâîé. Â îáåèõ ÷àñòÿõ ðÿäà èñïîëüçóþòñÿ è îöåíèâàþòñÿ òîëüêî íåïðîïóùåííûå

íàáëþäåíèÿ. Ïðè ýêñòðàïîëÿöèè ðåêóððåíòíàÿ íåéðîííàÿ ñåòü êîäèðóåò òîëüêî èçâåñòíóþ

ïîëîâèíó íåïðîïóùåííûõ íàáëþäåíèé, íà÷èíàÿ ñ êîíöà èçâåñòíîé ÷àñòè.

Ðåæèì
Çíà÷åíèå

S

Ïîäïîñëåäîâàòåëüíîñòü

äëÿ

îöåíêè

rmse

Ïîäïîñëåäîâàòåëüíîñòü

äëÿ

îöåíêè ëîãàðèôìà

ïðàâäîïîäîáèÿ

èíòåðïîëÿöèÿ
N ′ = S ≤ N

íåìàñêèðîâàííûå

(xtil )
N ′′
l=1, N

′′ = N −N ′

ìàñêèðîâàííûå

(xtil )
N ′
l=1, N

′ ≤ N
íåìàñêèðîâàííûå

ýêñòðàïîëÿöèÿ
bN ′2 c = S ≤ bN2 c
íåìàñêèðîâàííûå

(xtil )
N ′′′
l=1 , N

′ − S = N ′′′ ≤ N − S,
til ∈ [tiS+1 , tiN′ ]

íåìàñêèðîâàííûå

(xtil )
N ′
l=1, N

′ ≤ N
íåìàñêèðîâàííûå

Òàáëèöà 4. Ðåæèìû ñðàâíåíèÿ ìîäåëåé.

Ïðîöåäóðà îáó÷åíèÿ ìîäåëåé âûïîëíåíà â ðàìêàõ àëãîðèòìà 4. Êàê óêàçàíî â ïðåäûäó-

ùåì ðàçäåëå, ìîäåëü ïðîöåññà äèôôóçèè (22) îïòèìèçèðîâàíà ñ ïîìîùüþ ñòîõàñòè÷åñêîãî

(ñóá)ãðàäèåíòíîãî ìåòîäà íà îñíîâå ìåòîäà ñòîõàñòè÷åñêîé îïòèìèçàöèè Adam [48] ñ ëèíåé-

íûì îòæèãîì îïòèìèçèðóåìîãî ôóíêöèîíàëà â ïåðâóþ ïîëîâèíó ïðîöåññà íàñòðîéêè ìîäåëè.

Íà êàæäîé èòåðàöèè ìåòîäà ìîäåëü ïðîöåññà äèôôóçèè (22) îïòèìèçèðîâàëàñü íà N batch = 5

ñëó÷àéíî âûáðàííûõ ðÿäàõ ïðè K = 10 â òå÷åíèå N e = 400 ýïîõ. Â òå÷åíèå âñåé ïðîöåäóðû

îïòèìèçàöèè ìîäåëè òåìï îáó÷åíèÿ ηe ýêñïîíåíöèàëüíî óìåíüøàëñÿ, èñïûòàâ íà ïîñëåä-

íåé ýïîõå óìåíüøåíèå ïî÷òè â 10 ðàç ïî ñðàâíåíèþ ñ ïåðâîé ýïîõîé íàñòðîéêè ìîäåëè, ïî

ñëåäóþùåé ôîðìóëå:

ηe = 0.01 · 0.99425e−1, e = 1, N e � íîìåð ýïîõè.

Íà ïðàêòèêå ïðè íàñòðîéêå ìîäåëè ïðîöåññà äèôôóçèè (22) áûë èñïîëüçîâàí òàê íàçûâàå-

ìûé ëèíåéíûé îòæèã, â êîòîðîì íà êàæäîì ýòàïå íàñòðîéêè ìîäåëè ïðîèçâîäíàÿ Ðàäîíà�

Íèêîäèìà ìåæäó àïðèîðíûì ðàñïðåäåëåíèåì è àïïðîêñèìàöèåé àïîñòåðèîðíîãî ðàñïðåäåëå-

íèÿ âîçâîäèëàñü â ñòåïåíü β, è äàííàÿ ñòåïåíü ëèíåéíî óâåëè÷èâàëàñü ñ 0 äî 1 âêëþ÷èòåëüíî.

