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Îñíîâíûå íàó÷íûå øêîëû ìàøèííîãî îáó÷åíèÿ

1

ñèìâîëèçì � ïîèñê ëîãè÷åñêèõ çàêîíîìåðíîñòåé

De
ision Tree, Rule Indu
tion

2

êîííåêöèîíèçì � îáó÷àåìûå íåéðîííûå ñåòè

Ba
kPropagation, Deep Belief Nets, Deep Learning

CNN, ResNet, LSTM, GRU, Attention, Transformer

3

ýâîëþöèîíèçì � ñàìîðàçâèòèå ñëîæíûõ ìîäåëåé

Geneti
 Algorithms, Geneti
 Programming, Symboli
 Regression

4

áàéåñèîíèçì è âåðîÿòíîñòíî-ñòàòèñòè÷åñêèå ìåòîäû

MLE, EM, GLM, LR, OBC, Naive Bayes, QD, LDF

Bayesian Networks, Bayesian Learning, Graphi
al Models

5

àíàëîãèçì � ¾áëèçêèì îáúåêòàì áëèçêèå îòâåòû¿

kNN, RBF, SVM, KDE, Kernel Smoothing

⊕ êîìïîçèöèîíèçì � êîîïåðàöèÿ ìîäåëåé

Weighted Voting, Boosting, Bagging, Sta
king,

Random Forest, ßíäåêñ.CatBoost

Ïåäðî Äîìèíãîñ. Âåðõîâíûé àëãîðèòì. 2016. 336 ñ.



Èíòåðïðåòèðóåìîñòü (XAI, eXplainable Arti�
ial Intelligen
e)

Îáó÷àþùàÿ âûáîðêà X ℓ = (xi , yi )
ℓ

i=1, yi ∈ Y � ìåòêè êëàññîâ

Interpretability

� ïàññèâíàÿ èíòåðïðåòèðóåìîñòü

âíóòðåííåãî ñòðîåíèÿ ìîäåëè

èëè ïðåäñêàçàíèÿ íà îáúåêòå

Understandability, Transparen
y

� ïîíÿòíîñòü, ñàìîî÷åâèäíîñòü,

ïðîçðà÷íîñòü ñòðîåíèÿ ìîäåëè

Explainability � àêòèâíàÿ ãåíåðàöèÿ îáúÿñíåíèé

íà îáúåêòå êàê äîïîëíèòåëüíûõ âûõîäíûõ äàííûõ ìîäåëè

Comprehensibility � âîçìîæíîñòü ïðåäñòàâèòü âûó÷åííûå

çàêîíîìåðíîñòè â âèäå ïîíÿòíîãî ëþäÿì çíàíèÿ

�Do you want an interpretable model, or the one that works?�

[Yann LeCun, NIPS'17℄

V.Belle, I.Papantonis. Prin
iples and pra
ti
e of explainable ma
hine learning. 2020
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Êðèòåðèè èí�îðìàòèâíîñòè

Äâóõêðèòåðèàëüíûé îòáîð ïðàâèë â ïëîñêîñòè (p, n)
Ëîãè÷åñêèå è ñòàòèñòè÷åñêèå çàêîíîìåðíîñòè

Ñðàâíåíèå êðèòåðèåâ èí�îðìàòèâíîñòè
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�åøàþùèå äåðåâüÿ

Îáó÷åíèå ðåøàþùèõ äåðåâüåâ

CART: äåðåâüÿ ðåãðåññèè è êëàññè�èêàöèè

Ïðåîáðàçîâàíèå äåðåâà â íàáîð êîíúþíêöèé
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Ïåðâûå ïðîãðàììû äëÿ ïîèñêà ëîãè÷åñêèõ ïðàâèë

1958: Ïðîãðàììà ¾Îòêðîé çàêîí¿

âîññòàíàâëèâàëà çàâèñèìîñòü ïîëíûì

êîìáèíàòîðíûì ïåðåáîðîì �îðìóë

1959: Ïðîãðàììà ¾Àðè�ìåòèêà¿

äëÿ ñîêðàùåíèÿ ïåðåáîðà èñïîëüçîâàëà

îöåíêè èí�îðìàòèâíîñòè

1961: Ïðîãðàììà ¾Êî�à¿ ïåðåáèðàëà

èí�îðìàòèâíûå òðîéêè ïðèçíàêîâ

Ìèõàèë Ìîèñååâè÷

Áîíãàðä

(1924�1971)

¾Êî�à-3¿: ïåðâîå ïðèìåíåíèå ðàñïîçíàâàíèÿ íåçðèòåëüíûõ

îáðàçîâ äëÿ ðàñïîçíàâàíèÿ ãðàíèöû íå�òü-âîäà â ñêâàæèíå.

Ââåäåíû ïðèíöèïû ãîëîñîâàíèÿ, ñêîëüçÿùåãî êîíòðîëÿ,

ïîíÿòèÿ èí�îðìàòèâíîñòè è ïðåäðàññóäêà (ïåðåîáó÷åíèÿ).

Áîíãàðä Ì.Ì., Âàéíöâàéã Ì.Í., �óáåðìàí Ø.À. Èçâåêîâà Ì.Ë., Ñìèðíîâ Ì.Ñ.

