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Markov model

@ 71,2,...zy - some random sequence
p(z1, 22, ...2n) = p(z1)p(z2]21) p(23| 21, 22)-..p(2N| 21 - ZN—1)
@ Markov model of order k:
p(znlz1,...zn—1) = p(zn|Zn—k---Zn—1)

e it is simpler
e but easier to estimate

@ Markov model of order k corresponds to Markov model of
order 1, if we consider sequences of length k:

Zn—1 — Zp—1 = (Zn—17 ...Zn,k)

So its enough to consider only Markov sequences of order 1
(with larger set of states).
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Hidden Markov model

At t =1 HMM is in some random state with probability

plyr =1i) =i

For each time t = 1,2, ... HMM:
@ is in some hidden state y; € {1,2,...5}
@ generates some observable output x; with probability
p(xelye) = by, (xt)
@ From t to t + 1 HMM changes state with probability transition
matrix A = {a,-j},-SJZI:

aj = p(yer1 = jly: = i)
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Definitions

o We will consider x; € {1,2,...R}, then b,(x) corresponds to
matrix B = {b,,}f:llg
e Parameters of HMM 6 = {7, A, B}.

@ Suppose our HMM process lasted for T periods.
o Define:

o X :=x1x0..x1, Y = Y1ys..yT

o Xjij) i= XiXix1---Xj, Y[ij] = YiYig1---Yj
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Probability calculation

Then

p(X|Y) = Hbyt(xt

T-1
Y)= Ty H ey
t=1
Together these two formulas give
T-1 T
p(Y.X) = p(Y)p(X|Y) =my, H Ayeyei H by, (xt)
t=1 t=1

Problems occur when we need to calculate P(X) ="y p(X, Y),
because this contains exponentially rising with T number of terms.
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Forward algorithm

o Define a;(i, X) := p(ye = i,x1...X¢)
o We can calculate oy recursively:

a1(j, X) = p(y1 = j, x1) = p(y1 = j)p(xalyr = j) = mjbj(x1)
S

aer1(, X) = pyert = joxtxes1) = 3 P(Ve = iy Yes1 = Jo X1 Xexer1)
i=1
S
=3 plye = i, xax)p(yers = lye = i)p(xesalyers = J)

i=1
S

= ae(i, X)abj(xet1)
i=1

6/18



Hidden markov model - Victor Kitov

Forward algorithm

o Define a;(i, X) := p(ye = i,x1...X¢)
o We can calculate oy recursively:

a1(j, X) = p(y1 = j, x1) = p(y1 = j)p(xaly1 = j) = 7;bj(x1)
S
@er1(, X) = P(yerr = joxieXer1) = Y p(ye = i Yer1 = Jo X1 Xexe1)
i=1
S
= (e = i, x1.x)p(vest = jlye = D)p(xeralyers = J)

i=1
S

= ae(i, X)abj(xet1)
i=1

o Now its trivial to calculate P(X) = 2}11 ar(i, X).
o Computational complexity of full forward pass O(TS?).

o for t =1,2,...T summation over S terms for each of S states.
o It can be reduced to TM where M is the number of non-zero entries in
A if we set apriori some transitions as impossible.

6/18



Hidden markov model - Victor Kitov

Backward algorithm

Define
Be(i, X) = p(Xep1 Xy . X7lyr = 1)
As probability of empty event:

We can calculate §; recursively:

ﬁt(l,X) = (Xt+1...XT|yt = I)

= p(yer1 =jlye = Np(xeralyeyn = J)x

J=1

X p(Xty2...XT|Yes1 = J)

S
= Z ajibj(xe11)Be41(J, X)
i=1
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Properties of forward-backward calculation

S
D (i, X)Be(i, X) = p(X) Vt=1,2,..T
i=1

af(ia X)/Bt(ia X)
p(X)

) ) a(i, X)ajjbj(xe+1)Be41(J, X)
= =7 X) =
p(yt Iy Yi+1 Jl ) p(X)

plyr = ilX) =

@ This calculation leads to numerical underflow as a(j, X) — 0
and B:(j,X) — 0 when T — 0.

o Use feasible calculation with o/} (j, X) and S;(j, X) that don't
— 0 as T gets large.
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Feasible calculation

Define
(i, X) == p(yr = i‘X[l,t])
ne(i, X) == plyr = i7Xt|X[1,t71])
ne(X) = p(xe| X[1,e-17)
Then
. i, X)
a (i, X) = e (i,
t( ) nt(X)
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Feasible recurrent calculation