Òàêàÿ ïðîöåäóðà, áåçóñëîâíî, ëèøàåò îïòèìèçèðóåìûé ôóíêöèîíàë ñâîéñòâà áûòü íèæíåé

îöåíêîé ëîãàðèôìà íåïîëíîãî ïðàâäîïîäîáèÿ ïðè β 6= 1, íî ïîçâîëÿåò íà íà÷àëüíûõ ýòàïàõ

ëó÷øå íàñòðîèòü ìîäåëü ïîä âûáîðêó [49]. Â ëèíåéíîì îòæèãå îïòèìèçèðóåìûé êðèòåðèé
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LKα ((xti)
N
i=1;φ, θ) èç (34) çàìåí¼í íà LKα,β((xti)

N
i=1;φ, θ):

LKα,β((xti)
N
i=1;φ, θ) =

1

1− α
E

Q̂
1:K

ln

 1

K

K∑
k=1

 N∏
i=1

p(xti |zk(ti); θ)

(
p(zk0; θ)

q(zk0|(xtj)Sj=1;φ)

)β
1−α

(MT,k)
(α−1)β

 ,
β = min

{
e− 1

199
, 1

}
, e = 1, N e.

Ìîíòå�Êàðëî îöåíêà L̂Kα,β((xti)
N
i=1;φ, θ) çàäà¼òñÿ àíàëîãè÷íî (37):

L̂Kα,β((xti)
N
i=1;φ, θ) =

1

1− α
ln

 1

K

K∑
k=1

 N∏
i=1

p(xti |zk(ti); θ)

(
p(zk0; θ)

q(zk0|(xtj)Sj=1;φ)

)β
1−α

(MT,k)
(α−1)β

 ,

LKα,β((xti)
N
i=1;φ, θ) = E

Q̂
1:K

[
L̂Kα,β((xti)

N
i=1;φ, θ)

]
.

Òàêæå àíàëîãè÷íàÿ òàáëèöàì 1 è 2 òàáëèöà LKα,β((xti)
N
i=1;φ, θ) äëÿ ñïåöèàëüíûõ çíà÷åíèé α

ïðèâåäåíà íèæå:

Çíà÷åíèå α Îöåíêà LKα,β((xti)Ni=1;φ, θ)

0 E
Q̂

1:K

ln
 1

K

K∑
k=1

 N∏
i=1

p(xti |zk(ti); θ)

(
p(zk0; θ)

q(zk0|(xtj )Sj=1;φ)MT,k

)β

1 E
Q̂

1:K

 1

K

K∑
k=1

 N∑
i=1

ln
(
p(xti |zk(ti); θ)

)
− β

T∫
0

1

2

∥∥∥u(zk(t), t,∼x)∥∥∥2

2
d t

− βKL
[
q(z0|(xtj )Sj=1;φ)

∣∣∣∣p(z0; θ)
]

+∞ E
Q̂

1:K

[
min

k∈{1, ..., K}

(
N∑
i=1

ln
(
p(xti |zk(ti); θ)

)
+ β

(
ln
(
p(zk0; θ)

)
− ln

(
q(zk0|(xtj )Sj=1;φ)

)
− ln (MT,k)

))]

Òàáëèöà 5. Âèäû âàðèàöèîííîé îöåíêè.

Ëîãàðèôì ïðàâäîïîäîáèÿ îöåíåí ñ ïîìîùüþ ñýìïëèðîâàíèÿ ñ âûáîðêîé ïî çíà÷èìîñòè

ïðè K = 100, çíà÷åíèå rmse äëÿ êàæäîé êîíôèãóðàöèè ãèïåðïàðàìåòðîâ ýêñïåðèìåíòà îöå-

íåíî ñ ïîìîùüþ K = 100 ñýìïëîâ ïîñëåäîâàòåëüíîñòåé (xkti)
N
i=1, k = 1, K, ñãåíåðèðîâàííûõ

èç âàðèàöèîííîãî ïðèáëèæåíèÿ. Ðåçóëüòàòû ýêñïåðèìåíòîâ ïðèâåäåíû â òàáëèöàõ 6, 7, 8, 9.

Îíè äåìîíñòðèðóþò çàìåòíûé ïðèðîñò â êà÷åñòâå ïðè èíòåðïîëÿöèè ìàñêèðîâàííûõ (ïðî-

ïóùåííûõ) äàííûõ â ñëó÷àå ñòîõàñòè÷åñêîé äèíàìèêè (G(·) 6= 0) ïî ñðàâíåíèþ ñ äåòåðìè-

íèðîâàííîé äèíàìèêîé (G(·) ≡ 0) ïðè, â ñðåäíåì, 75% ïðîïóùåííûõ íàáëþäåíèé (p̂ = 0.25),

îäíàêî ïðè ñíèæåíèè äîëè ïðîïóñêîâ äåòåðìèíèðîâàííàÿ äèíàìèêà ñ èíòåðïîëÿöèåé íà÷è-

íàåò ñïðàâëÿòüñÿ ëó÷øå. Àíàëîãè÷íàÿ ñèòóàöèÿ íàáëþäàåòñÿ â ñëó÷àå ýêñòðàïîëÿöèè âðå-