Èñïîëüçîâàíèå îáó÷àþùåéñÿ ïðîãðàììû äëÿ âûÿâëåíèÿ íå�òåíîñíûõ ïëàñòîâ. 1966.
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Îáó÷àþùàÿ âûáîðêà: ïî 6 îáúåêòîâ êàæäîãî èç äâóõ êëàññîâ.

Òðåáóåòñÿ íàéòè ïðàâèëî êëàññè�èêàöèè.
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×òî äà¼ò íàì óâåðåííîñòü, ÷òî ìû íàøëè âåðíîå ïðàâèëî?

Áåçîøèáî÷íàÿ êëàññè�èêàöèÿ ïðèìåðîâ îáó÷àþùåé âûáîðêè.
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×òî åù¼ äà¼ò íàì óâåðåííîñòü, ÷òî ìû íàøëè âåðíîå ïðàâèëî?

Ïðîñòîòà, îáùíîñòü, èçÿùåñòâî íàéäåííîãî ïðàâèëà.
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Ìû ðåøàåì ýòè çàäà÷è ïî÷òè ìãíîâåííî. ×åì ìû ïîëüçóåìñÿ?

Îäíàêî äëÿ êîìïüþòåðà îíè ñëîæíû. ×åãî åìó íå õâàòàåò?
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Íóæíî ëè çàêëàäûâàòü çíàíèÿ ãåîìåòðèè â ÿâíîì âèäå?

Èëè âîçìîæíî âûðàáîòàòü íåîáõîäèìûå ïîíÿòèÿ íà ïðèìåðàõ?
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Êàê âû÷èñëÿòü ïîëåçíûå ïðèçíàêè ïî ¾ñûðûì¿ äàííûì?

Âîçìîæíî ëè ïîðó÷èòü ïåðåáîð ïðèçíàêîâ è ìîäåëåé ìàøèíå?
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Êàêîâ ðèñê âûâåñòè èç äàííûõ ëîæíîå ïðàâèëî, ïðåäðàññóäîê?

Êàê ýòîò ðèñê çàâèñèò îò ÷èñëà ïðèìåðîâ è ñëîæíîñòè ïðàâèë?
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Êàêîãî ÷èñëà ïðèìåðîâ äîñòàòî÷íî äëÿ âûðàáîòêè ïðàâèëà?

×òî äåëàòü, åñëè ê âûáîðêå ïîäõîäèò ìíîãî ðàçíûõ ïðàâèë?
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Ýòè âîïðîñû ñîñòàâëÿþò îñíîâó ìàøèííîãî îáó÷åíèÿ ñåãîäíÿ.

Ì.Ì.Áîíãàðä ïîñòàâèë âñå ýòè ïðîáëåìû â ñåðåäèíå 60-õ!
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Ëîãè÷åñêèå çàêîíîìåðíîñòè â çàäà÷àõ êëàññè�èêàöèè

X ℓ = (xi , yi )
ℓ

i=1 ⊂ X × Y � îáó÷àþùàÿ âûáîðêà, yi = y(xi ).

Ëîãè÷åñêàÿ çàêîíîìåðíîñòü (ïðàâèëî, rule) � ýòî ïðåäèêàò

R : X → {0, 1}, óäîâëåòâîðÿþùèé äâóì òðåáîâàíèÿì:

1

èíòåðïðåòèðóåìîñòü (ïîíÿòíîñòü + ïðîñòîòà):

1) R çàïèñûâàåòñÿ íà åñòåñòâåííîì ÿçûêå

2) R çàâèñèò îò íåáîëüøîãî ÷èñëà ïðèçíàêîâ (íå áîëåå 7)

2

èí�îðìàòèâíîñòü îòíîñèòåëüíî îäíîãî èç êëàññîâ y ∈ Y :

py (R ,X
ℓ) = #

{
xi ∈ X ℓ : R(xi)=1 è yi=y

}
→ max;

ny (R ,X
ℓ) = #

{
xi ∈ X ℓ : R(xi)=1 è yi 6=y

}
→ min;

py

Py

≫
ny

Ny

py

︸ ︷︷ ︸

Py

ny

︸ ︷︷ ︸

Ny = ℓ−Py

Åñëè R(x) = 1, òî ãîâîðÿò ¾R âûäåëÿåò x¿ (R 
overs x).
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Òðåáîâàíèå èíòåðïðåòèðóåìîñòè

1) Ry(x) çàïèñûâàåòñÿ íà åñòåñòâåííîì ÿçûêå

2) Ry(x) çàâèñèò îò íåáîëüøîãî ÷èñëà ïðèçíàêîâ (íå áîëåå 7)

Ïðèìåð (èç îáëàñòè ìåäèöèíû)

Åñëè ¾âîçðàñò > 60¿ è ¾ïàöèåíò ðàíåå ïåðåí¼ñ èí�àðêò¿,

òî îïåðàöèþ íå äåëàòü, ðèñê îòðèöàòåëüíîãî èñõîäà 60%

Ïðèìåð (èç îáëàñòè êðåäèòíîãî ñêîðèíãà)