S
m(i,X) = plyi = i,x) = mbi(x1) 1(X)=p0xa) =2 m(s X)

s=1

Fort=1,2,.. T —1:
Ne+1 (s X) = p(yer1 = 1, X1 X1,)

s
= ZP ye = i|Xu,q)P(yes1 = jlye = )p(xes1lye+1 = J)

5
:E:: a(/ )<t471)

5
7]t+1 Z Ne+1 (J X
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Feasible calculation

Define )
P(Xjes1,17lye = 1)

P(Xe+1,771X1,4)

These values can be calculated recursively

Ar(i,X)=1

2]11 P(ye+1 = jlyr = i)p(xet1|ye41 :f)P(X[t+2,T]|Yt+1 =J)
p(Xe+1 |X[1,t] )P(X[t+2, ] |X[1,t+1])

Zf:l aijbj(xe+1)Be1U, X)

= , t=T-1,..1.
77t+1(X)

/8;(’7)() =

Be(i, X) =
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Feasible calculation

plye = i|X) = a4 (i, X)B(i, X)
a4 (i, X)ajbj(xe41) Bt 1 U, X)
Ne+1(X)

o/, 3" do not lead to problem of numerical underflow (do not — 0
as T gets large) and provide a practical way to calculate
probabilities of hidden states.

p(ye =i, yey1 = jIX) =
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Proof

p(ye = i1X) = ply: =i )<.[1,t]; Xie+1,17)
P(Xj1,e Xie+1,17)
~ P(Xin,g)p(ye = i1 X1, g)P(Xjer1,1ylye = 1)
B P(Xi,q)P(Xje+1, 111 X[1,67)
= (i, X)bi(i, X)
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Proof

pye = i, ye+1 = J, X, Xe+1, X[e2,71])
P(X[1,t]7 Xt+17X[t+2,T])

P(X[l,t])P()/t = i|X[1,t])P()/t+1 =jlye=1) y

P(X[1,t] )P(Xt+1 \X[l,t])
p(xt+1lye+1 = J)P(Xjev2, 1lYe+1 = J)

P(Xjt42,111X1,¢417)

N O/t(ivx)aijbj(xﬂrl)ﬂi,f—i-l(j?X)

B Ne+1(X)

p(ye =i, yey1 = jIX) =
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Viterbi algorithm

@ Problem: for given X; 17 find maximum probable Y{; 7}.
o full search considers S7 variants, impractical!

o Define

* X o,
Y1y yT o= arg max p(y1, ...y T, X1, -..XT)
Y1,---YT

ee(i,X) = max p(yi..ye—1yr = i,x1...xt)
Y1,...Yt—1,
o Viterbi algorithm:

e based on dynamic programming approach

o forward pass: calculation of &,(i, X) for all t =1,2,...T and
i=1,2,..5.

o backward pass: calculation of y3 and recursively y;* for
t=T-1,T—-2,..1.
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Viterbi algorithm: forward pass
Define:

ee(i, X) == mfjxl P(Yi-Ye—1ye = i, X1..Xt)
s Yt—1,

v
Init:

e1(i, X) = p(x1, 1 = i) = mibi(x1)
Fort=1,..T —1:

eer1(i, X) = max  p(X1..XeXer1, Yio-Yeo1Ye = J, Yer1 = i)
Y1 Yt—14
= mjaxnm}ex . P(Y1--Ye—1Ye = Jy X1 Xe ) P(Xe+1Ye+1 = Y1 -Ye-1Ye = j, X1 X¢)
Vi

=max max p(y1-ye-1¥r = jy X1 Xe)p(Xe+1Ye+1 = ilyr = J)
J Yi-Yi—1

= mjaxylmix . pyi-ye—1ye = jyxv-xe)p(Verr = ilye = J)p(Xes1|yer1 = 1)
Vi
= mJ?Xﬁft(va)ajibi(XtH)

ver1(i, X) = arg maxee(j, X)aji
J
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Viterbi algorithm: backward pass
Definitions

* * L
YisoyT = arg maxp(yi, ..y T, X1, ..XT)
Yi,...¥T

et(i, X) == max p(yi.ye-1yt = i,X1...Xt)
Yi,.Yt—1,
ver1(i, X) := argmaxe(j, X)aji
J

Init:

p*(X) = maxe(j, X)

J
y1(X) = argmaxe(j, X)
J

Fort=T-1,T —2,...1:

Yt (X) = vera(ve11(X))
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Comments

o Computational complexity: O(TS?)

o need to calculate £,(i, X) for S states

o for each state need to take maximum over S states
e Memory complexity: O(TS)
@ To avoid numeric underflow:

o Inmaxf = maxInf
e solve not for £.(i, X) but for Ine.(i, X)
e we couldn't use this trick for Forward-Backward, because

In(S ) # X, Inf
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