ìåííîãî ðÿäà. Òàêæå òàáëèöû 6 è 8 äåìîíñòðèðóþò ïðàêòè÷åñêóþ ïîëåçíîñòü ïðèìåíåíèÿ

äèâåðãåíöèé α�Ðåíüè â ïðîöåäóðå âàðèàöèîííîãî âûâîäà, òàê êàê áîëüøèíñòâî íàèëó÷øèõ

çíà÷åíèé rmse áûëî ïîëó÷åíî ïðè α 6= 1.
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7 Çàêëþ÷åíèå

Â ðàáîòå áûëè ïîëó÷åíû ñëåäóþùèå îñíîâíûå ðåçóëüòàòû:

� ðàçðàáîòàíà ñõåìà îïòèìèçàöèè íåéðîííûõ ñåòåé, ïàðàìåòðèçîâàííûõ ñ ïîìîùüþ ñòî-

õàñòè÷åñêèõ äèôôåðåíöèàëüíûõ óðàâíåíèé;

� ðàçðàáîòàíà ñõåìà âàðèàöèîííîãî âûâîäà ñ α�Ðåíüè äèâåðãåíöèÿìè äëÿ âåðîÿòíîñòíûõ

ìîäåëåé, ïàðàìåòðèçîâàííûõ ñ ïîìîùüþ ñòîõàñòè÷åñêèõ äèôôåðåíöèàëüíûõ óðàâíå-

íèé;

� ïðåäëîæåíà ìîäåëü îïèñàíèÿ âðåìåííîãî ðÿäà ñ íåðàâíîìåðíûì ñýìïëèðîâàíèåì âî

âðåìåíè;

� ðåøåíà çàäà÷à ìîäåëèðîâàíèÿ òðàåêòîðèè äâèæåíèÿ ÷åëîâå÷åñêîãî ñêåëåòà.

Ðåçóëüòàòû ðàáîòû îïóáëèêîâàíû â ñáîðíèêå òåçèñîâ XXVII Ìåæäóíàðîäíîé íàó÷íîé

êîíôåðåíöèè ñòóäåíòîâ, àñïèðàíòîâ è ìîëîäûõ ó÷¼íûõ ¾Ëîìîíîñîâ�2020¿ [50].
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A Ïðèëîæåíèå

A.1 Ðåçóëüòàòû ýêñïåðèìåíòîâ

α := 0 0.5 1 +∞

p̂ := 0.25 0.5 0.75 0.25 0.5 0.75 0.25 0.5 0.75 0.25 0.5 0.75

ñóáúåêò G(·) 6= 0

83 0.39 0.36 0.55 0.43 0.42 0.44 0.31 0.34 0.37 0.53 0.51 0.38

79 0.36 0.25 0.2 0.39 0.35 0.35 0.23 0.31 0.2 0.29 0.37 0.26

138 0.37 0.37 0.44 0.49 0.36 0.39 0.53 0.48 0.41 0.36 0.41 0.55

69 0.45 0.46 0.3 0.32 0.33 0.32 0.39 0.42 0.37 0.39 0.35 0.42

80 0.44 0.42 0.36 0.48 0.57 0.37 0.39 0.34 0.27 0.29 0.4 0.21

ñóáúåêò G(·) ≡ 0

83 0.45 0.29 0.35 0.36 0.57 0.32 0.52 0.44 0.45 0.45 0.35 0.35

79 0.25 0.36 0.31 0.31 0.31 0.42 0.24 0.24 0.22 0.36 0.3 0.33

138 0.45 0.38 0.62 0.42 0.47 0.56 0.42 0.36 0.45 0.38 0.61 0.55

69 0.35 0.4 0.3 0.28 0.29 0.32 0.39 0.35 0.48 0.37 0.31 0.38

80 0.37 0.28 0.4 0.21 0.43 0.35 0.41 0.33 0.51 0.3 0.35 0.57

Òàáëèöà 6. rmse â ðåæèìå èíòåðïîëÿöèè, K = 100.