Åñëè ¾â àíêåòå óêàçàí äîìàøíèé òåëå�îí¿

è ¾çàðïëàòà > $2000¿ è ¾ñóììà êðåäèòà < $5000¿

òî êðåäèò ìîæíî âûäàòü, ðèñê äå�îëòà 5%

Çàìå÷àíèå. �èñê � ÷àñòîòíàÿ îöåíêà âåðîÿòíîñòè êëàññà,

âû÷èñëÿåìàÿ, êàê ïðàâèëî, ïî îòëîæåííîé êîíòðîëüíîé âûáîðêå
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Îáó÷åíèå ëîãè÷åñêèõ êëàññè�èêàòîðîâ

Àëãîðèòìîâ èíäóêöèè ïðàâèë (rule indu
tion) î÷åíü ìíîãî!

Îñíîâíûå øàãè èõ ïîñòðîåíèÿ � íàäî âûáðàòü:

1

ñåìåéñòâî ïðàâèë, â êîòîðîì áóäåì èñêàòü çàêîíîìåðíîñòè

2

ñïîñîá ïîðîæäåíèÿ ïðàâèë (rule generation)

3

êðèòåðèé îòáîðà èí�îðìàòèâíûõ ïðàâèë (rule sele
tion)

4

ìîäåëü êëàññè�èêàöèè ñ ïðàâèëàìè â ðîëè ïðèçíàêîâ,

íàïðèìåð, ëèíåéíûé êëàññè�èêàòîð (weighted voting):

a(x) = argmax
y∈Y

ny∑

j=1

wyjRyj(x)

Äâå òðàêòîâêè ïîíÿòèÿ ¾ëîãè÷åñêàÿ çàêîíîìåðíîñòü¿ Ry (x):

îáó÷àåìûé èí�îðìàòèâíûé èíòåðïðåòèðóåìûé ïðèçíàê

êëàññè�èêàòîð îäíîãî êëàññà y ñ îòêàçàìè
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Ïîíÿòèå çàêîíîìåðíîñòè

Àëãîðèòìû ïîèñêà çàêîíîìåðíîñòåé

×àñòî èñïîëüçóåìûå ñåìåéñòâà ïðàâèë

Ïîðîãîâîå óñëîâèå (ðåøàþùèé ïåíü, de
ision stump):

R(x) =
[
fj(x) 6 aj

]
èëè

[
aj 6 fj(x) 6 bj

]
.

Êîíúþíêöèÿ ïîðîãîâûõ óñëîâèé:

R(x) =
∧

j∈J

[
aj 6 fj(x) 6 bj

]
.

Ñèíäðîì � âûïîëíåíèå íå ìåíåå d óñëîâèé èç |J|,
(ïðè d = |J| ýòî êîíúþíêöèÿ, ïðè d = 1 � äèçúþíêöèÿ):

R(x) =

[
∑

j∈J

[
aj 6 fj(x) 6 bj

]
> d

]

,

Ïàðàìåòðû J, aj , bj , d íàñòðàèâàþòñÿ ïî îáó÷àþùåé âûáîðêå

ïóò¼ì îïòèìèçàöèè çàäàííîãî êðèòåðèÿ èí�îðìàòèâíîñòè.
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Èíäóêöèÿ ïðàâèë

Êðèòåðèè èí�îðìàòèâíîñòè
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Íàó÷íàÿ øêîëà Ì. Ì. Áîíãàðäà

Ïîíÿòèå çàêîíîìåðíîñòè

Àëãîðèòìû ïîèñêà çàêîíîìåðíîñòåé

×àñòî èñïîëüçóåìûå ñåìåéñòâà ïðàâèë

Ïîëóïëîñêîñòü � ëèíåéíàÿ ïîðîãîâàÿ �óíêöèÿ:

R(x) =
[
∑

j∈J

wj fj(x) > w0

]

Øàð � ïîðîãîâàÿ �óíêöèÿ áëèçîñòè:

R(x) =
[
ρ(x , x0) 6 w0

]

ÀÂÎ � àëãîðèòìû âû÷èñëåíèÿ îöåíîê [Þ.È.Æóðàâë¼â, 1971℄:

ρ(x , x0) = max
j∈J

wj

∣
∣fj(x)− fj (x0)

∣
∣

SCM � ìàøèíû ïîêðûâàþùèõ ìíîæåñòâ [M.Mar
hand, 2001℄:

ρ(x , x0) =
∑

j∈J

wj

∣
∣fj(x)− fj(x0)

∣
∣
γ

Ïàðàìåòðû J,wj ,w0, x0 íàñòðàèâàþòñÿ ïî îáó÷àþùåé âûáîðêå

ïóò¼ì îïòèìèçàöèè çàäàííîãî êðèòåðèÿ èí�îðìàòèâíîñòè.
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Èíäóêöèÿ ïðàâèë

Êðèòåðèè èí�îðìàòèâíîñòè

�åøàþùèå äåðåâüÿ
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Ïîíÿòèå çàêîíîìåðíîñòè