α := 0 0.5 1 +∞

p̂ := 0.25 0.5 0.75 0.25 0.5 0.75 0.25 0.5 0.75 0.25 0.5 0.75

ñóáúåêò G(·) 6= 0

83 0.13 0.28 0.29 0.14 0.18 0.26 0.13 0.21 0.27 0.07 0.11 0.21

79 0.25 0.13 0.89 0.27 0.66 0.72 0.30 0.61 0.94 0.24 0.64 0.91

138 0.28 0.41 0.89 0.29 0.52 0.49 0.33 0.36 0.73 0.34 0.36 0.69

69 0.36 0.9 1.42 0.42 0.8 1.34 0.49 0.95 1.24 0.37 0.85 1.16

80 0.99 1.85 3.91 1.33 1.9 3.1 1.15 2.45 3.58 1.41 2 3.86

ñóáúåêò G(·) ≡ 0

83 0.12 0.24 0.35 0.08 0.23 0.38 0.13 0.27 0.31 0.14 0.2 0.26

79 0.35 0.61 0.73 0.33 0.53 0.79 0.24 0.19 0.9 0.27 0.3 0.88

138 0.21 0.59 0.56 0.38 0.25 0.44 0.23 0.57 0.68 0.27 0.34 0.57

69 0.46 0.83 1.38 0.48 1.08 1.45 0.38 1.05 1.09 0.47 1 1.2

80 1.19 2.67 3.37 1.08 2.54 3.6 0.83 1.93 2.52 1.02 2.06 2.61

Òàáëèöà 7. ×104 ñðåäíèé ëîãàðèôì ïðàâäîïîäîáèÿ â ðåæèìå èíòåðïîëÿöèè, K = 100.
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α := 0 0.5 1 +∞

p̂ := 0.25 0.5 0.75 0.25 0.5 0.75 0.25 0.5 0.75 0.25 0.5 0.75

ñóáúåêò G(·) 6= 0

83 0.38 0.4 0.42 0.34 0.42 0.34 0.38 0.44 0.35 0.28 0.58 0.41

79 0.45 0.21 0.27 0.35 0.19 0.35 0.23 0.27 0.31 0.35 0.19 0.38

138 0.41 0.47 0.44 0.6 0.62 0.35 0.55 0.61 0.53 0.52 0.46 0.5

69 0.34 0.42 0.37 0.52 0.4 0.34 0.49 0.31 0.34 0.42 0.37 0.3

80 0.3 0.42 0.42 0.33 0.31 0.24 0.25 0.3 0.42 0.29 0.37 0.42

ñóáúåêò G(·) ≡ 0

83 0.48 0.31 0.38 0.39 0.37 0.3 0.37 0.36 0.29 0.4 0.42 0.43

79 0.4 0.31 0.22 0.31 0.21 0.4 0.23 0.24 0.31 0.21 0.25 0.46

138 0.4 0.48 0.54 0.49 0.47 0.55 0.52 0.41 0.54 0.66 0.38 0.45

69 0.35 0.31 0.25 0.3 0.36 0.4 0.36 0.47 0.4 0.4 0.37 0.37

80 0.3 0.59 0.46 0.48 0.26 0.46 0.44 0.33 0.42 0.51 0.33 0.34

Òàáëèöà 8. rmse â ðåæèìå ýêñòðàïîëÿöèè, K = 100.

α := 0 0.5 1 +∞

p̂ := 0.25 0.5 0.75 0.25 0.5 0.75 0.25 0.5 0.75 0.25 0.5 0.75

ñóáúåêò G(·) 6= 0

83 0.09 0.24 0.28 0.15 0.14 0.43 0.07 0.21 0.37 0.16 0.13 0.31

79 0.26 0.41 0.73 0.09 0.71 0.92 0.25 0.53 0.8 0.33 0.56 0.93

138 0.07 0.55 0.65 0.14 0.44 1.07 0.13 0.32 0.07 0.25 0.65 0.73

69 0.53 0.7 1.09 0.43 0.73 1.37 0.41 0.92 1.23 0.36 0.79 1.46

80 1.03 1.9 3.55 1.18 2.31 3.65 1.02 2.22 3.24 1.08 2.03 3.43

ñóáúåêò G(·) ≡ 0

83 0.09 0.25 0.24 0.11 0.24 0.36 0.1 0.27 0.35 0.12 0.24 0.38

79 0.25 0.53 0.95 0.36 0.59 0.53 0.3 0.5 0.56 0.27 0.58 0.82

138 0.42 0.55 0.48 0.23 0.48 0.62 0.17 0.44 0.52 0.15 0.68 0.43

69 0.44 0.8 1.34 0.51 0.71 1.21 0.42 0.85 1.22 0.44 0.88 1.26

80 1.03 2.27 2.89 1.02 2.19 3.05 0.95 2.39 3.86 1.29 2.1 2.68

Òàáëèöà 9. ×104 ñðåäíèé ëîãàðèôì ïðàâäîïîäîáèÿ â ðåæèìå ýêñòðàïîëÿöèè, K = 100.
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A.2 Àðõèòåêòóðà ìîäåëè
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Ðèñ. 2. Àðõèòåêòóðà îòîáðàæåíèé â ïðîöåäóðå SequenceEncode.
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Ðèñ. 3. Àðõèòåêòóðà îòîáðàæåíèé â ïðîöåäóðå ãåíåðàöèè ïîñëåäîâàòåëüíîñòè.
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