Àëãîðèòìû ïîèñêà çàêîíîìåðíîñòåé

Àëãîðèòì Áîíãàðäà ¾Êî�à¿: ïîëíûé ïåðåáîð òðîåê ïðèçíàêîâ

Îöåíèì âåðîÿòíîñòè âûáðàòü êîíúþíêöèþ-ïðåäðàññóäîê.

xi ∈ {0, 1}n � îáúåêòû îïèñûâàþòñÿ n áèíàðíûìè ïðèçíàêàìè;

P(x) = 2−n
� ðàâíîìåðíîå ðàñïðåäåëåíèå íà {0, 1}n ;

Kr (x) � êîíúþíêöèÿ ðàíãà r , èç r ïðèçíàêîâ èëè èõ îòðèöàíèé;

|K r
n | = C r

n2
r
� ÷èñëî ðàçëè÷íûõ òàêèõ êîíúþíêöèé.

P{Kr (x)=0} = 1− 2−r
� âåðîÿòíîñòü, ÷òî Kr ñëó÷àéíî ëîæíà;

P{Kr (X
ℓ)=0} =

∏

i P{Kr (xi)=0} =
(
1− 2−r

)
ℓ
� âåðîÿòíîñòü,

÷òî K ñëó÷àéíî ëîæíà íà âñåõ îáúåêòàõ èç X ℓ = (x1, . . . , xℓ).

Âåðõíÿÿ îöåíêà âåðîÿòíîñòè, ÷òî â ðåçóëüòàòå ïîèñêà Kr ∈ K r
n

íàéäåííàÿ Kr îêàæåòñÿ ñëó÷àéíî ëîæíîé íà âûáîðêå X ℓ
:

P
{
∃Kr : Kr (X

ℓ)=0
}
= P

(⋃

Kr

{
Kr (X

ℓ)=0
})

6
íåðàâåíñòâî Áóëÿ

(union bound)

6
∑

Kr
P
{
Kr (X

ℓ)=0
}
= C r

n2
r
(
1− 2−r

)
ℓ.

Çàêðåâñêèé Àðêàäèé Äìèòðèåâè÷. Ëîãèêà ðàñïîçíàâàíèÿ. Ìèíñê, 1988.
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Êðèòåðèè èí�îðìàòèâíîñòè

�åøàþùèå äåðåâüÿ

Íàó÷íàÿ øêîëà Ì. Ì. Áîíãàðäà

Ïîíÿòèå çàêîíîìåðíîñòè

Àëãîðèòìû ïîèñêà çàêîíîìåðíîñòåé

Îöåíêà âåðîÿòíîñòè âûáðàòü êîíúþíêöèþ-ïðåäðàññóäîê

Âåðõíÿÿ îöåíêà âåðîÿòíîñòè P(r) íàéòè ñëó÷àéíî ëîæíóþ

êîíúþíêöèþ çàäàííîãî ðàíãà r , ïðè ℓ = 200, n = 100:

r P r P

1 1.24 · 10
−58

4 1.56 · 10
2

2 2.04 · 10
−21

5 4.21 · 10
6

3 3.26 · 10
−6

6 3.27 · 10
9

Çàâèñèìîñòü ãðàíè÷íîãî çíà÷åíèÿ r , ïîñëå êîòîðîãî

ðåçêî óâåëè÷èâàåòñÿ âåðõíÿÿ îöåíêà âåðîÿòíîñòè P(r):

n ℓ = 20 50 100 200 500 1000

10 1 2 3 4 5 6

30 1 2 2 3 4 5

100 1 1 2 3 4 5

Çàêðåâñêèé Àðêàäèé Äìèòðèåâè÷. Ëîãèêà ðàñïîçíàâàíèÿ. Ìèíñê, 1988.
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Èíäóêöèÿ ïðàâèë

Êðèòåðèè èí�îðìàòèâíîñòè

�åøàþùèå äåðåâüÿ
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Ïîíÿòèå çàêîíîìåðíîñòè

Àëãîðèòìû ïîèñêà çàêîíîìåðíîñòåé

Ìåòà-ýâðèñòèêè äëÿ ïîèñêà èí�îðìàòèâíûõ ïðàâèë

Âõîä: îáó÷àþùàÿ âûáîðêà X ℓ
;

Âûõîä: ìíîæåñòâî çàêîíîìåðíîñòåé Z ;

èíèöèàëèçèðîâàòü íà÷àëüíîå ìíîæåñòâî ïðàâèë Z ;

ïîâòîðÿòü

Z ′ := ìíîæåñòâî ëîêàëüíûõ ìîäè�èêàöèé ïðàâèë èç Z ;

Z := íàèáîëåå èí�îðìàòèâíûå ïðàâèëà èç Z ∪ Z ′
;

ïîêà ïðàâèëà ïðîäîëæàþò óëó÷øàòüñÿ;

âûõîä Z ;

×àñòíûå ñëó÷àè (ñì. ëåêöèþ ïðî ìåòîäû îòáîðà ïðèçíàêîâ):

� ñòîõàñòè÷åñêèé ëîêàëüíûé ïîèñê (sto
hasti
 lo
al sear
h)

� ãåíåòè÷åñêèå (ýâîëþöèîííûå) àëãîðèòìû

� óñå÷¼ííûé ïîèñê â øèðèíó (beam sear
h)

� ïîèñê â ãëóáèíó (ìåòîä âåòâåé è ãðàíèö)
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Ïîíÿòèå çàêîíîìåðíîñòè

Àëãîðèòìû ïîèñêà çàêîíîìåðíîñòåé

Ëîêàëüíûå ìîäè�èêàöèè ïðàâèë

Ïðèìåð. Ñåìåéñòâî êîíúþíêöèé ïîðîãîâûõ óñëîâèé:

R(x) =
∧

j∈J

[
aj 6 fj(x) 6 bj

]
.

Ëîêàëüíûå ìîäè�èêàöèè êîíúþíêòèâíîãî ïðàâèëà:

äîáàâëåíèå ïðèçíàêà fj â J ñ âàðüèðîâàíèåì ïîðîãîâ aj , bj

óäàëåíèå ïðèçíàêà fj èç J

âàðüèðîâàíèå îäíîãî èç ïîðîãîâ aj è bj

âàðüèðîâàíèå îáîèõ ïîðîãîâ aj , bj îäíîâðåìåííî

Ïðè óäàëåíèè ïðèçíàêà (pruning) èí�îðìàòèâíîñòü îáû÷íî

îöåíèâàåòñÿ ïî êîíòðîëüíîé âûáîðêå (hold-out)

Âîîáùå, äëÿ îïòèìèçàöèè ìíîæåñòâà J ïîäõîäÿò òå æå

ìåòîäû, ÷òî è äëÿ îòáîðà ïðèçíàêîâ (feature sele
tion)
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Ïîíÿòèå çàêîíîìåðíîñòè

Àëãîðèòìû ïîèñêà çàêîíîìåðíîñòåé

Îáó÷åíèå êëàññè�èêàòîðà íà çàêîíîìåðíîñòÿõ

Âçâåøåííîå ãîëîñîâàíèå (Weighted Voting):

ìíîãî-êëàññîâûé ëèíåéíûé êëàññè�èêàòîð ñ âåñàìè wyt

(âîçìîæíà L1-ðåãóëÿðèçàöèÿ äëÿ îòáîðà çàêîíîìåðíîñòåé)

a(x) = argmax
y∈Y

Ty∑

t=1

wytRyt(x)

Ïðîñòîå ãîëîñîâàíèå (Simple Voting, êîìèòåò áîëüøèíñòâà):

a(x) = argmax
y∈Y

1

Ty

Ty∑

t=1

Ryt(x)

�åøàþùèé ñïèñîê (Majority Voting, êîìèòåò ñòàðøèíñòâà):

îáó÷àåìàÿ ñèñòåìà ïðîäóêöèé � ïðàâèë ¾åñëè Ryt(x) òî y¿

äëÿ âñåõ t = 1, . . . ,T : åñëè Ryt(x) = 1 òî âåðíóòü y ;
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Èíäóêöèÿ ïðàâèë

Êðèòåðèè èí�îðìàòèâíîñòè

�åøàþùèå äåðåâüÿ

Äâóõêðèòåðèàëüíûé îòáîð ïðàâèë â ïëîñêîñòè (p, n)
Ëîãè÷åñêèå è ñòàòèñòè÷åñêèå çàêîíîìåðíîñòè

Ñðàâíåíèå êðèòåðèåâ èí�îðìàòèâíîñòè

Äâóõêðèòåðèàëüíûé îòáîð çàêîíîìåðíîñòåé â ïëîñêîñòè (p, n)

ïîçèòèâíûå: py(R) = #
{
xi : R(xi)=1 è yi=y

}
→ max;

íåãàòèâíûå: ny (R) = #
{
xi : R(xi)=1 è yi 6=y

}
→ min;

Ïàðåòî-�ðîíò � ìíîæåñòâî íåóëó÷øàåìûõ çàêîíîìåðíîñòåé

(òî÷êà íåóëó÷øàåìà, åñëè ïðàâåå è íèæå íå¼ òî÷åê íåò)

UCI:german
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Êðèòåðèè èí�îðìàòèâíîñòè

�åøàþùèå äåðåâüÿ

Äâóõêðèòåðèàëüíûé îòáîð ïðàâèë â ïëîñêîñòè (p, n)
Ëîãè÷åñêèå è ñòàòèñòè÷åñêèå çàêîíîìåðíîñòè

Ñðàâíåíèå êðèòåðèåâ èí�îðìàòèâíîñòè

Ëîãè÷åñêèå è ñòàòèñòè÷åñêèå çàêîíîìåðíîñòè

Ïðåäèêàò R(x) � ëîãè÷åñêàÿ çàêîíîìåðíîñòü êëàññà y ∈ Y :

Precision =
py (R)

py (R) + ny (R)
> π0 Recall =

py (R)

Py

> ρ0

Åñëè ny (R) = 0, òî R � íåïðîòèâîðå÷èâàÿ çàêîíîìåðíîñòü

Ïðåäèêàò R(x) � ñòàòèñòè÷åñêàÿ çàêîíîìåðíîñòü êëàññà y ∈ Y :

IStat
(
py (R), ny (R)

)
> σ0

IStat � ìèíóñ-log âåðîÿòíîñòè ðåàëèçàöèè (p, n) ïðè óñëîâèè

íóëåâîé ãèïîòåçû, ÷òî y(x) è R(x) � íåçàâèñèìûå ñëó÷àéíûå

âåëè÷èíû (òî÷íûé òåñò Ôèøåðà, Fisher's Exa
t Test):

IStat(p, n) = −
1

ℓ
log2

C
p
PC

n
N

C
p+n
P+N

→ max,

ãäå P = #
{
xi : yi=y

}
, N = #

{
xi : yi 6=y

}
, Cn

N = N!
n!(N−n)!

Ê.Â. Âîðîíöîâ (k.v.vorontsov�physte
h.edu) ÂâÌÎ: ëîãè÷åñêèå ìåòîäû 26 / 36



Èíäóêöèÿ ïðàâèë

Êðèòåðèè èí�îðìàòèâíîñòè

�åøàþùèå äåðåâüÿ

Äâóõêðèòåðèàëüíûé îòáîð ïðàâèë â ïëîñêîñòè (p, n)
Ëîãè÷åñêèå è ñòàòèñòè÷åñêèå çàêîíîìåðíîñòè

Ñðàâíåíèå êðèòåðèåâ èí�îðìàòèâíîñòè

Êðèòåðèè ïîèñêà çàêîíîìåðíîñòåé â ïëîñêîñòè (p, n)

Ëîãè÷åñêèå çàêîíîìåðíîñòè: Precision > 0.9, Recall > 0.2
Ñòàòèñòè÷åñêèå çàêîíîìåðíîñòè: IStat > 3

P = 200

N = 100
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Ëîãè÷åñêèé êðèòåðèé óäîáíåå äëÿ �èíàëüíîãî îòáîðà ïðàâèë;

ñòàòèñòè÷åñêèé êðèòåðèé � â ïðîöåññå ìîäè�èêàöèè ïðàâèë
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Êðèòåðèè èí�îðìàòèâíîñòè

�åøàþùèå äåðåâüÿ

Äâóõêðèòåðèàëüíûé îòáîð ïðàâèë â ïëîñêîñòè (p, n)
Ëîãè÷åñêèå è ñòàòèñòè÷åñêèå çàêîíîìåðíîñòè

Ñðàâíåíèå êðèòåðèåâ èí�îðìàòèâíîñòè

Çîîïàðê êðèòåðèåâ èí�îðìàòèâíîñòè

Î÷åâèäíûå, íî íå âïîëíå àäåêâàòíûå êðèòåðèè:

I (p, n) = p
p+n

→ max (pre
ision)

I (p, n) = p/P → max (re
all)

I (p, n) = p/P − n/N → max (relative a

ura
y)

Àäåêâàòíûå, íî íå î÷åâèäíûå êðèòåðèè:

ýíòðîïèéíûé êðèòåðèé ïðèðîñòà èí�îðìàöèè:

IGain(p, n) = h
(
P
ℓ

)
− p+n

ℓ
h
(

p
p+n

)
− ℓ−p−n

ℓ
h
(

P−p
ℓ−p−n

)
→ max

ãäå h(q) = −q log2 q − (1− q) log2(1− q)

êðèòåðèé Äæèíè (Gini impurity):

IGain(p, n) ïðè h(q) = 4q(1− q)

êðèòåðèé áóñòèíãà è åãî íîðìèðîâàííûé âàðèàíò:

√

p −
√

n → max,
√

p/P −
√

n/N → max

J.F�urnkranz, P.Fla
h. ROC`n'rule learning � towards a better understanding of


overing algorithms // Ma
hine Learning, 2005.
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Èíäóêöèÿ ïðàâèë

Êðèòåðèè èí�îðìàòèâíîñòè

�åøàþùèå äåðåâüÿ

Äâóõêðèòåðèàëüíûé îòáîð ïðàâèë â ïëîñêîñòè (p, n)
Ëîãè÷åñêèå è ñòàòèñòè÷åñêèå çàêîíîìåðíîñòè

Ñðàâíåíèå êðèòåðèåâ èí�îðìàòèâíîñòè

Íåòðèâèàëüíîñòü ïðîáëåìû ñâ¼ðòêè äâóõ êðèòåðèåâ

Ïðèìåð: â êàæäîé ïàðå ïðàâèë ïåðâîå ãîðàçäî ëó÷øå âòîðîãî,

îäíàêî ïðîñòûå ýâðèñòèêè íå ðàçëè÷àþò èõ ïî êà÷åñòâó

(ïðè P = 200, N = 100).

p n p−n p−5n p

P
−

n
N

p

n+1
IStat·ℓ IGain·ℓ

√
p−

√
n

50 0 50 50 0.25 50 22.65 23.70 7.07

100 50 50 −150 0 1.96 2.33 1.98 2.93

50 9 41 5 0.16 5 7.87 7.94 4.07

5 0 5 5 0.03 5 2.04 3.04 2.24

100 0 100 100 0.5 100 52.18 53.32 10.0

140 20 120 40 0.5 6.67 37.09 37.03 7.36

Çàìå÷àíèå. Êðèòåðèè IStat è IGain àñèìïòîòè÷åñêè

ýêâèâàëåíòíû: IStat(p, n) → IGain(p, n) ïðè ℓ → ∞
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Èíäóêöèÿ ïðàâèë

Êðèòåðèè èí�îðìàòèâíîñòè

�åøàþùèå äåðåâüÿ

Îáó÷åíèå ðåøàþùèõ äåðåâüåâ

CART: äåðåâüÿ ðåãðåññèè è êëàññè�èêàöèè

Ïðåîáðàçîâàíèå äåðåâà â íàáîð êîíúþíêöèé

Îïðåäåëåíèå ðåøàþùåãî äåðåâà (De
ision Tree)

�åøàþùåå äåðåâî � àëãîðèòì êëàññè�èêàöèè a(x),
çàäàþùèéñÿ äåðåâîì (ñâÿçíûì àöèêëè÷åñêèì ãðà�îì)

ñ êîðíåì v0 ∈ V è ìíîæåñòâîì âåðøèí V = V
âíóòð

⊔ V
ëèñò

;

fv : X → E (fv ) � äèñêðåòíûé ïðèçíàê, ∀v ∈ V
âíóòð

;

Sv : E (fv ) → V � ìíîæåñòâî äî÷åðíèõ âåðøèí;

yv ∈ Y � ìåòêà êëàññà, ∀v ∈ V
ëèñò

;

v := v0;

ïîêà (v ∈ V
âíóòð

): v := Sv(fv (x));

âûõîä a(x) := yv ;

×àùå âñåãî èñïîëüçóþòñÿ áèíàðíûå

ïðèçíàêè âèäà fv(x) =
[
fj(x) > a

]

v0

v

Sv(0) Sv(1)

· · ·

0
✟✟

��✟✟
1
✻✻

��
✻✻
✻

0
✟✟

��✟✟
1
✻✻

��
✻✻

· · · · · ·

0
✟✟

��✟✟
✟ 1

✻✻

��
✻✻
✻

Åñëè E (fv ) = {0, 1}, òî ðåøàþùåå äåðåâî íàçûâàåòñÿ áèíàðíûì

Ê.Â. Âîðîíöîâ (k.v.vorontsov�physte
h.edu) ÂâÌÎ: ëîãè÷åñêèå ìåòîäû 30 / 36



Èíäóêöèÿ ïðàâèë

Êðèòåðèè èí�îðìàòèâíîñòè

�åøàþùèå äåðåâüÿ

Îáó÷åíèå ðåøàþùèõ äåðåâüåâ

CART: äåðåâüÿ ðåãðåññèè è êëàññè�èêàöèè

Ïðåîáðàçîâàíèå äåðåâà â íàáîð êîíúþíêöèé

Ïðèìåð ðåøàþùåãî äåðåâà

Çàäà÷à Ôèøåðà î êëàññè�èêàöèè öâåòêîâ èðèñà íà 3 êëàññà,

â âûáîðêå ïî 50 îáúåêòîâ êàæäîãî êëàññà, 4 ïðèçíàêà.

0 0.2 0.4 0.6 0.8 1.0 1.2 1.4 1.6 1.8 2.0 2.2 2.4 2.6

1.0

1.5

2.0

2.5

3.0

3.5

4.0

4.5

5.0

5.5

6.0

6.5

7.0

ширина лепестка, PW

длина лепестка, PL

PL < 2.5

PW > 1.68

PL > 5

versicolor virginica

virginica

setosa

0 1

0 1

0 1

Íà ãðà�èêå: â îñÿõ äâóõ ñàìûõ èí�îðìàòèâíûõ ïðèçíàêîâ (èç 4)

äâà êëàññà ðàçäåëèëèñü áåç îøèáîê, íà òðåòüåì 3 îøèáêè.
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�åøàþùèå äåðåâüÿ

Îáó÷åíèå ðåøàþùèõ äåðåâüåâ

CART: äåðåâüÿ ðåãðåññèè è êëàññè�èêàöèè

Ïðåîáðàçîâàíèå äåðåâà â íàáîð êîíúþíêöèé

CART: äåðåâüÿ ðåãðåññèè è êëàññè�èêàöèè

Îáîáùåíèå íà ñëó÷àé ðåãðåññèè: Y = R, yv ∈ R,

Q(a) =

ℓ∑

i=1

(
a(xi)− yi

)2
→ min

a

Ïóñòü U � ìíîæåñòâî îáúåêòîâ xi , äîøåäøèõ äî âåðøèíû v .

Àíàëèòè÷åñêîå ÌÍÊ-ðåøåíèå yv â âåðøèíå v ∈V
ëèñò

:

yv = arg min
y∈Y

∑

xi∈U

(
y − yi

)2
=

1

|U|

∑

xi∈U

yi

Êðèòåðèé âåòâëåíèÿ äëÿ âûáîðà ïðèçíàêà â âåðøèíå v ∈ V
âíóòð

:

fv = argmin
f

∑

z∈E(f )

min
y∈Y

∑

xi∈U

[f (xi ) = z ]
(
y − yi

)2

Äåðåâî ðåãðåññèè a(x) � ýòî êóñî÷íî-ïîñòîÿííàÿ �óíêöèÿ.

Leo Breiman et al. Classi�
ation and regression trees. 1984.
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�åøàþùèå äåðåâüÿ

Îáó÷åíèå ðåøàþùèõ äåðåâüåâ

CART: äåðåâüÿ ðåãðåññèè è êëàññè�èêàöèè

Ïðåîáðàçîâàíèå äåðåâà â íàáîð êîíúþíêöèé

Ïðèìåð. Äåðåâüÿ ðåãðåññèè ðàçëè÷íîé ãëóáèíû

×åì ñëîæíåå äåðåâî (÷åì áîëüøå åãî ãëóáèíà), òåì âûøå

âëèÿíèå øóìîâ â äàííûõ è âûøå ðèñê ïåðåîáó÷åíèÿ.

s
ikit-learn.org/stable/auto_examples/tree/plot_tree_regression.html
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Èíäóêöèÿ ïðàâèë

Êðèòåðèè èí�îðìàòèâíîñòè

�åøàþùèå äåðåâüÿ

Îáó÷åíèå ðåøàþùèõ äåðåâüåâ

CART: äåðåâüÿ ðåãðåññèè è êëàññè�èêàöèè

Ïðåîáðàçîâàíèå äåðåâà â íàáîð êîíúþíêöèé

CART: êðèòåðèé Minimal Cost-Complexity Pruning

Ñðåäíåêâàäðàòè÷íàÿ îøèáêà ñî øòðà�îì çà ñëîæíîñòü äåðåâà:

Qα(a) =

ℓ∑

i=1

(
a(xi )− yi

)2
+ α|V

ëèñò

| → min
a

Äåðåâî � ëèíåéíûé êëàññè�èêàòîð íàä áèíàðíûìè ïðèçíàêàìè:

a(x) =
∑

v∈V
ëèñò

wvBv (x),

Bv (x) =
[
x ïðîø¼ë ïóòü îò êîðíÿ v0 äî ëèñòà v

]
;

wy � âåñ ïðèçíàêà Bv , ñðåäíåå yi ïî âñåì xi : Bv (x) = 1.

Ïðè óâåëè÷åíèè α äåðåâî ïîñëåäîâàòåëüíî óïðîùàåòñÿ.

Ïðè÷¼ì ïîñëåäîâàòåëüíîñòü âëîæåííûõ äåðåâüåâ åäèíñòâåííà.

Èç íå¼ âûáèðàåòñÿ äåðåâî ñ min îøèáêîé íà òåñòå (Hold-Out).

Leo Breiman et al. Classi�
ation and regression trees. 1984.
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Îáó÷åíèå ðåøàþùèõ äåðåâüåâ

CART: äåðåâüÿ ðåãðåññèè è êëàññè�èêàöèè

Ïðåîáðàçîâàíèå äåðåâà â íàáîð êîíúþíêöèé

�åøàþùåå äåðåâî → ïîêðûâàþùèé íàáîð êîíúþíêöèé

0 0.2 0.4 0.6 0.8 1.0 1.2 1.4 1.6 1.8 2.0 2.2 2.4 2.6

1.0

1.5

2.0

2.5

3.0

3.5

4.0

4.5

5.0

5.5

6.0

6.5

7.0

ширина лепестка, PW

длина лепестка, PL

PL < 2.5

PW > 1.68

PL > 5

versicolor virginica

virginica

setosa

0 1

0 1

0 1

setosa r1(x) =
[
PL 6 2.5

]

virgini
a r2(x) =
[
PL > 2.5

]
∧
[
PW > 1.68

]

virgini
a r3(x) =
[
PL > 5

]
∧
[
PW 6 1.68

]

versi
olor r4(x) =
[
PL > 2.5

]
∧
[
PL 6 5

]
∧
[
PW < 1.68

]
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�åçþìå ïî ëîãè÷åñêèì ìåòîäàì

Ýìïèðè÷åñêàÿ èíäóêöèÿ � âûâîä çíàíèé èç äàííûõ:

èíäóêöèÿ ïðàâèë (Rule Indu
tion)

ðåøàþùèå äåðåâüÿ, ñïèñêè, òàáëèöû

Ïðåèìóùåñòâà ëîãè÷åñêèõ ìåòîäîâ:

èíòåðïðåòèðóåìîñòü

âîçìîæíîñòü îáðàáîòêè ðàçíîòèïíûõ äàííûõ

âîçìîæíîñòü îáðàáîòêè äàííûõ ñ ïðîïóñêàìè

Íåäîñòàòêè ëîãè÷åñêèõ ìåòîäîâ:

îãðàíè÷åííîå êà÷åñòâî êëàññè�èêàöèè

ïåðåáîð ïðàâèë ëèáî äîëãèé, ëèáî íåïîëíûé

ðåøàþùèå äåðåâüÿ íåóñòîé÷èâû, ñêëîííû ê ïåðåîáó÷åíèþ
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